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Abstract. Every P-convergent double sequence is statistically convergent and every bounded statistically
convergent sequence is statistical (C,1,1) summable. The converse of these implications are not always
true. Theorems on which conditioned converses are searched are known as Tauberian theorems. Inspired
by the convergence to zero of the difference sequence between a sequence and its arithmetic means in the
single sequence case, we obtain Tauberian theorems for the statistical convergence and statistical (C,1,1)
summability method by imposing some conditions on the difference sequence between a double sequence
and its different arithmetic means.

1. Preliminary Results for Single Sequences

Let u = (u,) be a single sequence of real numbers. For the sequence of the backward differences of
u = (u,), we use the notation

Auy =1y — Uy, (u—l = 0)

for any nonnegative integer n.
The (C, 1) mean of a sequence u = (u,) is defined by

n
Wy L
o, (1) = n+1;uk'

A sequence u = (u,) is said to be (C, 1) summable to a finite number s if lim,,_, a,(})(u) = s (see [13]).
For a sequence u = (u,), the identity

Uy — 0\ (u) = Vi(Au),

1 n
where V,(Au) = —— E kAuy, is called the Kronecker identity.
n+1 =)
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A sequence u = (u,) is called slowly decreasing [17, 21] if

lim liminf min (u —u,) >0.
A-1t n—oo  p+l1<k<[An]

Throughout this paper, [An] denotes the integer part of the product An.

Notice that slow decrease of u = (u,) implies one-sided boundedness of V(Au) = (V,(Au)) (see [2] for
more details). If both (u,) and (—u,) are slowly decreasing, then u = (u,) is slowly oscillating. A sequence
u = (u,) is said to be slowly oscillating [24] if

lim limsup max |u —u,| = 0.
A=1r o n+1<k<[An]

Dik [9] proved that a sequence u = (u,) is slowly oscillating if and only if V(Au) = (V,(Au)) is slowly
oscillating and bounded. For the summability theory, spaces of single and double sequences and related
topics with applications, we refer the interested reader to [1].

A convergent sequence is summable by a regular summability method to the same value. The converse
case is not true in general. Historically, the study of the converse situation began with a study of Tauber in
1897. Tauber [25] showed that an Abel summable sequence u = (u,) of real numbers is convergent under
the condition nAu, = o(1) or V,(Au) = o(1), where V(Au) = (V,(Au)) is the sequence of arithmetic means of
(nAu,). These type of theorems in the literature are called Tauberian theorems and regarding conditions
are called Tauberian conditions.

The condition nAu, = o(1) which is given by Tauber [25] is weakened to the conditions of two-sided
boundedness and one-sided boundedness of the sequence (nAu,) by Littlewood and Hardy-Littlewood,
respectively (see more details [13]). Schmidt [21] generalized these Tauberian conditions to the slow
oscillation and slow decrease of (u,). Here, we note that Canak and Totur [7] have recently given the
alternative proof of Schmidt’s Tauberian theorem.

Dik [9] replaced the Tauberian condition that u = (u,) is slowly oscillating in Schmidt’s theorem by
a weaker condition that V(Au) = (V,(Au)) is slowly oscillating. Later, Canak et al. [8] proved that slow
decrease of V(Au) = (V,(Au)) is a Tauberian condition for the Abel summability method. Hardy [13] showed
that Abel and (C, 1) summability methods are equivalent for bounded sequences.

On the other hand, the concept of the statistical convergence which is a generalization of the concept of
ordinary convergence was introduced by Zygmund [28], Fast [11] and Schoenberg [22] independently.

A real sequence u = (u,) is said to be statistically convergent to s provided that for arbitrary € > 0,

i <n: - 5| > =
Im ——— ke <n:jue—s| 2 e}l =0

where the notation | - | denotes the cardinality of the enclosed set.

Every convergent sequence is statistically convergent. Moreover, the sequence of arithmetic means of
every bounded-statistically convergent sequence is also statistically convergent. Since the converse is not
always true, several mathematicians have approached to statistical convergence as a summability method,
and have proved relevant Tauberian theorems. For instance, Fridy and Khan [12] obtained convergence of
a sequence u = (u,) out of statistical convergence under the classical Tauberian conditions nAu, = O(1) and
nAu, > —C for some C > 0. Moricz [17] showed that slow oscillation and slow decrease of a sequence are
Tauberian conditions for the statistical convergence. Totur and Canak [26] obtained the following theorems
by imposing a Tauberian condition on the sequence of the differences between a bounded statistically (C, 1)

convergent sequence and its Cesaro transform of order one.

Theorem 1.1. ([26]) Let u = (u,) be bounded and its Cesaro transform of order one be statistical summable to s. If
V(Au) = (V,(Au)) is slowly decreasing, then u = (u,) is convergent to s.

Theorem 1.2. ([26]) Let u = (u,) be bounded and its Cesaro transform of order one be statistical summable to s. If
nAV,(Au) > —C for some C > 0, then u = (u,) is convergent to s.
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2. The Statistical (C,1,1) Summability and Classical Tauberian Theorems

A double sequence u = (i) is called convergent in the Pringsheim’s sense (in short, P-convergent) to s,
denoted by P — limy, 0 Umn = s if for a given € > 0 there exists a positive integer Ny such that |u,,, —s| < ¢
for all nonnegative integers m, n; (see [20] and [1]).

A double sequence u = (u,,,) is said to be bounded if there exists a real number C > 0 such that [u,,,| < C
for all nonnegative integers m and n. Note that a P-convergent double sequence need not be bounded (see
[27] for details).

A double sequence u = (i) is said to be one-sided bounded if there exists a real number C > 0 such
that u,,, > —C for all nonnegative integers m and n.

The (C, 1, 1) means of u = (i,,) are defined by

n

(m + 1)(n 1) Z Hik

j=0 k=0

oo (1) =

for all nonnegative integers m and n. A sequence u = (i) is said to be (C, 1, 1) summable to a finite number
S if P — 1imy, yoso0 0l (1) = 5.
The (C,1,0) and (C, 0, 1) means of u = (u,,,) are defined respectively by

n

1
(01) —
= +1§ uj, and oy, (u)—n_'_lz Uk

k=0

G () =

Omn

for all nonnegative integers m and n. A sequence u = (u,,,) is said to be (C, 1,0) (or (C,0,1)) summable to a

0 . 01
finite number s if lim,,; ;o0 oﬁnn)(u) =5 (or limy,; ;e oﬁ,m)(u) =5).

For a double sequence u = (uy,), we define AgiUmn = Umn — Umn-1, D1oUmn = Umn — Up—1,n, aNA A1y =
A1oAo1tmn = A1o(Ao1Umn) = Ao1(Arottyn) for all nonnegative integers m and n.
The Kronecker identity given for single sequences takes the following form for double sequences (see

[14]):

For all nonnegative integers m and n,
th = Oy () = Oy (1) + 0 (1) = V(B M

11 .
where V},(Au) = m Yjt1 Ly jkAunuje.
We write the following identities similar to the Kronecker identity for single sequences:

= O (1) = Vi (M), 2)
where VI9(Ay) = 7 Ly jAotjn, and

Uy — 0 (1) = VIO (Au), 3)

where V,(,?;)(Au) = ﬁ Y i1 kAo1utyi. The identity (1) can be rewritten as

U — O (1) = VD (Au) + VD (Au) — V) (Au) (4)

by (2) and (3). Moreover, the following identities show the relationships between 0(10 (1) and Vfﬁg (Au), and

(01 () and V(Ol)(Au) respectively:

mAoo oy (1) = VD (Au), (5)
nAgo (1) = Vo (Au). 6)
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Indeed, we can obtain the identity (5) from the calculations

1 m 1 m—1
10
mA100§nn)(u) =m [m 11 Z Uin — E uin]

i=0 i=0
m m—1 m—1
:m+1 mzuin_m um_' Uin
i=0 i=0 i=0
m—1
1
= m+ 1 MUyn — i Oum
i=

The identity (6) can be similarly obtained.

The concepts of slow decreasing in different senses for double sequences are defined below.

Definition 2.1. A double sequence u = (i) is said to be slowly decreasing in sense (1,1) if for A > 1

lim liminf min (u]-k = Ujy — Uk + um,,) > 0.
A=1F mn—00 m+1<j<[Am]
n+1<k<[An]

A double sequence u = () is said to be slowly decreasing in sense (1,0) if for A > 1

lim liminf min (u]-,, - u,,m) > 0.
A>T+ mn—eo m+1<j<[Am]

A double sequence u = () is said to be slowly decreasing in sense (0,1) if for A > 1

lim limsup min  (Uyx — Un) = 0.
A=T5 nee ntlsks<[An]

104

Moreover, we say that a double sequence u = (Uyy) is said to be slowly decreasing in the strong sense (1,0) if (7) is

satisfied with
min (U —u instead o min (Ui — Upp)-
m+1sjsmm]( i = k) f m+15j§[/\m]( jin = o)
n+1<k<[An]

The slow decrease of a double sequence u = () in the strong sense (0, 1) can be similarly defined.

A double sequence u = (i) is said to be slowly oscillating in sense (1,1) if for A > 1

lim limsup max ]‘u]'k = Ujp — Uk + umn‘ =0,

A—>1+ m,n— oo m+1<j<[Am
n+1<k<[An]

slowly oscillating in sense (1,0) if for A > 1

lim limsup max )u]'n - umn| =0,
A1y oo mA1<j<[Am]

and slowly oscillating in sense (0, 1) if for A > 1

lim limsup max [|uyk — Uyl = 0.
AS1 oy yseo nt1<ks[An]

Similar to Definition 2.1, the concept of slowly oscillating sequence in strong senses can be defined.

(®)

For related topics on slowly oscillating sequences and double sequences, we refer the reader to [3-

5,18, 19].

Notice that every P-convergent sequence is slowly oscillating in senses (1, 1), (1,0), and (0, 1), and every
slowly oscillating sequence is slowly decreasing in the same sense. However, the converses may not be

true.
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Example 2.2. The double sequence (logmlogn) is slowly oscillating in sense (1, 1) but not P-convergent, and the

1
Vik
In the space of bounded double sequences, the (C, 1, 1) summability method is regular. That is, a bounded
P-convergent double sequence is (C, 1,1) summable to the same value. The converse of this implication is
not true in general. An example that the converse implication does not hold is given by Totur [27].

The first study regarding classical Tauberian theorems for the (C, 1, 1) summability method is obtained
by Knopp [14]. Knopp [14] showed that Abel summability and (C, 1, 1) summability methods are equivalent
in the space of bounded double sequences and discovered a Tauberian theorem for a real double sequence
U = (Uy) as follows.

double sequence | Y7Ly Yy is slowly decreasing in sense (1, 1) but not slowly oscillating in sense (1, 1).

Theorem 2.3. Let u = () be a bounded double sequence. If u = () is (C, 1,1) summable to s and the conditions
Vi (Au) = o(1),
(01) _
Vi’ (D) = 0(1)
are satisfied, then u = (Uyu,) is P-convergent to s.

Moricz [15] obtained two Tauberian theorems for a double sequence which P-convergence follows from
(G 1,1) summability under the classical one-sided Tauberian conditions of Landau and slow decreasing
conditions in certain senses defined in his paper.

Theorem 2.4. ([15]) Let u = (tyy) be (C,1,1) summable to s. If the conditions

MnA Uy > —C, )
mAlOumn = _C/ (10)
nAg1 Uy =2 —C (11)

are satisfied for some C > 0, then u = (uy) is P-convergent to s.

Stadtmdiller [23] indicated that condition (9) in Theorem 2.4 is superfluous.

Theorem 2.5. ([15]) If u = (uyy) is (C,1,1) summable to s and slowly decreasing in senses (1,1), (1,0) and (0, 1),
then u = () is P-convergent to s.

We note here that if we remove the slow decrease condition in sense (1,1) in Theorem 2.5 as Stadtmdiller
[23] did, one of slow decreasing conditions in sense (1,0) or (0, 1) must be strong. The proof can be made
by using the same technique in our main theorem. Therefore, we do not give the details of the proof.

In addition, Totur [27] obtained Tauberian theorems of classical type by imposing different type of

conditions such as one-sided boundedness and slow oscillation on the sequences V19(Au) = (anlg)(Au))
and VO (Au) = (VO (Aw)).
A double sequence u = (u,,) is said to be statistically convergent to s provided that for arbitrary € > 0,

1

I R U= M SN sl 6l =0

where the notation | - | denotes the cardinality of the enclosed set.

It is clear that if a double sequence is P-convergent to a real number, then it is also statistical convergent
to the same number, but the converse is not necessarily true (see [10] for details).

On the other hand, a double sequence u = (u,,,) is said to be statistically slowly decreasing in sense (1, 0)
if for A > 1and every e >0

Hm SMn<N: min (Uj — thyy) < —e} =0. (12)

m+1<j<[Am]

. . 1
Aim imsup G N+ 1)
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The statistically slow decrease of u = (i) in sense (0, 1) can be defined similarly.

We note that if u = (u,,,,) is slowly decreasing in sense (1, 0), then it is statistically slowly decreasing in
sense (1, 0).
In fact, assume that (u,,,) is slowly decreasing in sense (1,0). Given an € > 0. For every large enough m and
n, that is, m,n > Ny(€), we can write that

1
M+1D((N+1)
No(e) , No(e)

M+1 N+1°

By applying lim sup to the inequality (13) as M, N — oo, the term on the right-hand side of the inequality
(13) tends to 0. Then taking the limit of both sides of the last inequality as A — 1*, we find that u = (1) is
statistically slowly decreasing in sense (1, 0).

Note that there is a similar relation between slow decrease in sense (0, 1) and statistical slow decrease in
sense (0,1). A sequence u = (1) is said to be statistically slowly decreasing in the strong sense (1, 0) if (12)
is satisfied with (8).

If u = (Umy) is bounded and statistically convergent to a number L, then u = (u,,) is also (C,1,1)
summable to the same number, but not conversely ([10]).

Briefly, in the space of bounded sequences, the implications

0

{m SMn<N: min (uj — ) < —e}

m+1<j<[Am]

(13)

P- convergence = statistical convergence = statistical (C,1,1) summable (14)

are satisfied.

Example 2.6. (1) The sequence u = (Uny) defined by

- 1, n?=m, foraln;
"1 0, otherwise.

is bounded and statistically convergent to 0, but not P-convergent.
(b) The sequence u = (Uyy) defined by

T 1, mand n are even;
i 0, otherwise.

is bounded but not statistically convergent. However, u = () is statistical (C,1,1) summable to 1/4.

Tauberian theorems on which conditioned converses of each implication are searched are given. Edely and
Mursaleen proved the following theorem.

Theorem 2.7. ([10]) If u = (uy) is statistical (C,1,1) summable to s and the conditions (10) and (11) are satisfied,
then u = (W) is P-convergent to s.

Instead of using the conditions (10) and (11) as Tauberian conditions, Chen and Chang [6] recovered P-
convergence of a double sequence from its statistical (C, 1, 1) summability if it is slowly decreasing in senses
(1,0) and (0, 1), in addition, in the strong sense with respect to one of the types.

Theorem 2.8. ([6]) If u = (uyy) is statistical (C,1,1) summable to s and slowly decreasing in senses (1,0) and (0, 1),
in addition, in the strong sense with respect to one of the types, then u = (Uyy,) is P-convergent to s.

Under weaker conditions, Méricz [16] obtained statistical convergence of a double sequence from its
statistical (C, 1,1) summability.

Theorem 2.9. ([15]) Let u = (uyy) be statistical (C,1,1) summable to L. Ifu = (uyy,) is statistically slowly decreasing
in senses (1,0) and (0, 1), in addition, in the strong sense with respect to one of the types, then u = (U, is statistically
convergent to L.
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Remark 2.10. In conditions of Theorem 2.8 and Theorem 2.9, the term “strongly slowly decreasing” is very important.
If we do not use this condition, then we need the slowly decreasing in sense (1,1) or statistically slowly decreasing in
sense (1,1) of a sequence.

Our aim in this paper is to obtain Tauberian conditions for each implication in the diagram (14) which
generalizes and extends the results of Moricz [15] and Chen and Chang [6] for double sequences.
3. Lemmas

In this part of the paper, we present the following Lemmas which will be used in the proof of our main
theorems.
In the following Lemma, we give relations among the sequences V10 (Au) = (VO2(Aw)), VO(Au) =

(Vi (Aw)) and VAV (Au) = (Vi) (Aw)).
Lemma 3.1. The following identities are satisfied:

VDAV (Aw) = V) (Au), (15)
and

Vi AV (Aw) = VG (Au). (16)

Proof. By the definition of VO (Au), we have

VOPAVOAw) = VO (Au) - ol (VO (Aw))
= Uy — O (1) — T (1) + T (1)
= ViD(Aw).

The proof of (16) is similar to that of the identity (15). Therefore, we omit the details. [J

Lemma 3.2. (i) The one-sided conditions mAijgup, > —C and nloiity, > —C for some C > 0 imply the slow
decrease of u = () in senses (1,0) and (0,1) and in the strong senses (1,0) and (0, 1), respectively.
(ii) The sequence of (C,1,0) means of bounded slowly decreasing sequence in sense (1,0) is also slowly decreasing
in sense of (1,0).

Similar result can be given for a slowly decreasing sequence in sense (0, 1).

Proof. (i) Let the condition mA1gu,,, > —C for some C > 0 be satisfied. Then,

j j .
1
Uje — Uk = E Aoy = —C E ; > —Clog% >-C log A.

r=m+1 r=m+1

Therefore, u = () is slowly decreasing in sense and the strong sense (1, 0) by (7).
(ii) For A > 1, we write the finite sum Y. i1 jA1ouj, as a series Yoo X ]Alou],, Hence,

Z]Amum —Z Z JAUjy 2 Z[ mmm Z Awum]

k=0 fs<j<it TS5 S

k+1

=1
> —sz o = ~2K(m +1).
k=0
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for some K > 0. Therefore, we obtain
1 m
VOD(Au) = p— Z; jArouj > —C
]:

for some C > 0, and it follows from the identity (5) that 619 (u) = (0(10)(u)) is slowly decreasing in the strong
sense (1,0). O

Lemma 3.3. ([27]) Let u = () be a double sequence of real numbers. For sufficiently large integers m and n,

(i) For A > 1,

A (A 1
OB (({[A$]1+m))<([uv;1] +_n))( 1) ) -0t @) - o) +olw)
[Am] +1 [An] +1
b (ol 0~ o) + S (oD, 00~ )

1 [Am] [An]

IR TR e X, ()

(ii) For0 < A < 1,

11
Umn — oinn) (Ll)

([Am] + 1)([An] + 1) ( D) 61D
(m — [Am])(n — [An]) il

[Am] +1 [An] +1
+ m( W)~ g Ejllm [ )) + S (0(11( = 5}'111[))\11](”))

JGED an
() = 0, P ) + 0 [An](”))

m n

1
T = [Aml)(n - [An]) Y Y ().

j=[Am]+1 k=[An]+1

Remark 3.4. In analogy to Lemma 3.3, we have the following identities.

(i) For A > 1,

= 088000 = L (a0 ) = o) - Mf(u ~ th)
mn [Am]— [Am],n [)\m ]m+1 jn mn

(ii)) ForO0< A <1,

m

aoy, \ _ [Am]+1 510,y — 500 1 .
o =000 = = (o 00 =00, 0) + Gy 2 Gl = )

The identities can be easily obtained as in the proof of the corresponding lemma for single sequences given

by [9]. We do not give details. Moreover, we note that we can represent the difference u,,, — 0523,)(14) ina
similar way above.

4. The Main Results

4.1. Tauberian theorems for statistical convergence

Theorem 4.1. Let u = (uyy) be a bounded double sequence. If u = (uy) is statistically convergent to s and there
exists a constant N such that

mA VIV (Au) > —=C and nAaVI(Au)>-C,  (m,n>N) (17)
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mAVIQ(Au) > =C and nAaVEO(Au) > -C,  (m,n > N) (18)

are satisfied for some C > 0, then u = () is P-convergent to s.

Proof. Since u = (ity,) is bounded and statistically convergent tos, then 610 (u) = (6%20 (1)), 0@ (1) = (00 (1))
and 6@ (u) = (6"} (u)) are statistically convergent to s. By the identity (1), we have VI (Au) = (V) (Au))
is statistically convergent to 0. Applying Theorem 2.7 to the sequence VIV (Au) = (V,, 11)(Au)) we have

Vi (Au) = o(1)

by the condition (17).

On the other hand, since # = (u,,,) is bounded and statistically convergent to s, then VOD(Au) =
(V,(,?,ll)(Au)) is statistically convergent to 0 by the identity (3). Moreover, the boundedness of u = (Uy)
implies the boundedness of VAD(Au) = (VLY (Au)). Therefore, by the identity

Vi (An) = 01, (VO (Aw)) = V3, (Aw)
and (15), we have
M1V (M) = mbaooy (VO (Aw) = mAr V) (Aw). (19)
By (5) and (17), we obtain
mA VoY (Au) > ~C
for some C > 0. Moreover, applying Theorem 2.7 to the sequence VO(Au) = (VO (Au)), we get
Vi (Au) = o(1)

by (18).
Similarly, VA9(Au) = (VO9(Au)) is statistically convergent to 0 by the identity (3). Since VID(Au) =
(V,%)(Au)) is bounded, then we have

1201 VI (Au) = 12010V (VI (Aw)) = nAg VD (Au)

by the identity
VaD(Aw) — o0 (VA0 (Au)) = VLD (Aw),

(6) and (17). Therefore, it follows
1At VI9(Au) > -C (20)
for some C > 0. Applying Theorem 2.7 to the sequence VA (Ay) = (Vﬁg)(Au)), we obtain
VA9 (Au) = o(1).
The proof is completed by the identity (4). O
Corollary 4.2. Let u = () be a bounded double sequence. If u = (W) is statistically convergent to s and
mA VD (Au) = 0(1) and  nho VI (Au) = O(1),

mA1oVI0(Au) = 0(1) and nAy VO (Au) = O(1)

are satisfied, then u = (Uyyy,) is P-convergent to s.
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Theorem 4.3. Let u = (uyy,) be a bounded double sequence. If u = (uy) is statistically convergent to s, and
VID(A) = (VID(Aw)) is slowly decreasing in the strong senses (1,0) and (0,1), VAO(Au) = (VI(Au)) is
slowly decreasing in sense (1,0) and VOV (Au) = (V,(y%)(Au)) is slowly decreasing in sense (0,1), then u = (Uyy) is
P-convergent to s.

Proof. Since u = (i) is bounded and statistically convergent tos, then 610 () = (6% (1)), 0@ (1) = (09 (1))

and 6@ (1) = (6'1(u)) are statistically convergent to s. By the identity (1), we have VI (Au) = (V) (Aw))

is statistically convergent to 0. Applying Theorem 2.8 to the sequence VIV (Au) = (Vi)(Au)), we have
Vi (But) = o(1).

On the other hand, the sequence VV(Au) = (V,, 01)(Au)) is statistically convergent to 0 by the identity

(3). Since 1 = (i) is bounded, then VAD(Au) = (VID(Au)) is bounded. Therefore, it follows from Lemma
3.1 and the identity (5) that

Aoy, (VO (Au) = Vi, (Au).
Then, we obtain that the sequence 60(VOD(Aw)) = (o' (VO (Au))) is slowly decreasing in the strong sense
(1,0). Hence, using the identity

VO (Aw) — ol (VO (AW)) = Vi) (Aw),

we have that the sequence V) (Au) = (VSS;)(Au)) is slowly decreasing in the strong sense (1, 0).
Applying Theorem 2.8 to the sequence VO (Au) = (V0D (Au)), we have

VoD (Au) = o(1)

by the hypothesis. Similarly, VA9 (Au) = (VI.0(Au)) is statistically convergent to 0 by the identity (2). It
follows from the identity (6) and Lemma 3.1 that the identity

nAo ) (VA0 (AU)) = VO (Au)

is satisfied. Then, c®)(V19(Au)) = (00 (V10 (Au))) is slowly decreasing in the strong sense (0, 1). Therefore,
using the identity

Vi (M) =l (VOO (Aw)) = Vi) (Au),

we obtain that the sequence V19 (Au) = (V7 (Au)) is slowly decreasing in the strong sense (0,1). Applying
Theorem 2.8 to the sequence VO (Au) = (VIO (Au)), we have

Vi (Ar) = o(1)
by the hypothesis. The proof is completed by identity (4). O

Corollary 4.4. Let u = (Uyy) be a bounded double sequence. If u = (uyy,) is statistically convergent to s, VID(Au) =
(V,,ll,ll)(Au)) is slowly oscillating in the strong senses (1,0) and (0,1), VA9 (Au) = (Vf,}g)(Au)) is slowly oscillating in
sense (1,0) and VOY(Au) = (V(Ol)(Au)) is slowly oscillating in sense (0, 1), then u = () is P-convergent to s.

4.2. Tauberian theorems for the statistical (C, 1, 1) summability

Theorem 4.5. Let u = (uyy,) be a bounded double sequence. If u = (u,,y,) is statistical (C, 1, 1) summable to s and the
conditions (17) and (18) are satisfied, then u = () is P-convergent to s.
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Proof. Since u = (i) is bounded and statistical (C,1,1) summable to s, then 619(u) = (642(1)), 6©D(u) =
09 (w)) and 6 (1) = (o' (1)) are statistical (C, 1, 1) summable to s. By the identity (1), we have VI (Au) =
(VID(Au)) is statistical (C,1,1) summable to 0. Namely, ™ (VID(Aw)) = (o'h(VID(Au))) is statistically
convergent to 0.
The inequalities (17) imply
mA (11) (1 7(11) _ (11) (v 7(11) _
100, (VU (Au)) > —C  and  nlpo,, (VY7 (Au)) > -C
for some C > 0. Applying Theorem 2.7 to the sequence o')(VID(Au)) = (010 (VD (Au))), we have
o (VD (M) = o(1).

Hence, we obtain that VAD(Au) = (ViL(Au)) is (C,1,1) summable to 0. Applying Theorem 2.4 to the
sequence VD (Au) = (VL) (Aw)) this time, we have

VD (Au) = o(1)

by the identity (17).
On the other hand, c®)(VO(Au)) = (o'l (VOD(Au))) is statistically convergent 0 by the identity (3).
Since the boundedness of it = (it,,,) implies the boundedness of VIV (Au) = (VLY (Au)), we have

mA1 VO (Au) > -C
by the identity (19) and then
Aoy, (VO (A1) > ~C
for some C > 0. Moreover, by (18), we obtain

nAgi o (VO (Au)) = ~C

for some C > 0. Applying Theorem 2.7 to the sequence V®D(Au) = (V,(f;)(Au)), we have

a (VO (A)) = o(1).

Hence, we obtain that VO)(Au) = (V9% (Aw)) is (C, 1,1) summable to 0. Again, applying Theorem 2.4 to the

sequence VO (Au) = (VI (Au)), we have

VoD (Au) = o(1)

by the identity (17).
The proof of VO9(Au) = 0(1) can be established by following up the similar technique. Finally, the proof
is completed by the identity (4).
|

Theorem 4.6. Let u = (uyy,) be a bounded double sequence. If u = (u,y) is statistical (C,1,1) summable to
s, VAO(Au) = (VI (Aw)) is slowly decreasing in the strong senses (1,0) and (0,1), VAO(Au) = (Vi9(Aw)) is
slowly decreasing in sense (1,0) and VO (Au) = (Vf,?i)(Au)) is slowly decreasing in sense (0,1), then u = (Uyy) is
P-convergent to s.
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Proof. Sinceu = (i) is bounded and statistical (C, 1, 1) summable to's, then o'/ )(VID(Aw)) = (612 (VAD(Aw)))
is statistically convergent to 0 by the identity (1). Since VIV (Au) = (Vf,}i (Au)) is slowly decreasing in the
strong senses (1,0) and (0, 1), we obtain V42 (AVID(Au)) > —C and VO (AVID(Au)) > —C for some constant

C > 0 by Lemma 3.2 (ii), respectively. Therefore, we obtain
O (VOO AV (Aw) 2 = C
o (VOAVID(A) > - C

for some constant C > 0. It follows from the identities

o (VAOAVID(Au)) =migory, (VI (A))
o (VOQVID (M) =nAnial, (VI (L))

that (VD (Aw)) = (o' (VAD(Au))) is slowly decreasing in the strong senses (1,0) and (0,1) by Lemma
32 (i),
Applying Theorem 2.8 to the sequence o™)(VID(Au)) = (o' (VI (Au))), we have

o (VAV(Aw)) = o(1).

Hence, we obtain that VID(Au) = (V) (Aw)) is (C, 1, 1) summable to 0. Therefore, applying Theorem 2.5 to
the sequence VID(Au) = (VL) (Au)), we obtain

Vi (Au) = o(1)

by the hypothesis. From the identity (3), c®)(V(Au)) = (o1 (VD (Auw))) is statistically convergent. Since
u = () is bounded, VD (Au) = (Vﬁ;)(Au)) is bounded. It follows from the identity (5) and Lemma 3.1
that
Mmoo, (VO (Au)) = Vi, (Au).
Hence, c1(VOD(Au)) = (0(10)(V(01)(Au))) is slowly decreasing in the strong sense (1,0). Therefore, using
the identity
Vi (A1) = g (VO (M) = Vi, (Aw),
we obtain that the sequence VOV (Au) = (V(Ol)(Au)) is slowly decreasing in the strong sense (1, 0). Hence, it
follows that ¢! (VOD(Au)) = (0pa(VO(Aw))) is slowly decreasing in the strong sense (1,0).
Similarly, applying Theorem 2.7 to the sequence VOD(Au) = (V,(,?,i)(Au)), we get

o (VO (Aw)) = o(1).

Namely, we obtain that VOD(Au) = (V% (Au)) is (C,1,1) summable to 0. Applying Theorem 2.5 to the
sequence VOD(Au) = (V)(Au)), then we have

Vi (Au) = o(1)

by the identity (17).
The proof of VOD(Au) = o(1) can be established following similar technique. Finally, the proof is
completed by the identity (1). O

Corollary 4.7. Let u = (U,) be a bounded double sequence. If u = (uy) is statistical (C,1,1) summable to
s, VAO(Au) = (VIED(Aw)) is slowly oscillating in the strong senses (1,0) and (0,1), VAO(Au) = (Vi9(Aw)) is
slowly oscillating in sense (1,0) and VOY(Au) = (VO (Aw)) is slowly oscillating in sense (0,1), then u = (i) is
P-convergent to s.
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If we replace the conditions of slow decrease by the conditions of statistically slow decrease in Theorem
4.6, we can not obtain convergence of 1 = (1,,,), but we recover its statistical convergence.
Theorem 4.8. Let u = (Uyy) be a bounded double sequence. If u = () is statistical (C,1, 1)summable to s, and
VAD(Au) = (Vf,},l,)(Au)) is statistically slowly decreasing in senses (1,0) and (0, 1), in addition, in the strong sense
with respect to one of the types, and V10 (Au) = (Vfﬁg)(Au)) is statistically slowly decreasing in sense (1,0) and
VOD(Au) = (V%’(Au)) is statistically slowly decreasing in sense (0,1), then u = (u,,,) is statistically convergent to
S.
Proof. Sinceu = (i) is bounded and statistical (C, 1, 1) summable to's, then '/ )(VID(Aw)) = (¢'LP (VD (Au)))

is statistically convergent to 0. We should show that V1D(Au) = (V,, 11)(Au)) is statistically convergent to 0.
Let A > 1. It follows from Lemma 3.3 (i) that for every € > 0, we have

{m<Mn<N:VE(Au) - 05 (VI (Aw) 2 €

A 1)([A 1
Q{mSMnsN{aﬂf$$ﬂf$<ﬁmﬁw“mw 0 (VD (A1)
—0 i (VID(A1)) + 013 (VI (Awy)
b (V) - oDV )
+ %( ril[)}m](v(ll)(Au)) (11)(V 11)(Au))) > = }
[Am]  [An]

U im<Mn< (V(ll)(A ) — nﬁ)(AM)) <<

{ ([/\m] m)([)\n - n) l;rl ];l }
= Apn(€e) U Bpn(e) 1)

For the first term on the right-hand side of the relation (21), since
[Am]+1 < 20 [An]+1 < 2A
[Am]-m ~ A=1" [An]-n ~ A-1"

we have
1

lim ————
MNDe (M + 1)(N + 1)
On the other hand, for the second term on the right-hand side of the relation (21), since

|[Amn(€)l = 0.

[Am]  [An]
(11) (11)
(Au) - A
i=m+1 j=n+1
. an _ 11) at Y
> m+{11g15r[1Am](Vi]~ (Au) ; (D)) + 1n<u<r[1}l ](Vm] (Au) = V' (M), (22)
n+1<j<[An]
we obtain for every € > 0
1 [Am]  [An]
m<Mn<N: v Au) - VI (Aw) < -
{ Do =Tl n%;;g;(]< )= Vi) < -2}
(11) (11) €
- < < . <_=
c {m<Mn<N: Lomin (Vi (Au) - VD(Aw) < 4}
n+1<j<[An]
U fm<Mns<N: min (VID(aw) - VD (Aw) < -2)
n+1<j<[An] 4

Biin(€) U B (e).
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Hence, we obtain

1
li S S
nod M+ 1)(N + 1)

< limsup ;IB(D (e)| + lim sup ;
T MNow M+D)(N+1) MNS MN—oo (M+1)(N+1)

|{m <M< N: VI (Au) - VI (AL) > e}|
B ().

Therefore, given any 6 > 0, since VIV (Au) = (VOD(Aw)) is statistically slowly decreasing in the strong senses
(1,0), (0,1), for some A > 1 we have

1
lim sup |{m <M, <N : VD (Au) = IV (AL) > €}| <5

MNow M+T1)(N+1)

Since 0 > 0 is arbitrary, we get for every € > 0

. 1
lim sup

TN TD (< M.n < N VD (Qw) — o) (VD (Aw) 2 €| = 0. 23)
M,N—co

We omit the proof for 0 < A < 1 since it is similar to A > 1. Therefore, we get

1
lim sup |{m <M1 <N : VI (Au) - oD AR < —e;| = 0. (24)

M,N—oco (M + 1)(N + 1)

Combining (23) and (24) yields

lim sup L |{m <M,n <N : [V Au) - 6DV (AW))| > e}l 0.

MN—w (M+1)(N +1)
Therefore, we obtain that VI (Au) = (V(n)(Au)) is statistically convergent to 0.
Now, let’s show that V19 (Au) = (Vﬁ;g (Au)) is statistically convergent to 0. If we replace u,,, by Vi,},?)(Au)
in (20), then we have

VA9 () ~ (VO Ay = L (510 (V09 () — o0 (V0D ()

[Am] = m \ e
[Am]

(VI (Au) - Vi (Au)),
/\m] 1;1

for A > 1. From this, we obtain
{m < Mn <N VED(Au) - oG (VIO (Au)) 2 €}

c {m <Mn<N: [Aml+1 (0(10) (VOO (Aw)) - o (VIO (Au))) 2 5/2}

[/\ ] _ [Am],n
[Am]
U {m <Mn<N: 2 (VI (Au) - VD (Aw)) < —5/2}
i=m+1

= Al (€) U B;VIN((—:).

Since
[Am] +1 < 2A

[Am]-m ~— A-17
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we have

M M DN+ 1) v (@l =0

On the other hand, for Bj,, (€), since

[Am]
1 (10) (10) (10) (10)
A - >
P i;H(Vm (Au) = Vi Q) > min (VO (Aw) = VLD (Aw),
we obtain for every € > 0
[Am] c
{m<Mn<N: ;l(VﬁO)(Au) ~ VI9Au) < _E}
i

c {m <M,n<N: min (V(w)(Au) VOD(Au)) < —g}

m+1<i<[Am]

Hence, we obtain

. 1 (10) (10 (10)
e — < < : >
lmmg) MrDN<D ’{m <M,n<N:V, (Au) — o,/ (V7 (Au)) e}’
. 1 (10) (10) €
< _ < < < —=1.
< 11%5123 M DN 1)|{m <Mn<N: m+1m<11<r[1m (V" (Au) = V3, (Aw)) < 2}|

Therefore, given any 6 > 0, since VA9 (Au) = (VO (Au)) is statistically slowly decreasing in senses (1, 0) for
some A > 1 we have

. 1
lim sup

e m |{m < M,Tl < N : V,(;S)(AM) - 0511,2)(V(10)(Au)) > €}| < 0.

Since 0 > 0 is arbitrary, we get for every € > 0

1
lim sup

FITDM D I <M < N Vi) = oyl (VIO (aw) > o =o. (25)
M,N—co

If similar steps are applied for 0 < A < 1, then we obtain

1
limsup

—(M TN+ D ‘ m<Mmn<N: VSS)(AIJ) - ggg)(v(lo)(Au)) < —e}’ =0. (26)
M,N—o0

Combining (25) and (26) yields

. 1
lim sup

m |{m <Mmn<N: |V$2)(AM) - U%S)(V(lo)(Au))l 2 G}l =0.
M,N—co

Therefore, we obtain that VAO(Au) = (VII9(Aw)) is statistically convergent to 0. Correlatively, we can

show that V190(Au) = (Vﬁg)(Au)) is statistically convergent to 0. The proof is completed by the Kronecker
identity. O

In Theorem 4.8 without the hypothesis that the statistically slowly decreasing of VIV (Au) = (V, 11)(Au))
in the strong sense, we obtain the following theorem.

Theorem 4.9. Let u = (1) be a bounded double sequence. If u = (uy,) is statistical (C,1,1) summable to s, and
VAD(Au) = (VAD(Aw)) is statistically slowly decreasing in senses (1,1), (1,0) and (0,1), VAO(Au) = (VED(Aw)) is
statistically slowly decreasing in sense (1,0) and VO (Au) = (Vf,(,)i)(Au)) is statistically slowly decreasing in sense
(0,1), then u = (upy) is statistically convergent to s.
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Theorem 4.9 can be proved in the similar way used in proving Theorem 4.8, but the inequality (22) should
be replaced by the following one:

1 Q] % (V(ll)(Au) _ V(ll)(Au))
([Am] B m)([)m] a n) i=m+1 j=n+1 v "

> min (Vﬁ”(Au) ~ VD (Au) - VD (Au) + Vﬁ,},?(Au))

m+1<j<[Am]
n+1<k<[An]
. (11) (11) . (11) (11)
+ min Vil (Au) -V, (Au))+ min (V2 /(Au)V,, (Au)).
Lo (VED@w - V@) + min (VD@ a)
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