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Abstract. Two classes of sets are introduced: rough weighted 7-lacunary statistical limit set and weighted
J-lacunary statistical cluster points set which are natural generalizations of rough 7-limit set and 7-cluster
points set respectively. To highlight the variation from basic results we place into some new examples. So
our aim is to analyze the different behaviors of the new convergences and characterize both the sets with
topological approach like closedness, boundedness, compactness etc.

1. Introduction

The idea of convergence of a real sequence was extended to statistical convergence by Fast [14] and
Steinhaus [35] (see also [34]) as follows: If IN denotes the set of all natural numbers and K C IN then K(m, )
(where m, n € IN) denotes the cardinality of the set K N [m, n]. The upper and lower natural (or, asymptotic)
densities of the set K is defined by

A(K) = limsup —-2 (1 ") (1 n,

n—00

and d(K) = lim inf ——

It E(K) = d(K) then, we say that the natural density of K exists and it is denoted by d(K) and clearly
. K(,n)
d(K) = lim ——.

n—oo

A sequence x = {x,},en Of real numbers is said to be statistically convergent to a real number ¢ if for any
€ >0, the set K(¢) = {n € IN : |x,, — £] > ¢} has natural density zero. In this case we write S — limx = £. We
shall also use S to denote the set of all statistically convergent sequences.

A sequence {x,},eN is said to be statistically bounded [36] if there exists a positive real number M, such
that the natural density of the set {n € IN : |x,,| > M} is zero.

A real number C is said to be a statistical cluster point [15, 22, 28] of a sequence x = {x,},en provided for
each ¢ > 0, the natural density of the set {n € IN : |x, — (| < ¢} is different from zero. We denote the set of all
statistical cluster points of the sequence x = {x,},en by I'y.
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Statistical convergence turned out to be one of the most active areas of research in summability theory
after works of Fridy [16] and Salat [32].

The notion of ideal is an extension of natural density which depends on the structure of subsets of the
set of natural numbers as follows:

Definition 1.1. [23, 24]. A family 7 C 2N is called an ideal if
()oel,

(i) A,B € I impliesAUB € 1,

(iii) A€ J,Bc Aimplies B € 1.

The ideal 7 is called non-trivial if 7 # {@} and IN ¢ 1.

Definition 1.2. [23, 24]. A non-empty family # c 2N is called a filter if
Wo¢F,

(i) A,Be ¥ implies ANBe ¥,

(iii) A€ F,A C Bimplies B € ¥.

Clearly I c 2N is a non-trivial ideal of N iff # = #(Z) = {K ¢ IN : N \ K € I} is a filter on IN, called the
filter associated with 7. A non-trivial ideal 7 is called admissible if 7 contains all the singleton set.

Using this concept of ideal, the notion of statistical convergence of a real sequence had been extended
to J-convergence by Kostyrko et al. [24] as follows: A sequence {x,},en of points in a metric space (X, p) is
said to be 7-convergent to ¢ if for arbitrary € > 0, the set K(¢) = {n € IN : p(x,,, ) > €} € 1.

An element C € X is said to be an J-cluster point [5, 23, 24] of a sequence x = {x,},en in X if for each
e >0, wehave {n € N : p(x,,C) < ¢} ¢ I and the set of all 7-cluster points of the sequence x = {x,},en is
denoted by I'y(1).

Consequently, a sequence x = {x,},en in a normed linear space with norm ||.|| is said to be 7-bounded
[26, 37] if there exists a positive real number G such that the set {n € IN : [|x,|| > G} € 1.

In another direction, a new type of convergence called lacunary statistical convergence was introduced
by Fridy et al. [17] as follows: A lacunary sequence is an increasing integer sequence 6 = {k},enujo; such
thatko = 0, h, =k, — k1 > o0 asr — oo, I, = (k-1 k] and g, = k]fj] for all ¥ € IN. Then the sequence
x = {xn}zen of real numbers is said to be lacunary statistically convergent to a real number ¢ if for any ¢ > 0,

limhll{k €l : |xx — €] = €}| = 0. In this case we write Sy — limx = £. We shall also use Sy to denote the

set of all statistically convergent sequences. In [17] the relation between lacunary statistical convergence
and statistical convergence was established among the other thinks. In the year 2017 weighted lacunary
statistical convergence is a generalization of lacunary statistical convergence was introduce by Ghosal et al.
[21].

Definition 1.3. [21]. Let 6 = {k/},enujo; be a lacunary sequence and {t,},en be a sequence of real numbers
n

such that t, > a, V n € IN (where « is a positive real number) and T, = Z ty Where n € N and Ty = 0). A
k=1

sequence of real numbers x = {x,},en is said to be weighted lacunary statistically convergent (or, weighted

Sg-convergent) to a real number ¢ if for every ¢ > 0,

lim— |k e (T

T ]: tilxe — €] = €}| = 0.
r—>c>o(Tky — Tk,,l) kr] kl k | }|

=17

We write x, 2%, ¢. The class of all weighted lacunary statistically convergent (or, weighted Se-
convergent) sequences is denoted by WSy. More investigation in this direction and many applications
are found in [8, 11, 18, 19, 25] where some important references are present.



S. Ghosal, M. Banerjee / Filomat 32:10 (2018), 3557-3568 3559

More frequently in the year 2011, 7-statistical convergence [33] and 7-lacunary statistical convergence
[9, 10] were improved by Das et al. as follows:

Definition 1.4. [33]. A sequence {x,}s,en of real numbers is said to be 7 -statistically convergent to ¢ if for
arbitrary ¢,6 > 0, theset {n e N : L[k <n:|xp — €] > ¢}| > 6} € 1.

Definition 1.5. [9, 10]. Let 0 = {k:};enujo; be a lacunary sequence. A sequence {x;,},en of real numbers is
said to be J-lacunary statistically convergent to ¢ if for arbitrary €,0 > 0, the set {r € N : % kel :|x—¢€ >
e}l >0} el.

However, an important question remains unanswered in 7-lacunary statistical convergence i.e., to
construct an example of a sequence which is 7-lacunary statistical convergence but not lacunary statistical
convergence.

On the other hand in [1], a different direction was given to study of statistical convergence. Pal et al.
[26] and Diindar et al. [13] independently extended the result given in [1] to rough 7-convergence as follows:

Definition 1.6. [13, 26]. Let ¥ be a non-negative real number. A sequence x = {x,},en in a normed linear
space ||.||, is said to be rough 7-convergent to x. w.r.t. the roughness of degree ¥ (or shortly: #-7-convergent
to x.) if for every € > 0, the set

melN:|x,—x|>F+etel

is satisfied and we denote this by x, i> x.. If we take ¥ = 0, then we obtain the ordinary 7-convergence.
r

The set 7 — LIM™x = {x. : x, £> x.} is called the rough 7-limit set w.r.t. the roughness of degree ¥ (or

shortly: #-7-limit set) of the sequence x = {x,},en. A sequence x = {x,}sen is said to be #-7-convergent if
T — LIM®x # @. One can also see [2, 7, 12, 29-31] for related works.

On further progress, we combine the approaches of 7-lacunary statistical convergence [10], rough 7-
convergence [13, 26], statistical cluster point [3, 27] and weighted lacunary statistical convergence [21] and
introduce new and more advance summability methods namely, rough weighted 7-lacunary statistical
limit set and weighted 7-lacunary statistical cluster points set of a sequence in a metric space. Some new
examples are constructed to ensure the deviation from basic results such as:

Theorem 1.7 [13, 26]. For a sequence x = {x,},en, we have the diameter of rough 7-limit set is < 2F.
In general, it has no smaller bound.

Theorem 1.8 [13, 26]. For an arbitrary ¢ € Z-cluster points set of a sequence, then the distance between x.
and cis < ¥ for all x. € rough 7-limit set.

Theorem 1.9 [6, 24]. The set of all statistical cluster points for any sequence in a metric space is closed.

Theorem 1.10 [27]. If a sequence in a finite dimensional normed linear space is statistically bounded then
the statistical cluster points set is non-empty.

Theorem 1.11 [4]. The set of statistical cluster points of a bounded sequence is a compact subset of R.

So our main objective is to interpret the different behaviors of the new convergences and characterize
both the sets with topological approach like closedness, boundedness, compactness etc.
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2. Main Results

We begin with an example of a sequence which is 7-lacunary statistically convergent but neither lacu-
nary statistically convergent nor statistically convergent.

Example 2.1. Let 0 = {k/},enujo} be any lacunary sequence. Define a sequence x = {xy},en by

2, fornel, andr=m? forallme N,
Xn = .
1, otherwise.

Let0 < &€ < 1. Then,

1, ifr =m? forallm e N,
0, otherwise.

ke T, - b= 1) Ze}|={
.

It is quite clear that the sequence {x,},en is not lacunary statistically convergent. If we choose a lacunary
sequence such that 1 < liminfg, < limsupg, < oo then from Theorem 4 [17]: “For any lacunary sequence
0,S = Spiff1 < liminfg, < limsupg, < co. Also S —limx = ¢ implies and implied by Sg — limx = £.” So we
can say that the sequence x = {x,},en is not statistically convergent to 1.

Next we assume that 7 = 7; = {A € N : d(A) = 0}. Then for any 6 > 0, we get

(relN:—kel,:|x—1 > e} =06} c{1%,22,3% 4% ..} e I,

|
T,
This shows that 7-lacunary statistical convergence is totally different from lacunary statistical conver-
gence and statistical convergence.
In this paper we assume {f,},en be a weighted sequence of real numbers such that t, > a, ¥ n € N

n
(where a is a positive real number) and T, = Z tr (where n € N and Ty = 0) and X denotes a metric space
k=1
with metric p.
Now we introduce the definition of rough weighted 7-lacunary statistical convergence as follows:

Definition 2.2. Let 6 = {k:};enujo; be a lacunary sequence, {t,},en be a weighted sequence and ¥ be a
non-negative real number. Then, the sequence x = {x,},en in X is said to be rough weighted 7-lacunary
statistically convergent to x, if for every ¢, > 0,

1
relN: ————ke(Tr,,Ti]: tip(xp, x.) = F+¢€}| =06} € 1.
( T Tou Tl s il x) 2 1+ ¢ 2 )

We denote x, M .. The set WSp(Z) — LIM*x = {x. € X : x, M x.} is called the rough weighted 7-
r r

lacunary statistical limit set of the sequence x = {x,},en With degree of roughness ¥. The sequence x = {x,,},en
is said to be F-weighted 7 -statistically convergent provided that WSy(Z) — LIM x # @.

Our next aim is to introduce the definition of weighted 7-lacunary statistically bounded sequence as
follows:

Definition 2.3. Let 0 = {k/},enujo; be a lacunary sequence and {t,},en be a weighted sequence. A sequence
x = {xn}pen in X is said to be weighted 7-lacunary statistically bounded if there exists an element C in X and
a positive real number M such that for every 0 > 0,

1
{l" eIN: ml{k [S (Tk,,llTk,] : tkp(Xk, C) > M}| > 6} elrl.
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From the above Definition 2.3, a weighted sequence {t,},en of real numbers is said to be self weighted
J-lacunary statistically bounded if there exists a positive real number M such that for every 6 > 0,

1
{TGNZ Wl{ke (Tk,,llTk,] . ZM}' > 6} el.

Now we introduce the first theorem of rough weighted 7-lacunary statistical limit set as follows:

Theorem 2.4. The set WSp(J) — LIM™x contains at most one element in X if the weighted sequence {t,},en
is not self weighted 7-lacunary statistically bounded.

Proof. Assume that there are two points x, # y. such that x,, y. € WSg(Z) — LIM*x. Take 2¢ = p(x., 1.).
Case 1: Let the weighted sequence {t,},en be properly divergent to +co. Then,

2F + 2¢

IN \ {a finite subset of N} = {r e IN :
p(xx-/ y*)

kE(Tk

Tk’_] e > =1}

r=17/

1
(Tkr - Tky—l) |{

}+

N

1
C{re N: ———lke Tk, Tr,] : tip(xr, x:) = T+ €}l 2
(e N: ek € (T Tl s iplo ) 2 T+ el

{reN: }eTl,

N —

1
—— ke (Tr_,, Tr]: ¢ JY.) > F >
=T € T Thl iplo ) 2 £+ 2l
which is a contradiction.

Case 2: Let the weighted sequence {t,},cn be unbounded but not properly divergent to +co. Then there
exists two infinite subsets K and L (say) of IN such that KUL = IN, KN L = @ and {t,},ex is a unbounded
subsequence and {t,},¢r, is a bounded subsequence of {t,},eN-

Subcase 2(i): Let {r e N : ﬁl{k € (Tk,,, Tr,] : k € K}| = 0} € 1. Since {t,},er is a bounded subsequence

_—— T r—1
of {t,}nen, s0 there exists a positive real number G such that t, < GV n € L. Then,

reN: ke (Ty ,, Tel: t = G = 0)

_
(Tx, = Ti,.,)

1
ClreN: ————|{ke (T, Tx]: ke K} > 8} € T,
&N ek € (T, Tid sk €Kil > )

which contradicts that {t,},en is not self weighted 7-lacunary statistically bounded.
Subcase 2(ii): Let {r e N : (Tkl—Tk)l{k €(Tk, ,, Tr,] : keK}| 20} ¢ 1.

Then

FeN: — L |ike (T,

T ]: k € K\ {a finite subset of N}}| > 0
T =T ] \ { Hl = o}

r=17

1 2% + 2¢
ClreN: ———|tke (Th, Ti ] : b >
{ (Tkr_TkH)l{ (Tx_y, Ti 1 = 1 o)

=0}

1 0
C{reN: ———lke (T, Tr]: tiplxr, x.) 2 F+ €}l = ZJU
{ (Tk,_Tk,_l)H (Tkeas Tie ] = trp (i, X2 =35

{reN: (ke Tk, Tr]: tip(xe, ys) 2 E+ €}l 2 g} er,

_
(Tkr - Tkr—1)

which is a contradiction. Hence the proof is completed. [
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If the weighted sequence {f,},en is self weighted 7-lacunary statistically bounded then there exists a
positive real number M such that

1
reN: ———|fke Ty, Tel: t > M} >0} € T
{ (Tk? —Tkr_l)l{ ( kr—1 ky] k }l }

1
= {reN: 1 - ———|tke (Ty_,, Tr,] : ke A}l <0} e F (),
(Tkr - Tk,_l)
where A = {k € N : fy < M}. Then, the subsequence {t,},ca of the sequence {t,},en is bounded and so
the limit inferior exists. The notation lim qunftn denotes the limit inferior of the sequence {f,},c4 when the
ne.

weighted sequence {t,},en is self weighted 7-lacunary statistically bounded.

Theorem 2.5. For a sequence x = {x,},en, we have

- S
0 < diam(WS,(Z) - LIMFx) < J Tminfts
0, otherwise.

f {ti}nen is self weighted 7-lacunary statistically bounded,

In general diam(WSy(Z) — LIM*x) has no smaller bound than ﬁ if the weighted sequence is self

neA

weighted J-lacunary statistically bounded.

Proof. Case 1: Let {t,},en be self weighted 7-lacunary statistically bounded sequence. By contradiction we
assume that diam(WSy(7) — LIM™x) > ﬁ Then there exists a positive real number A € (0, lim }‘nftn)
n ne

neA

: _ F 2§ 2%
such that diam(WSy(Z) — LIM™x) > 5 > lim}‘nftn'
ne

So there exists y,z € WSg(J) — LIM™x such that p(y, z) > % Since A < lim /ilnftn then, there exists a natural
Nne.

number [ such that A < £, foralln > [ and n € A.
Lete € (0,22%2 _§),0 <6 <1and A = {1,2,3, ..., I}. Then,

1 o
B={re N: ————|tke (Ty_,, Tt.]: tip(xe, y) 2 F+ e}l < s} € F (),
{ (Tk,_Tk,_l)l{ (Tk,ys Th ] = tip (i, y) H 3} ()
C—{rEN';l{ke(T T 1: trp(x z)>f+s}|<§}€T(f)
- . (Tkr_Tkyil) k,-_ll k,- . kP ks = 3 7
D—{re]N‘;l{ke(T Te]:t >M}UA}|<§}€7"(I)
SR Ty e e RS A S g e T
SinceBNCNDe¥F(J)and @ ¢ F(I), we can choose ¥ € BN CN D, such that
1 Itk € (Tk,,, Tk, ] : tip(x )>f+e}|<§<1
(Tky_Tk,_l) ks Lk ] 2 kP Xk, Y) 2 33
;l{ke(T T 1: trp(x z)>f+e€}|<§<1
Tr —Tr ) ks Lk 1t Bep(Xe, 2) 2 33
and;er(T Te]:t >M}UA|<§<1
(T, ~Ty,) R EE TR
This implies
1

—— ke (T, T, ]\ A1 : tip(xi, y) 2 F+ € V lp(xy, 2) 2 T+ e Vi > M} < 1.
(Tkr - Tkr—l)



S. Ghosal, M. Banerjee / Filomat 32:10 (2018), 3557-3568 3563

Since (EUFUG)° = E°NF* NG (where ’¢’ stands for the complement) so there exists a kg € (T
such that fx, p(xx,, ¥) < ¥+ €, t, p(xk,,2) < ¥+ € and t, < M.

T I\ A

r=17

= Ap(y,z) < Ap(xk,, v) + Ap(xXk,, 2) < ti, p(Xky, Y) + Ly p(Xky, 2) < 2(F + €) < Ap(y, 2),

(since A < t, foralln € AN{l+1,1+2,1+3,..} and ¢ < 2242

of case 1 is completed.
Case 2: Let the weighted sequence is not self weighted 7-lacunary statistically bounded. Then from the
Theorem 2.4, diam(WSg(J) — LIM™x) =0
Let us now prove the second part of the theorem. Let O = {k;},enugo) be any lacunary sequence,
1

th =5 — m ¥V n e N and I = 7;. We define a sequence x = {x,},en such that

—¥), which is a contradiction. Hence the proof

|2, ifne(Ty,,Txland r=m*V¥meN,
.
1, otherwise.

For0<e,6<}lweget

{reN: Ik € Ty, Te] : tile — 1] > e} > 6} € {12,2%,3%, ..} € 1.

r=17

v
(T, = Tk,.,)

So(Z4)

This shows that x;, Woolka), 1. Let ¥ be a positive real number and Ezf(l) =[1-2%1+2§].Forye Ezf(l),

1
tklxk—ylstklxk—1|+tk|1—y|<e+§2f=f+e\/ke]N\{kelN:tklxk—llZe}.

Therefore we get y € WSo(Z)— LIfo So Boz(1) € WSe(I)~LIM x. From the 1° part of the Theorem 2.5, we
get diam(WSy(Z) — LIM™x) < = 4F (since {t,},en is self weighted 7-lacunary statistically bounded

lim 1r1ft
) neN
and lirnr; Hi\}nft,, = E) and diam(By(1)) = 4. This shows that diam(WSg(Z) — LIM x) = 4f = hmﬁw So in
ne

general, the upper bound m of the diameter of the set WSg(Z) — LIM*x can’t decrease anymore. []
n
nelN

Remark 2.6. Aytar [1, Theorem 2.2], Pal et al. [26, Theorem 3.1], Diindar et al. [13, Theorem 2.3] and Diindar
[12, Theorem 2.3] had shown that the diameter of a rough statistical limit set (or diameter of rough J-limit
set) is < 2f. From the second part of above theorem we get, for the case of rough weighted 7-lacunary sta-
tistical convergence the diameter of rough weighted 7-lacunary statistical limit set may be strictly greater
than 2f.

Theorem 2.7. The set WSg(Z) — LIM"x of a sequence x = {x,},en is closed.

Proof. Case 1: Let {t,}nen be self weighted 7-lacunary statistically bounded and WSy(Z) — LIM™x # @. Then
there exists a sequence p = {p}nen in WSo(Z) — LIM™x such that p, — p. as n — co. We have to show that
p. € WSo(I) — LIM*x.
Since p, — p. as n — oo, then for any ¢ > 0, there exists a ko € IN such that p(pi, p.) < 53; YV k = ko.
Then, from the triangle inequality we get

kG(Tkyl, ] tkp(xk,pk0)<r+2 {kG(Tkyl,Tk] tk<M kG(Tkyl,Tk] tkp(xk, )<1’+é‘}.
So, p« € WSg(Z) — LIM*x. Hence, the set WSg(Z) — LIM x is closed.

Case 2: Let {t,}nen be not self weighted 7-lacunary statistically bounded. Then by Theorem 2.4, the set
WSg(Z) — LIMx is closed. [
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Remark 2.8. The set WSy(Z) — LIM'x is closed, bounded but not compact.

To prove this important fact of non-compactness, we consider the sequence x = {x,},en = {€n}nen (in I2
space) where ¢, = {6ﬁ}neN has the n'" term 1 and other terms are 0 and the weighted sequenceist, =y + %,

forallme Nand y > 0. Let# =y V2 and A = {e, e, ...}. Then, A C WSg(Z) — LIM*x. Since A is not compact,
so the set WSy(Z) — LIM'x is not compact.

Theorem 2.9. A sequence x = {x,},en is weighted 7-lacunary statistically bounded iff there exists a non-
negative real number r such that WSg(7) — LIM*x #+ @.

Proof. Proof of this theorem is similar to the proofs of Theorem 2.4 [1] and Theorem 3.2 [26]. So omitted. [

Next we proceed to introduce the definition of weighted 7-lacunary statistical cluster point of a sequence
in a metric space as follows:

Definition 2.10. Let 0 = {k:};enujo; be any lacunary sequence and {t,},en be a weighted sequence. A point
c € X is called a weighted 7-lacunary statistical cluster point of a sequence x = {x,},en if for every ¢,6 > 0,

1

reN: ———
{ (Tkr - Tkr—1)|

ke Ty, Tx]: tip(xr,c) < e}l 20} ¢ 1.

We denote the set of all weighted 7-lacunary statistical cluster points of the sequence x = {x, },en by WeI'x(J).

Remark 2.11. In [1, Lemma 2.9] Aytar had shown that for an arbitrary c € I'y of a sequence x = {x,},en the
distance between x, and cis < Y x. € st — LIM®x (here I = I;so I — LIM®x = st — LIM*x).

Similarly, Pal et al. [26, Proposition 3.1] and Diindar et al. [13, Lemma 2.9] had shown that for an
arbitrary c € I'«(7) of a sequence x = {x,},en the distance between x, and cis < ¥V x, € 7 — LIM"x.

For the case of weighted 7-lacunary statistical cluster points and rough weighted 7-lacunary statistical
limit set, the distance between x. and c may be strictly greater than ¥ where c € WoI'x(Z) and x. € WS¢(Z) -
LIM*x. Consider the sequences {x,}nen and {t,},en defined in Theorem 2.5 (second part). Then we get
1€ Wel'y(X) and 1+ 2F € WSp(Z) — LIMx. Choose x, = 1+ 2Fand ¢ = 1. It follows that the distance between
x. and c is 2f > ¥. So in this case the result of Theorem 1.8 may not hold.

Now we give some important relations between the sets WyI'y(Z) and WSy(Z) — LIMx.

Theorem 2.12. For an arbitrary c € WgI'x(1) of a sequence x = {x,},en, we have

p(x.,c) < {m, if {t,}nen is self weighted 7-lacunary statistically bounded, ?ét”’ otherwise,
Nne. ne.

for all x, € WSg(Z) — LIM*x.

Proof. Case 1: Let {t,},en be self weighted J-lacunary statistically bounded sequence.
By contradiction we assume that there exist a point ¢ € WyI'x(Z) and x. € WSp(J) — LIMx such that

p(x*, C) > m > 0
neA
diminft,)p(x.,c) — ¥
This implies —*< 3 > 0. Then, there exists a positive real number A € (0,im qunft,,) such
ne.
that liming ~
( imin ty)p(x., c) — ¥ Ap(x.,c) - F
3 > 3 > 0.

%’CH > 0. Since A < lim qunftn so there exists kg € N such thatt, > AVn>kpandne A
ne.

where A = {k e N : t, < M}.

Define ¢ =
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Let Ao =A\{1,2,..,ko— 1} and B = {k € N : f;p(xx, ¢) < €}. Then four subcases may arise.

Subcase 1(i): If Ao N B = @ then B C IN \ Aj, which is a contradiction since ¢ € WyI'y(J). So this case can
never happen.

Subcase 1(ii): If B C Ay, then Ao N B = B.

Subcase 1(iii): If Ag C B, then Ay N B = Ay.

Subcase 1(iv): f AoNB # @, A\ B+# @and B\ Ay # @ then, B\ (Ap N B) CIN'\ Ay.

For any 6 > 0, the set

{reIN: ;er(]‘k

(Ty, - Ty, Ti]: k€ B\ (Ao NB)}| >

} C

NI O

r-17

1

{reIN: —(Tk, T ) |{

kE(Tk

r-17

TkrlikGN\AoHZg}EI,

= {reNN: {k € (T} Tk,]:keB\(AonB)}lzg}eI ........... )

=17

_
(TkY - ka*l)
Since ¢ € Wyl (Z), then we get

[relN: ke (T, Ti]:keBl|zo0leL................. (I

r-17

;H
(Tkr_Tky—l)
Again B = [B\ (Ao N B)] U (Ao N B). Then, we get

1
reN: ———— ke Ty ,,Tr.] :k€B}| =06
reN: ez like (T, Tl k€ Bl 2 b)

1
C{re N: ——|{k € (T,
{ (Tk,.—Tk,,l)H (T

1
re N: ———|{ke (T
{ (Tk,—Tk,_l)H (T

Since we know thatif K, L, MCIN,K ¢ I,L € 7 and KC L UM then M ¢ 7, this implies

T]1:keB\ (Ao NB)}| > =Ju

r=17

NIl O

Tk,] ke AgN B} > g}

r-17 =

1

reN: ——
{ Tk, — TkH)l

{ke Ty, Tr,] : ke AgNB}| = g} ¢ I (by equations (I)& (I)).
This shows that for all existing cases (i.e., 1(i7), 1(iii) and 1(iv)) we get
1
reN: ———|lke(Ty ., Tr.] : k€ ApNB}| >
{ T =T ) Itk € (Tk._,, Tk, ] o N BY|

So there exists a natural number k € Ay N B such that

b¢ 1.

NI O

tep(o, X2) = tep(x, €) — tep(Xk, €) > Be +F—e =F+2e >F+¢
(since tx > A and 3¢ = Ap(x.,c) — F),
= ApNBC{keN: tep(xe, x.) = ¥+ e}

Then,
1 0
re N: ————Ifke (Tx_,, Tr,] : trplx, x.) =+ e}l = -} ¢ 1.
(e N ek e (Ti, T iplo v) 2 T4 )l 2 5)
This contradicts the fact that x. € WSg(7) — LIM x.
Case 2: Let the weighted sequence {t,},en be not self weighted 7-lacunary statistically bounded.
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By contradiction we assume that there exist a point ¢ € WyI'y(Z) and x. € WSy(Z) — LIM™x such that

F . _ Cpxi0)-¥ _
p(x.,c) > —inﬂg I Setting ¢ = ==—-—, where C r}?I[{T t,. We know that
ne

tep (X, Xi) 2 tiep(Xe, €©) = tp(xx, €) = Cp(xe, €) — tep(xx, €) = T+ 2e — tp(xp, c) Y k€ N,

= {keN:tp(x.,c) <el ClkeN: fp(xe x.) >+ e}
Then,

{reN: Itk € (T, Ti, ] - tep(axr, €) < e}l = 0}

_
(Tkr - Tkyfl)

1
C{re N: ———lke (T, Tx]: tip(xr, x.) = ¥+ €}| = 6}.
{ T T e Tow Tl s iplri x) 2 4 ¢l 2 )

x. € WSo(I') — LIM®x contradicts the fact that c € WoI',(Z). O

Note 2.13. If both the sets WoI'y(Z) and WSg(Z) — LIM*x are non-empty then from the Theorem 2.5 and
Theorem 2.12 we get the set Wpl'x(Z) is bounded.

Theorem 2.14. (a) For an arbitrary c € WyI'y(Z) of a sequence x = {x,},en, we have

WSo(I)—LIMx C {E; (c), if {ty}nen is self weighted I-lacunary statistically bounded, Eé (c), otherwise

where p = liminft,, g = inft, and B.(c) = {y € X : p(y,¢c) < &}.
(b) neA nelN

ﬂ E[lj () C{x. e R: WoI'y (1) C Eé (x)},
ceWoI'(1)
WSo(I) — LIM™x C{ if {t,}yen is self weighted 7-lacunary statistically bounded,

m Eg(c) Cf{x. e R: Wol'y(J) C E;(x*)}, otherwise.
ceWoTx(T)

Proof. The results are obvious so omitted. [

Following Theorem 1.10, Pehlivan et al. [27, Corollary 1], had shown that if a sequence in a finite
dimensional normed linear space is statistically bounded then the statistical cluster points set I'y is non-
empty. For the case of weighted 7-lacunary statistical convergence, the weighted 7-lacunary statistical
cluster points set WoI'y(Z) may be empty even if the space is finite dimensional and the sequence is
statistically bounded (or Z-lacunary statistically bounded).

To prove this important fact, we consider the sequence of real numbers x, = 2 and t, = n>? ¥ n € N
and 0 = {k:};enujo; be any lacunary sequence. Then the sequence x = {x,},eN is statistically bounded (or
J-lacunary statistically bounded) but WoI',(1) = @.

In a finite dimensional normed linear space when we discuss the weighted 7-lacunary statistical con-
vergence, the set WyI'x(Z) may not be closed and nor even bounded however the sequence x = {x,},en is
bounded (or, statistically bounded) which differ the results in Theorems 1.9 & 1.11.

Example 2.15. Let 0 = {k;};enugoy be any lacunary sequence, IN = UAf be a decomposition of IN (i.e.,
=1

AN A, = ¢ for m # n). Assume that A; = {2125 - 1) : s € N}, for all j € IN.

Setting

—_

tr=kVYkeNandx; = —,+%VkeAjandj:1,2,3,....

~
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Then, for fixed j, choose ¢ > 0and 0 < 6 < % So we get,

1
{reN: mer (T
1 (Tk, = Tk,,)
(Tx, = Tx,,) 2
This shows that % € WoI'x(Z) for all j € N and 7 be any ideal.
Next we assume k € IN, then there exists an integer j € IN such that k € A; for some j € IN. This implies
k is of the form k = 2/-1(2s — 1) where some s € IN. Now for each k € IN,

1
Ty, 1+ il = ?I <e}f = 6}

r-17

2{relN:

> 0} = IN '\ {a finite sub set of N} ¢ 7.

, 1 1 12/ 1 1
Bl =271 @s = D=+ ——— =2 225 - 1) b > .
kel (2s ){] (2]_1(25_1))2} > ]( s=1) 2i@s-1) 2
Then,
1
relN: ——— ke Ty, Ti]: tlxx — 0| < e} = 6} € 1.
{ (Tk,_Tk,_l)H Tk Tio 1 = tilxie = O] < €} > 6}

This implies 0 ¢ WeI'x(Z). So WeI'1(J) is not a closed set.
Next, we consider a sequence yx = j + % forallk € Ajand j = 1,2,3, ....
Then, for each j € N we get

;H
(Tk, = Tk,.,)
=N\ {a finite sub set of N} ¢ 7.

This shows that j € WeI'y(Z) for all j € N. So WeI',(1) is not a bounded set. This implies the set WoI',(Z) is
not compact in IR.

(relN: ke (Ti_,, Ti]: telyx — jl < e}l = 6}

Remark 2.16. The set WyI'y(1) is closed in X if the weighted sequence {t,},en is self weighted 7-lacunary
statistically bounded.

Proof. Proof of this remark is similar to the proof of Theorem 2.12. So we omit. [

In [9, 10, 20, 33] has been introduce the sequence x = {x}ren in @ normed linear space by

ku, for n—[VA,]+1<k<n n¢A, .......... 1))
xx=3ku, for n—A,+1<k<n ned,. ............ (1)
0, otherwise,.........co i iu. (Ir)

where A, =1forn =1to10and A, = n — 10 for all n > 10, A = {12,22,32,42, ...}, u is a fixed element in a
normed linear space with [|u]| = 1, 0 is the null element of the normed linear space and 7 = 7. Authors of
these papers asserted that is 7-statistically convergent, but not statistically convergent. However, it is not
so. Indeed,

ku, for 11 <k <16 =4*(by (II)),
ku, for 11 <k <25 =5*(by (II)),
ku, for 11 <k <36 = 6%(by (II)),
ku, for 11<k<49 = 7(by (D)),
ku, for 11<k<64=8by (D),

Xk

Then x; = ku for all k > 11. This implies the x = {x}xen is properly divergent sequence. So it is neither
I -statistically convergent nor statistically convergent.
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3. Open Problem

It is not clear that J-statistically convergent and statistically convergent are different or not. So it seems
natural to ask is there exists a sequence which is 7 -statistically convergent but is not statistically convergent?
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