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Abstract. In this paper, we are concerned with the spectral radius of nonnegative tensors. By estimating
the ratio of the smallest component and the largest component of a Perron vector, a new bound for the
spectral radius of nonnegative tensors is obtained. It is proved that the new bound improves some existing
ones. Finally, a numerical example is implemented to show the effectiveness of the proposed bound.

1. Introduction

Let C(R) denote the set of all complex (real) field. We consider an m-order n-dimensional tensor
A = (a;,,-4,) consisting of n™ entries, denoted by A € CI""(RI™), if
Aiyineiy, € C(]R),

where i; = 1,2,--- ,nfor j=1,2,--- ,m [6, 23]. Obviously, a vector is a tensor of order 1 and a matrix is a
tensor of 2. An m-order n-dimensional tensor A is called nonnegative (or, respectively, positive), if a;,..;,, = 0
(or, respectively, a;,..;, > 0) for all i1,---,i,,. Moreover, if there are a complex number A and a nonzero
complex vector x = (x1,---, xn)T that are solutions of the following homogeneous polynomial equations:

Ax 1 = A1)

then A is called an eigenvalue of A and x an eigenvector of A associated with A, where Ax"~! and x["~1]
are vectors, whose ith components are

m—1y _
(A" = Z Aiiyiy, Xiy *** X,
i2:"'rim€N
and
(x[’"_”)i = x:”_l, 1<i<n,

respectively. This definition was introduced by Qi in [23] where he assumed that A € RI™" is symmetric
and m is even. Independently, in [17], Lim gave such a definition but restricted x to be a real vector and A
to be a real number. That is, if A and x are restricted to the real field, then we call A an H-eigenvalue of A
and x an H-eigenvector of A associated with A.
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Definition 1.1. A tensor A = (aj;,.;,) € C"" is called reducible if there exists a nonempty proper index subset
Ic{1,---,n} such that

ajy.i, = 0,¥Viy €Ly iy ¢ L
If A is not reducible, then we call A irreducible.

In [5], Friedland et al. introduced nonnegative weakly irreducible tensor by considering the graph
associated to tensors. Let A = (aj,;,..;,,) be an order m dimension n nonnegative tensor. The graph associated
to A, G(A), is the directed graph with vertices 1,--- ,n and an edge from i to j if and only if aj;,..;, > 0 for
some i = j,l=2,---m.

Definition 1.2. A tensor A € CI"" is called weakly irreducible if G(A) is strongly connected.
Subsequently, Yang and Yang [26] gave equivalent definition of weakly irreducible tensors as follows.

Definition 1.3. A tensor A = (ai,iy..i,,) € C"" is called weakly reducible if there exists a nonempty proper index
subset I C {1,--- ,n} such that

Aiyoiyy = 0,VYi; € I,Ell] ¢ I,] =2, ,m.
If A is not weakly reducible, then we call A weakly irreducible.

Obviously, if A is irreducible, then A is weakly irreducible, but not vice versa. And when the order of
Ais 2, Ais irreducible if and only if A is weakly irreducible [5].

In [3], Chang et al. generalized the Perron-Frobenius theorem from nonnegative irreducible matrices to
nonnegative irreducible tensors.

Theorem 1.4. Let A = (a;,j,-,) € RI"™ be an irreducible nonnegative tensor, and the spectral radius p(A) of A is
defined as

p(A) = max{|A[|A € o(A)},

where o((A) is the spectrum of A, that is, the set contains all eigenvalues of A. Then p(A) is an eigenvalue of A with
a positive eigenvector x corresponding to it.

Note that p(A) and x are called the Perron root and the Perron vector of A, respectively, and (p(A), x) is
regarded as a Perron eigenpair. A perron vector can be used for co-ranking schemes [13, 19] for objects and
relations in multi-relational or tensor data, and higher-order Markov chains [4, 14, 15].

Hereafter, Friedland et al. generalized the result in Theorem 1.4 to weakly irreducible nonnegative
tensors in [5].

Theorem 1.5. Let A = (;,,.i,) € R be a weakly irreducible nonnegative tensor. Then p(A) > 0 is an eigenvalue
A with a positive eigenvector x corresponding to it.

Eigenvalue problems of higher-order tensors have become an important topic of study in a new applied
mathematics branch, numerical multilinear algebra, and they have a wide range of practical applications
[2, 18, 20-22]. By Theorem 1.5, it is known that the spectral radius of the weakly irreducible nonnegative
tensor is also an eigenvalue. In recent years, much literature has focused on the bounds for the spectral
radius of nonnegative tensors, and given various bounds to estimate the spectral radius, or algorithms to
find the spectral radius, for more details, see [1, 7-12, 16, 18, 20, 24-26]. In [25], Yang and Yang extended the
classical spectral radius bound for nonnegative matrices to nonnegative tensors and obtained the following
result.
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Lemma 1.6. [25] Let A € R"™™ be a nonnegative tensor, then
r<p(A) <R, (1)

where

n
r,-(ﬂ) = Z Aiiyviing s r= 1‘1‘1111‘1 T’i(ﬂ), R = mlax Ti(ﬂ).

i, im=1

In the sequel, to obtain sharper bounds for the spectral radius of nonnegative tensors, Li and Ng [16]
estimated the ratio of the smallest component and the largest component of a Perron vector and gave the
following bound for the spectral radius of a nonnegative tensor and proved that it is better than the bound
in (1).

Lemma 1.7. [16] Let A € R"™™" be a nonnegative tensor, then
V(A) < p(A) < w(A), (2)

where

: 1
o0 =i e =1) i)
w(ﬂ) = max{r,(&’{) — a1]](1 _ T(ﬂ)m—l)}l

i,j

_(r=Bol )\
T(ﬂ)_(R—ﬁo( )) '

Bo(A) = mln{au ]}
Furthermore, r < v(A) < w(A) < R.

In addition, recently, authors in [8] presented a new lower bound and a new upper bound for the spectral
radius of a nonnegative tensor by giving a new ratio of the smallest component and the largest component
of a Perron vector. It is proved that this bound is better than the one in (2).

Lemma 1.8. [8] Let A € RI"™" be a weakly irreducible nonnegative tensor. Then
LA) < p(A) < UA), )

where

1
-£(ﬂ) mll’l {ﬂl] j [W - 1] + r,(ﬂ)} ’
— . PP m—1 —
UA) = H}?x{n(ﬂ) YL @t =),

(i ,i,,,)eU;:;lA(j;k)

1
2(m-1)

r = Bo(A) - ’”i [( )(n — 1)F (A1 — (A l;‘;((‘;)))z(m )]
R = Bo(A) ’

C(A) =

ﬁt(ﬂ) mln{allz i € A(]/ —f- 1)}rt = 01 1r e, m— 2/

A(j;u) = U {2, ,im) 11y = jYveSand i, # Yo ¢ S}, u=0,1,--- ,m—1.

SC{2,+-,m},
|S|=u
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In the current work, we continue this research on estimates of the spectral radius for nonnegative tensors;
inspired by the ideas of [27], we estimate a new ratio of the smallest component and the largest component
of a Perron vector. Afterward, we present a new lower bound and a new upper bound for the spectral
radius and compare this bound with some known bounds.

The remainder of the paper is organized as follows. In Section 2, we focus on the bound of the spectral
radius and establish a new ratio of the smallest component and the largest component of a Perron vector.
Based on the result, a new lower bound and a new upper bound for the spectral radius of a nonnegative
tensor are obtained. In addition, we propose a comparison theorem for nonnegative tensors which indicates
our bound improves some existing results. In Section 3, numerical example is reported to illustrate the
effectiveness of the new bound. Finally, some conclusions are given to end this paper in Section 4.

2. A New Bound for the Spectral Radius of Nonnegative Tensors

In this section, we first establish a lemma to estimate the ratio of the smallest component and the largest
component of a Perron vector. Then based on the result of the lemma, we investigate the bound for the
spectral radius of nonnegative tensors and derive a tighter bound for that. This bound is proved to be
superior to those in Lemma 1.6 and Lemma 1.7.

For convenience’s sake, throughout this paper, we denote N = {0,1,--- ,n,---},{p) = {1,2,--- ,p}, where
p is positive integer number; i(s) = (i, ik, -, k) With ki < kp < -+ < kg; As = {t1, £, 15}, Vs =
{ki,ko, -+, ks} and

A] = {(itl/itzf e /its)\(j/ j/ o /j)litk € <n>/k € <S>}
ir, and A, are same as above whenever they occurs.
Lemma 2.1. Let A = (a;,,-,) € R be a weakly irreducible nonnegative tensor with a Perron vector x, and let

X, = min{x;}, x; = max{x;} and s be a nonnegative integer. Then
ie(n)y ie(n)

X
= < Ps(A), 4)
X
where
. m=1-s m .
7 —mina;j..; — ks(1 — 2-D) ¥ —mina;..
i i,j
A) = - =
Ps(A) R - nEn jj... i R - rrgn jjj
min (1’1’111’1 Z Aifjiefiy, jofip, oo fiss oo ) s>1
ks _ 2t <by<<ti<m i (1}1 1}2,-",1}5)6/\]' T T ] Jiy ] Jus ] ] ’
0 s=0.

Proof. Since A = (a;i,-i,) € R™" is a weakly irreducible nonnegative tensor, by Theorem 1.5, we have
Axt = p(A)x"-1 and a positive eigenvector x = (x1,%,- -+, x»)T. When s = 0, our lemma reduces to
Lemma 2.16 in [16]. Hence we only prove that Inequality (4) holds for s > 1. Letr, = R, 7, = r, then for any
i € (n), we have

m=1 _ ST
p(AN = Z Bty Xiy * * Xi,
iz,--~,i,nE<Tl>
_ m—1
= AjX; + Z Ajiyeweipy Xip =+ * Xi,
(iZ/t" /im)€<n>/
Oliy i =0
m—1 m-1
z aj.x; + Ajiy..iyy Xy
(in"' rim)e<n>r
61‘2...,'”‘:0

= ail...l(x;”_l - xv’”_l) + ri(ﬂ)x;”_l. (5)
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Taking i = p in Inequality (5), we derive that

p(A)X ™ = apr (6™ = 2y + Ra)

Multiply Inequality (6) with x, ™"

) and note that x; = max{x;}, then

i€(n)y

xmfl _ am—1

Xv \m—
p(A) = ay.———— +R(Z)"!
P Xp
Xo \m-1 Xo\m-1
> (1= (=) R(=
> ap.( (xz) )+ (xz)
=

. Xv \m-1 Xo\m-1
(1= (2)™ 1) + R(Z2
mina; i( (xz) ) (Xz)

. . Xv\m—-1
= ming;.; + (R — minag;;..;)(—)""".
i + (R = mina;.)(3)

On the other hand, for any i € (n) and any t1,f,,--- , t, satisfying2 < t; <t <--- <t; <m,

m—-1  _
p(ANG" = Z Bitywi Xiy X,
i2/"',ime<n>
n n

- Z : aiiz“'itl "'ifz"‘its"‘imxiz © Xy,

ik=1ke(m)\{1,45} ir=1,kens

m—1 + m—1-s..s

< Ay Xy ai‘z/mvif1 v---vi,szvi,sv-»-vxy xl
(i i1y it )END
n n
m—1
+ anz...,tl..‘”2.‘.1[5.‘.1”,.76'1

ik=Lke(m\{1,4s}, ix=1kea,
and at least one i #v

_ m—1 . X m—1-s..s
= Qip-vXy + awmvl}1 v---m,szvz,sv-»-vxy xl

(i ity it )END

-1
+(ri(A) — aip.v — Z aiv---vitlv-~vit2v~--vi,5v~--v)x71

(i ity it )END

= ri(ﬂ)x;”‘l + aiv...v(xl’f‘l - x}“‘l)

s m—1-s m—1-s
+X; Z aiv-~~vitlv~--vi¢2v--~vit5v--~v(xv X )-

(ity ity it JEAo
Taking i = q in the above inequality gives
p(A T < T gl =2

s m—1-s m—1-s
+X; E aqvn-vi,lv--~v1',2v-~-vit5v-~-v(xz; —X
(iny ity it )€

m—1 . m—1 m—1 m—1-s,..s m—1
< oy +n}§naij...j(xv I G e
= min aij.i.]-xZ"l + ksx?f‘l‘sxi + (r —mina;..; — ks)xl’”‘l,
ij ij
where
ks = min min Z Ajionsiiy iy ioeiis joei )
s 2§t1<tz<-~~<t5Sm( i gy Tl o Jhs ] ])

(it ity o it JEA

3413

(6)
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Dividing by x{i”’l on the both sides of (9) and x, = m(ir)1{x,<}, we have
1en
p(A) < mmal] ot ks (—)s +(r- mmal] =k )( )’” L (10)
ij ij
Combining Inequality (7) and Inequality (10), one derives
. Xv \m— X .
R —mina;j.. . )(Z2)"! < k(=) + (r — minajj..; — k —”’1
(R~ minay;. )()" <K+ 0= mingg ~ k)
Multiplying by (’;—’j)m‘l on the both sides of the above inequality yields
(R - minaij...j)(%)2<’"*1> < ks(%m*l* + (r— mina;j.; — k), (11)
1,] L]

Note that it is not easy to get the bound of = + simply from (11). However, we can overcome this difficulty
by using the fact that 0 < fq < 1 for the rlght hand side of (11). Hence, one get

. X0 \2(m-1) -
(R - rr}}na,-]-...j)(x—l) <r- nll}n i j-

It follows from the above inequality that

X_ < ﬁZm 1)
X
where
r — mina;
. i ijj

R — mina;j..;’
A
which together with Inequality (11) results in
KBHT + (r = minay;.j - k)
ij

Xv \2(m-1)
(xl ) R - mm ai]‘...]‘
ij

IA

(Ps(ﬂ)z(m—l)
with

1
2(m-1)

m—s—1
r —min Bjjj — ks(1 = g2
1

(Ps A =

R —minaj..;
ij

This completes the proof. [

Next, we present a new bound for weakly irreducible nonnegative tensors based on Lemma 2.1.

Theorem 2.2. Let A = (a;,;,.i,) € R™™ be a weakly irreducible nonnegative tensor. Then

F(A) < p(A) < HA), (12)
where
F(A) = 2st1<g§~)§t,,,3m {rrgn {1’1(3{ + ajj. ]((;b (ﬂ)m T -1

1
+ Z ai]z..jitlj-~~ji,2]‘...jit5j...j(_¢ (ﬂ)m—l—s
S

(ifl itz,“' St )E/\/

-1
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and

HA) = min {max {Fi(ﬂ) + ajj..j(Ps(A)" T = 1)
ij

2<t <tp <<ty <m

_1-
+ Z iy, o finy - fir -} (P (A" = 1)

(it ity it JEA]

Proof. Since Aisaweakly irreducible nonnegative tensor, thereis a positive Perron vector x = (x1,x2,- -+, xu)T

such that Ax"1 = p(ﬂ)x[m‘ll. Suppose that x, = m(ir;{x,-} and x; = m<a>><{xi}, we have that for any 1, t,- -+, £;
1e{n 1E(n

satisfying 2 <t; <f, <--- <t; <mand eachi € (n),

n n

m-1  _
p(A)x; = Z Z ity iy g i X " Xy

ir=1ke(m)\{1,As} ix=1,ken,

1 m—1-s..s
+ Z ilewliyy L-ligy 1Ly, 11X Xy
@iy vy it JEN

n n

[\

e
ail...1X;

m—1
+ Z Z a,v,-z...itl...itz.,.its.,.,v,,lxv
i=Lkem)\{LAs}, ix=1kens
and at least one i #/
_ (A m—1+ . m=1 _ . m-1 +x I . . m-1-s _ ., m-1-s
= 1i(A)x a;..1(x) Xy )+ il Llipy 1-li 11 (X Xy ).

(it ity ity JEN

Taking i = v and multiplying by x;” " on both sides of the above inequality give

X, X .
pA) > rv<ﬂ>+avl.i.z<<x—i>m-l—1>+ Y, av,.i.ﬁ,lz...z,-,Zl.A.ﬁ,sz...l<<x—z’)>’"-H—1)

(it 11y i JEN

Combining the above inequality with Lemma 2.1, we obtain

1 1
(A) > 1,(A) +api(———— 1) + Aol.otiy, 1-diy, 1 dig 11— — 1)
p (Ps(ﬂ)m—l i itzuzi:s)e/\l 1 2 s (PS (ﬂ)m—l—s
. 1 1
> min ri(A) + aijwj(W -1+ Z ﬂijmjiflj~~jz‘t2j~~jitsj~~j(W -1)¢.

(it 1ty e it JEA

Since this could be ture for any t1,t,,--- ,f; satisfying 2 < #; <, < .-+ < t; < m, we can obtain the first
inequality of (12).
Next, we prove the right inequality of (12). From (8), we have

-1 -1 -1 -1 1 -
P(ﬂ)x,m < Vi(ﬂ)x;" + ﬂiz;mv(x;n - xlm ) + x? Z aivmvl}] vmvitzvu-vi@vwv(xzr? S - xlm S)

(it 1ty its )END

Taking i = [ and multiplying by xl_(m_l) on both sides of the above inequality, together with Lemma 2.1, lead
to
p(A) < 1(A) + apo(Ps(A)" T = 1) + Z alv'"m}lv-~vi,2v»--vz’,5v---v(qbs(ﬂ)’”’l’s ~1)
(ity ity it )&
< rr}z}\x ri(A) + aij~~j(¢s(ﬂ)m‘1 -1+ Z aii"'ﬁqj'"]'itzj~~~ji[5j~~~j(¢s(~7()m_1_s —1)

(it ity o it JEA
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Because of the arbitrariness of t3, t5,- - - , t;, we finally have

p(ﬂ) < min I‘I’}?X T’j(ﬂ) + al’j...]'((f)s(ﬂ)m_l - 1) + Z Lli]'.“]','tl j-A-jz}zju-jilsj<--j(¢s(~7{)m_1_s - 1) ’

2<h <ty<-<t,<m .. .
(it Bty 7+ kg JEA

The proof is completed. [

Remark 2.3. As discussed in Remark 1 in [8], the bound in Theorem 2.2 still holds for general nonnegative tensors
without the assumption that A is a weakly irreducible nonnegative tensor.

Next, we compare the bound in Theorem 2.2 with those of Lemma 1.6 and Lemma 1.7, respectively.
Theorem 2.4. Let A = (a;,;,.i,) € R"™" be a nonnegative tensor. Then
r < V(A < F(A) < HA) < w(A) <R

Proof. From Lemma 1.7, we have r < v(A) < w(A) < R. So we only prove v(A) < F (A) (H(A) < w(A) can
be similarly proved). Recall that

(V—ﬁo(ﬂ))z""l“

T(A) = =——=¢
=R g
and
r— 1’1’1111011]] - ks(l - ﬁ%) 2D
Ps(A) = R = minaj;..;
ij
Since f = w7 <1landks > 0, it holds that

R-mina;;...;
R

k(1 — pEa) > 0.
It follows from the above inequality that ¢s(A) < ©(A) < 1, consequently, for Vi, j € (n),

1 1
Ajj...j (W - 1) +1i(A) < ri(A) + aii"'f(W -1

one may deduce the following result
min 1 aji...; _ -1)+r(A) < min|ri(A) +a; '(;—1)
ij ] T(ﬂ)m_l ! = ij ! g Qbs(ﬂ)m_l
1
+ Z Bifefivy oty i i s ~ Dy
iy oy o A1 )& s(A)

It follows from the above inequality that v(A) < ¥ (A). With a strategy quite similar to the one utilized in the
above proof, we can obtain H(A) < w(A). Therefore, the conclusion follows from the above discussions. [
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3. Numerical Example

3417

For the bound in Theorem 2.2, we have showed that our bound is better than those in Lemmas 1.6 and

1.7. Now we provide a simple example to show the efficiency of the new bound.

Example 3.1. Let A = (ai,i,i,i,) ba an order 4 dimension 3 tensor with entries defined as follows:

A, 1, =

A(1,3,:,:) =

A2,2,:,:) =

A3, 1, =

A(3,3,:,:) =

We compare the bound in Theorem 2.2 with those in Lemmas 1.6-1.8. By Lemma 1.6, we have

0.9403
0.0058
0.6103

0.6147
0.9912
0.2037

0.7579
0.3891
0.4293

0.1485
0.6198
0.2606

0.8601
0.4019
0.6319

15.3492 < p(A) < 15.9820.

By Lemma 1.7, we get

15.3612 < p(A) < 15.9704.

By Lemma 1.8, we have

15.3613 < p(A) < 15.8850.

Now, by Theorem 2.2, we obtain

15.3942 < p(A) < 15.9361.

0.8011
0.2330
0.9325

0.8272
0.6759
0.2489

0.9563
0.5730
0.8497

0.4457
0.8440
0.1962

0.9852
0.5595
0.9336

0.7633
0.8264
0.5735

0.4758
0.3991
0.5994

0.2763
0.6223
0.5884

0.3039
0.4833
0.3378

0.7203
0.4840
0.6390

LA, 2,

LA, L,

,AR2,3,:,:

,AGB,2,:,:

0.7926
0.3290
0.2235

0.8005
0.1051
0.8214

0.9635
0.0859
0.5005

0.7985
0.9875
0.1590

0.3124
0.5845
0.8299

0.8411
0.3545
0.4301

0.5216
0.0902
0.9047

2369
0.7022
0.3755

0.2905
0.4026
0.8621

0.5722
0.7008
0.7425

0.8844
0.4390
0.7817

0.9737
0.9723
0.6437

The example shows that the bound in Theorem 2.2 is tighter than those in Lemma 1.6 and Lemma 1.7, which
consists with Theorem 2.4. Moreover, the example also illustrates that in some cases the lower bound of
Theorem 2.2 is better than that of Lemma 1.8, but our upper bound is not good as the one of Lemma 1.8.
Until now, it is hard to theoretically compare our result with Lemma 1.8, which will be studied in future.

4. Conclusions

In this paper, we present a new ratio of the smallest component and the largest component of a Perron
vector, which is obtained in a different approach by Li et al. [8]. Then based on the new ratio, a new bound
for the spectral radius of a nonnegative tensor is derived. It is proved that the new bound is tighter than
those in Lemmas 1.6-1.7, but it is hard to theoretically compare our result with Lemma 1.8 so for, which
will be studied in future. Finally, a numerical example is implemented to validate the effectiveness of the

proposed bounds.
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