Filomat 32:10 (2018), 3529-3539
https://doi.org/10.2298/FIL1810529D

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

On a Riemannian Manifold with a Circulant Structure
whose Third Power is the Identity

Iva Dokuzova?

*Department of Algebra and Geometry

Faculty of Mathematics and Informatics

University of Plovdiv Paisii Hilendarski
24 Tzar Asen, 4000 Plovdiv, Bulgaria

Abstract. It is studied a 3-dimensional Riemannian manifold equipped with a tensor structure of type
(1,1), whose third power is the identity. This structure has a circulant matrix with respect to some basis,
i.e. the structure is circulant. On such a manifold a fundamental tensor by the metric and by the covariant
derivative of the circulant structure is defined. An important characteristic identity for this tensor is
obtained. It is established that the image of the fundamental tensor with respect to the usual conformal
transformation satisfies the same identity. A Lie group as a manifold of the considered type is constructed
and some of its geometrical characteristics are found.

1. Introduction

In differential geometry of the Riemannian manifolds with additional structures, the covariant derivative
of the corresponding structure plays an important role. In this connection, for example, the classifications
in [4], [6] and [7] are made. One of the basic classes in these classifications is the largest class, which is
invariant under the conformal transformations of the Riemannian metric.

In [1], [2] and [3], problems in differential geometry of a 3-dimensional Riemannian manifold (M, g, Q)
with a tensor structure Q, whose matrix in some basis is circulant, are considered. This structure satisfies
Q® =id, Q # id, and it is compatible with the metric g, so that an isometry is induced in any tangent space
on (M,4,Q).

In the present work we continue studying such a manifold (M, g, Q). In Section 2, we give some necessary
facts about (M, g, Q). In Section 3, we define the fundamental tensor F by the metric g and by the covariant
derivative of Q. We obtain the important characteristic identity (8) for F. We establish that the image of
the fundamental tensor with respect to the usual conformal transformation satisfies the same identity, i.e.
the conformal manifold (M, g, Q) belongs to the same class. In Section 4, we get some curvature properties
of (M, g, Q). In Section 5, we construct a manifold (G, g, Q) of the type of (M, g, Q), where G is a Lie group.
In Section 6, we consider a subgroup G’ of G, for which the manifold (G’, g, Q) is of invariant sectional
curvatures under Q. We study some particular cases.
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2. Preliminaries

We consider the manifold (M, g, Q), introduced in [1], i.e. M is a 3-dimensional Riemannian manifold
equipped with an additional tensor structure Q of type (1, 1), which satisfies

Q’=id, Q#id, (1)
and Q has a circulant matrix with respect to some basis, as follows:
010
Q)=(0 0 1f. )
100
The metric g and the structure Q satisfy
9(Qx, Qy) = g(v, y),  x,y € X(M). )

Necessary, the matrix of g with respect to the same basis has the form

A B B

B B A

, (4)

where A and B are smooth functions of an arbitrary point p(x!, x>, x*) on M. It is supposed that A > B > 0
in order g to be positive definite.
Moreover, in [1] it is defined another metric § associated to g by Q, as follows:

gx, y) = g(x, Q) + 9(Qx, y). 5)

Here and anywhere in this work, x, y,z, u will stand for arbitrary elements of the algebra on the smooth
vector fields on M or vectors in the tangent space T,M, p € M. The Einstein summation convention is used,
the range of the summation indices being always {1, 2, 3}.

3. The fundamental tensor F on (M, g, Q)

Let V be the Levi-Civita connection of g and {e;} be an arbitrary basis of T,M. We consider the tensor F
of type (0,3) and the Lee forms 0 and 6, defined by

F(x,y,2) = (Vs@)(¥,2),  0(x) = g"F(ei,ej,x), 0"(x) = g"F(e;, Qej, x). (6)
Obviously, the tensor F has the property
Fx,z,y) = F(x, y,2). )
Theorem 3.1. For the tensor F it is valid the identity
1 * ~ *
F(x,y,2) = 3]0, )0() + 9(x,20(y) + 95, 1)6"(D) + 1(x,2)6" ()} ®)

Proof. The components of the geometric quantities of (M, g, Q), given in the formulas (9), (10) (11) and (12),
are obtained in [1] and [2]. The inverse matrix of (g;;) is

 ,(A+B -B  -B
(@==| -B A+B -B |, ©)
Dl . B 4+B
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where D = (A — B)(A + 2B). The Christoffel symbols of g are as follows:

1
T = ﬁ((A+B)( Bi+B; + Bj) — B(A].JFA],))’
i 1
I = —((A+B)A; - B4B; — A; — Ay)
2?( ‘ ) .
r = E((A + B)(2B; - Ay) — B@B; — Aj + Ay)),
' 1
l“i-] E((A+B)A B(-By + B; + B; +A))

wherei#j, j#k i#kand A; = gﬁ,, B; = 35 The matrix of the associated metric 7, determined by (5), is of
the type:

=|A+B 2B A+B].
A+B A+B 2B

2B A+B A+B
(911)—[ (11)

The inverse matrix of (§;;) has the form

[ (-A-3B A+B  A+B
(G)==s=| A+B -A-3B A+B |. (12)
2D\ A+B  A+B -A-3B

Now, we calculate the components of F, 6 and 6", defined by (6).
Using the well-known identities for a Riemannian metric:

Vidij = 9kfij = Iy Gsj = Ty dsi (13)
and due to (7), (11) and (10), we find the following components F;;x = F(e;, ¢j, ¢) of F:

Fi11 =-2B1+ A2+ As, Fon=Fsn=-Bi+By+Bs— Ay,

Fi12 = Foo1 = %(As —B1-By+Bs), Fap=Bs— %(Al +A2),

Fyp ==2By+A1+As, Fsnp=Finm=B1—-By+B3;—A,,

Fii3 = Fa31 = %(Az -B1+B,—-Bs), Fauz=Br— %(Al +As), (14)

1 1
Fi3 =B - E(A2 +A3), Fus=Fp= E(Al + B1 — B, — B3),
Fi33=Fy33 =B1+By—B3—A3, Fa3=-2B3+A;+A4A;.

For the components of § and 6", from (2), (6), (9) and (14), we have

6, = A+ B)(Ay + As) + 2B(Ay — By — B3) — 2ABy),

3
35
02 = 55((A+ B)(Ai + As) + 2B(As — By ~ By) ~ 24By), =

6 = %((A + B)(A1 + Ay) + 2B(A3 — By — By) - 2AB3),
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6 = —E((A —2B)By — A(By + B — A1) + B(Az + A3)),
0; = —%((A —2B)By — A(B + Bs — A2) + B(A1 + A3)), (16)

. 3
0; = —E((A —2B)B; — A(By + By — As) + B(A; + Ay)).

From (4), (11), (14), (15) and (16) it follows

Fyij = %(gkjei + g0 + Gij0; + ﬁkie;)f (17)
which is equivalent to (8). O
Theorem 3.2. Under the conformal transformation

g, y) = aglx, y), (18)
where a is a smooth positive function, the tensor F is transformed into the tensor

- 1,_ — = - — -
F(x,y,2) = 3{70, 1)6(2) + 7(x, 90(y) + 5x, B (@) + 5(x,2)0 ()} (19)
with B = 0+ —da o (Q+Q) and 0 = 0" - ~da
7 2a - 2a
Proof. We denote the following products
. s _ 1
39" =P;, 949" =555, (20)
where (Dj, and %Sj are mutually inverse matrices. Because of (4), (9), (11) and (12) we have
011 -1 1 1
@)=f1 0 1f, (sH=1 -1 1] (21)
110 1 1 -1

Having in mind (2) and (21), we get ® = Q + Q>.
From (15), (16) and the second matrix of (21), we obtain

0 = _%syas : (22)

According to the transformation (18), the components of the tensor F are Z_-"ijk = ﬁ-?”jk, where V is the
Levi-Civita connection of 7.
Bearing in mind (5) and (18), we have that;_j = ag. Then

?? = cﬁg” + g"?a. (23)
From the Christoffel formulas
—k ] _ _ _
21“;‘]. = g"(9igsj + 9951 — 9s7i)), of;; = g"s@'%j +9,0,; = 95;;) (24)
and (18) we get
—k 1 da
Tij = ri'Cj * ﬂ(élj’ai +faj - gijg©as),  as = o
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Then, using (13) for V§, we obtain

= _ ~ 1 . 5 1 . ~
Vidii = Vigii — Z(jSak + gt — grjPias) — Z(gkjai + Gijox = gaPlaxs). (25)
Substituting (17) and (25) into (23), we get

" n 3 s Y 1 sn
0,), 0i=0;+ S, 0;=-55:0;. (26)

Then, due to (2), (21) and (22), for (M, g, Q) it is valid the identity (19). O

T
Fiij = g(gkjei + 40 + Gii0; + G

Note. According to Theorem 3.2, we can say that (M, g, Q) and (M, 7, Q) belong to classes of the same
type, defined by the equality (8) for the corresponding metric.
Immediately, from (6) and (19), we have the following

Corollary 3.3. If F = 0 holds, then it is valid

Fx,y,2) = {70 pa@2) + 7z, 2a(@y) - 5z, Yate) - 5z, D). 27)
Next, we obtain

Corollary 3.4. IfF = 0 holds, then F vanishes if and only if a is a constant function.

Proof. In a local form (27) is
S
Fiij = E(!]qu’i“s + g Pias = Gpjai = gki"‘j)' (28)

Let F = 0 be valid. Then, from (18) and (28), it follows gy as + gkiq)j.as = gxjai — griaj = 0. Contracting by

gkf in the latter equality, and using (20) and (21), we get ®a; = 0, which implies vy = a; = a3 =0,i.e. aisa
constant.
Vice versa. If a is a constant, then its partial derivatives are a1 = a, = a3 = 0, and having in mind (28),

wegetF=0. O
4. Some curvature properties of (M, g, Q)
It is well-known, that the curvature tensor R of V is defined by

R(x,y)z =V,V,z =V, Viz = V[, jz. (29)
Also, we consider the tensor of type (0,4) associated with R, defined as follows:

R(x,y,z,u) = g(R(x, y)z, u). (30)
The Ricci tensor p and the scalar curvature t with respect to g are as usually

p(y,z) = gin(ei, v,z,e), T= gijp(e,v,e]-). (31)

Let I and V be the Christoffel symbols and the Levi-Civita connection of g, respectively. Let R be the
curvature tensor of V. The Ricci tensor p and the scalar curvature 7 with respect to 4 are

p(y,2) = §'Rei, v,z ¢)), & = §'pleie)). (32)

From (13), using the Christoffel formulas (24) for I and I', we obtain the following relation

) 1 40 N 3
T =T+ §9k (Vigjs + Vjdis = Vsgij)- 33)
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We substitute (17) into (33) and we get

- 1 -
l"f,‘], = FZ + ggk (!]ijgs + gi]@s). (34)
From (20), (21) and (22), we find
70, = -0%, G40 = 0, -20;, hmz—m,fmg—;M+Wy (35)
We apply (35) into (34) and we obtain that the tensor T = ['—T of the affine deformation of V has components
1 & o~ .
ng_ggﬁﬂk+gﬂeb+eh) (36)
It is well-known the relation RZS = Rfjs +V ]-Tf; -V Ti,‘], + T?STL‘j - T%TZS. Then, using (22), (35) and (36), we
calculate
- 1 1 1 1
k _ pk ok « ek “k « ek
Rij = R — ggis(VjG - 59].6 )+ ggij(VSG - 5959 )
1 1 1 1 1 1
— 2 Gis(V;0% + V0" = Z0,0% - Z0:0%) + = §,;:(V,0 + V.05 - -0,0% — Z0:0™).
67:tVi 10 =307 = 30,670 + g 3 390

By contracting k = s in the latter equality, and having in mind (17), (20), (22), (31), (32) and (35), we get
1 1 ;
Pij = pij + ggi]Vs@*s + 5_17,«,«(%65 + V,6%). (37)
Let us denote

T = Flp(ee), T =glpee). (38)
Due to (31), (32), (37) and (38) we obtain

~ 1 ~% 1 ~ * ~% ~

Pij = Pij + g(’t - T)g,‘j + 6(21’ 2T+ 7 — T)g,‘]‘ ,
Therefore we establish the following

Theorem 4.1. For the Ricci tensors p and p and for the scalar curvatures t, ©*, T and ©* the following relation is
valid:

. 1., 1. « .
plx,v) = p(x,y) + 5(’[ - 1)g(x, y) + 6(21 =20+ T = 1)d(x, y). (39)
In [3], a Riemannian manifold (M, g, Q) is called almost Einstein if the metrics g and § satisfy
p(x,y) = pg(x, y) + i, y), (40)
where f and y are smooth functions on M.

Corollary 4.2. If the Levi-Civita connection V of § is a locally flat connection, then (M, g, Q) is an almost Einstein
manifold and the Ricci tensor p has the form

27" +
i) (@1)

Proof. If V is a locally flat connection, then we have R = 0. From (32) and (38) it follows p = 0 and = ©* = 0. Then
(89) implies (41) and according to (40) we have that (M, g, Q) is an almost Einstein manifold. O

me=§mmw+

Note. Examples of manifolds (M, g, Q) satisfying (41) are considered in [3].
In an analogous way we prove

Corollary 4.3. If the Levi-Civita connection V of g is a locally flat connection, then (M, §, Q) is an almost Einstein
manifold and the Ricci tensor p has the form

T+ 27

6Tﬂ%w

ﬂ%w=%ﬂ%w+
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5. Lie groups as manifolds of the considered type

Let G be a 3-dimensional real connected Lie group and g be its Lie algebra with a basis {x1, x2, x3} of left
invariant vector fields. We introduce a circulant structure Q and a Riemannian metric g as follows:

Qx1 =x2, Qxp = x3, Qx3 = x1, (42)
0, 1%
g(xi/xj) - { 1, i= ] (43)

Obviously, for the manifold (G, g, Q) the equalities (1) and (3) are valid, i.e. (G,g,Q) is a Riemannian
manifold of the same type as (M, g, Q).
For the associated metric g, due to (5), we get

3 1 iz
g(xi/xj) - { 0/ i= ] (44)

The corresponding Lie algebra g is determined as follows:
[xi, x;] = Ci-(]-xk , (45)
where C}; = —C},. The Jacobi identity implies [5]
Co(Cay = Ch) = Oy + C35C3y

CH(Cy = Co3) = 3Gy + C3,Cyy (46)
Ch(Ch5 = Cpy) = C35Ci, + C1,Cyy

Let us denote
M :C%zr AZ:C%zr /\3:C§)2r H1 =C%3' /~‘2=C%3/ P3=C?3r V1 :Céy V2:C§3r V3:C33- (47)
Then (45), applying (47), takes the form
[x1, %] = Aixq + Apxp + Azxs,  [xo, x3] = vixg +voxo +v3xz,  [x1,x3] = paxq + paxo + psxs . (48)
According to (46) and (47), we obtain the following conditions:
vi(us — A2) =wodr + vy, As(ua —v2) =vado + psd,  pa(vs — A1) = vaps + Ao (49)
The well-known Koszul formula implies
2g9(Vyxj, xi) = g[xi, x51, xi) + g([xe, i1, x7) + g([xx, x71, x1),

and using (43) and (48), we obtain
Vax1 = =Mxp = tixz, Vyxo = Aixg + %(/\3 — U2 —V1)x3,
Vi X3 = U1x1 + %(luz —Az+vi)x2, VX =-Ayxp — %(/\3 + V1 + U2)xs,
VioXo = Aox1 —vax3, Vypxz = %(Vl + Uz + A3)x1 +vaxa, VX3 = usxy +13%;, (50)

1
(1 =2 = A3)x2 — psxz, Vgxo = 5(—1/1 + Uz + A3)x1 — v3x3 .

VX3x1 = 2
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Further, bearing in mind (6), (43) and (50), for the components of F, 6 and 6" we get

1 1
Fiin=2M+2w, Fip= 5(2#1 + U2 —Az+vy), Fuz= 5(2/\1 + Az =2 —vy),
1
Fip=-2M+vi+ur—Az, Fiz=-A1—p, Fo= E(/\s + 1+ o +21),

1
Fop =-2A2 +2vy, Fypz= —5(2)\2 +vi+ U2 +A3), Fori =2A +vi+up + Az,
Foiz=A2—v2, Fizz=-2u1—vi—la+A3, Faz=-A3—vi—-2vo—p,

1
Fasn=A3—vi+up+2u3, Fasp=v3+usz, Faz= _E(_Al + V1 = H2 +213),

1
Fapp=—-As+vi—pup+2vs, Fazp = —E(As — v+ Hp +2u3), Fazz =-2uz—2vs3,

91:2A1+/\3+2|U1+/.12+V2—V3,
62:—2A2—/\3+y1—y3+1/1+21/2,
O3 =A1—Ag— o —2u3 —v1 —2v3,

. 1
0; = —E(—/\l =32 =23 — 1 — 2y = 3z + v — v3),
1
9; = —5(3/\1 + Ay +2A3 + U1 — pz — 2v1 — vy — 31/3),

. 1
63 = _E(/\l - Ay + 3[.11 + 2[.12 + U3 + 2v1 + 3v; +V3).

Theorem 5.1. The manifold (G, g, Q) has a corresponding Lie algebra determined by
[x1,x2] = A1x1 + Apxz + Asxs
[x2, x3] = vix1 + vax2 + v3X3,
[x1,x3] = (v2 + Ag)x1 + (V3 + Ar)xa + (v1 + A2)x3,
where the structure constants satisfy the following conditions:
2010 + V3 — Ava — vav3 — Agv3 =0,
200A5 + A3 = Aavs — Ajda — A1y =0,

—A% + 1/% + ApA3 —1v1vp = 0.

3536

(51)

(52)

(53)

(54)

(55)

Proof. Since (G, g, Q) is of the type of the manifold (M, g, Q), the equality (8) is valid. Having in mind (8),

(43) and (44), we get
Fin =301, Fiip = 3(02+63),  Fiz = 3(03+67), Fip = F3p = 305,
Fis = 3(6; + 63), Fp1 = 3(61+6;), Fam=356, Fa3 = 5(65 + 63),

Foi=Fa=30;, Fas=305+6;), Fiz=Fu=360;, Fap=3(0;+6)),

Fa13 = 3(61 + 03), Fs = 3(02+0;),  Fas=30;.
Then, using (51), (52) and (53), we find
g1 =v2+A3, po=vi+A;, uz=vi+Ao

From (48), (49) and (57) we obtain (54) and (55). O

(56)

(57)
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Proposition 5.2. The components of R, F, 0 and 0" with respect to the basis {x;} for (G, g, Q) are
_3 2o Lo o 2, 0. 1
Rip1p = Z(/\l + AB) - Z(Vl + V3) + AZ +v; + E(Al(/\g - 1/3) - V1(A1 + 1/3) + A3(21/2 -V + 1/3)),
3 1
Ri313 = Z(/\% + Ag + V% + V%) + /\% + V% + E(Al()\g, + V3) + Vl(Al +4A, + 1/3) + A3(V1 +4v, + V3)),

1 1
Ros = = 7(A] + A3) + Z(Vf +12) + A2 412 — E(Al(A3 +v3) = v1(A1 + 212 + v3) + A3(v1 +v3)), (58)

Riooz = —AoA3 + Aqvq + /\% + Aqvs + Azvs,
Ri213 = A2(A1 +v1 +v3) + A3(A1 + A2 +v1),
Rizzz = =v2(A1 +v3 + A3) —vi(A3 + v3 + 1),

1
Fll] = 2/\1 + 2A3 + 21/2 , F112 = F221 = E(/\l + A3 + v+ 21/2 + V3), F123 = —/\1 — A3 -V,
1
F113 = F331 = 5()\1 +A3—vi—v3), Fim=Fp=-A—-Az+vi+vs,
Fyop =22 +2vy, Fyui=Fsu=M+20h+A3+vi+v3, Fuz=A—v2, (59)

1
Fy3 = F33 = _E(Al +2A + Az +vi+v3), Faz=Fiz3=-A1—Az3—vi -2, —v3,

Fasip=Ay+vi+vs, Fizz=-A1—A3—vi—2vo—v3, Fz3=-24—-2v1-2v3,

01=3(M +A3+12), 02 =3(2—-Ay), 0O3=-3(A+v1+v3),

. 3 ._ 3
07 = 5(M + 202+ As+vi+v3), 03 = =5 (A + A3 —v1 = v3), (60)

3
0; = —E(/\l + A3 +v1 + 2V +v3).

Proof. The statement follows from (29), (30), (51), (52), (53) and (57). O

6. Manifolds (G, g, Q) with sectional curvatures invariant under Q

If {x, y} is a non-degenerate 2-plane spanned by vectors x, y in the tangent space of the manifold, then
its sectional curvature is

R(x, ¥,x,Y)
9, 0)9(y, y) — 92(x, y)

k(x, y) = (61)

Let G’ be a subgroup of G and (G’, g, Q) be a manifold with sectional curvatures which are invariant
under Q, i.e. according to (43) and (61) we have

R(Qx, Qy, Qx, Qy) = R(x, y,x, y). (62)
Because of (42), the identity (62) is equivalent to

Ri212 = Riz13 = Rozos. (63)
From (58) and (63), we find

Agz + /\§ + A3 + Azvz + AAz + Arvg + Agvg + 24531, =0,
Vi + V% + Agvo + Az + Agvy + Aqvg +vzvg + 24,11 = 0.

(64)
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We will consider the following instances where the system of equations (55) and (64) is executed:

Case (A) A3:O, 11 =0, 1/3:—A1,
Case (B) \z3=-A1—-Ao, vi=-A1—Ay, va=A1,v3=4Az,
Case(c)/\3:_/\1_A2,V1:/\1,V2:A2,V3:—A1—/\2‘

3538

Let us consider Case (A). From (54) and (55) it follows that the Lie algebra is determined by the

commutators:
[x1,22] = Aix1 + Aaxa ,  [x2,x3] = voxo — Aixsz,  [x1,x3] = voxy + Aoz .

Then, using (59) and (60), for the components of F, 0 and 0" we get

Fii1 =241 + 212, Fiz=v2, Fiiz = Ay, Fipo = F30 = =2Aq,
Fi3=—-A1 -2, Fo1=v2, Fopp = =22 + 213, Foyz = -2z,

Fo11 = F311 =245, Fryz=A -1, Fi33 = Fo33 = =21, Fap = A — Ay,
F313 = A1, F3 = —-Az, F333 = =2A; + 214,

61 = 3(A1 + Vz), 62 = 3(1/2 - /\2), 63 = 3()\1 - /\2), 6; = 3A2 ’ 6; = —3A1 ’ 6; = —31/2 .

From (31) and (58) we obtain all nonzero components of R and p on (G, g, Q):
Rioi2 = Rozps = Riziz = A2+ A5 +v3,  pu = po = pss = —2(A2 + A5 +v3).
Then the scalar curvature of (G’, g, Q) is
T =—6(A% + A3 +13).

From (43), (68) and (69) it follows p = % g,i.e. (G, g,Q) is an Einstein manifold.

Using (61) and (63) we get that the sectional curvatures k;; of the basic 2-planes {x;, x;} are equal to

k=)\%+/\§+v§,

i.e. (G',g,Q) is conformally flat.
Therefore, we establish the truthfulness of the following

Proposition 6.1. In Case (A) the following properties of (G’, g, Q) are valid:
1) the components of F, O and 0" are (66) and (67);
2) the nonzero components of R and p are (68);
3) the manifold is an Einstein manifold and the scalar curvature is (69);
4) the manifold is of constant sectional curvature (70).

With similar calculations we obtain the following statements.
Proposition 6.2. In Case (B) the Lie algebra is determined by the commutators

[x1,x2] = Aixp + Aoxg — (A1 + A2)xs,
[x2, x3] = —(A1 + A2)x1 + Axp + Aoxs,
[x1, x3] = =A2x1 + (A1 + A2)x2 — A1x3..

In this case

(65)

(66)

(67)

(68)

(69)

(70)
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1) the components of F, O and 0" are
Fi11 = Foxp = Fazz = 2(A — A2),
Fr12 = Foo1 = Fp3 = F313 = Fa32 = Fi13 = %(Al - A2),

Fi2p = F123 = Fo11 = Fy13 = Fi33 = Foss = Fa11 = Faip = Fapo = Ay — Aq,
* * * 3
01=0,=03=3(A1—Ay), 0;=0,=0;= E(/\z - MA);
2) the nonzero components of R and p are
3 2 3 2
Ri212 = Rozp3 = Ryziz = Z(Al -A2)°, pu=pn=pn= _E(Al - A2)5;

3) the manifold is an Einstein manifold and the scalar curvature is T = —%()\1 - )%
4) the manifold is of constant sectional curvature k = 3(A1 — A5)?.
Proposition 6.3. In Case (C) the Lie algebra is determined by the commutators

[x1,x0] = A1xq + Apxp — (A1 + Ap)xs,
[x2, x3] = Aixq + Apxp — (A1 + Ap)xs,
[x1,x3] = =A1x1 — Apxo + (A1 + Ao)xs .

In this case
1) the components of F, O and 0" are zero;

2) the nonzero components of R and p are
Riz12 = Rozos = Ris13 = Rizsn = Rinos = Rugot = 2(A] + A4y + A3),

P11 = P2 = pas = P12 = P13 = ps = —4AT + AAy + AY);
3) the manifold is an Einstein manifold and the scalar curvature is T = =12(A7 + A1A2 + A3);
4) the manifold is of constant sectional curvature k = 2(/\% + Ay + )\%);

5) it is valid [Qx;, Qx;] = [xi, x;], i.e. Q is an abelian structure.
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