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Abstract. In this paper, we consider a coupled Lamé system with a viscoelastic damping in the first
equation. We prove well-posedness by using Faedo-Galerkin method and establish an exponential decay
result by introducing a suitable Lyaponov functional.

1. Introduction

Let Q be a bounded domain in R® with smooth boundary dQ . Let us consider the following a coupled
Lamé system :

t

up(x, t) + av — Au(x, t) + f g(s)Au(t — s)ds — p1Au(x, ) = 0, in Q X (0, +00),

vp(x, t) + au — Ao(x, t) — yzoAUt(x, ) =0, in Q % (0, +00), 1)
u(x,t) =o(x,t) =0 on dQ X (0, +00),

(u(x, 0), v(x,0)) = (uo(x), vo(x)) in Q,

(ur(x, 0), ve(x, 0)) = (ur(x), v1(x)) in Q.

Where u, i, are positive constants and (1, u1, v, v1) are given history and initial data . Here A denotes
the Laplacian operator and A, denotes the elasticity operator, which is the 3 X 3 matrix-valued differential
operator defined by

Aju = pAu+ A+ p)V(divu), u = (u1,us, u3)T

and p and A are the Lamé constants which satisfy the conditions
p>0, A+pu=0. 2)

The problem of stabilization of coupled systems has also been studied by several authors see [1, 3, 6,
11, 17, 18]and the references therein.Under certain conditions imposed on the subset where the damping
term is effective, Komornik [11] proves uniform stabilization of the solutions of a pair of hyperbolic systems
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coupled in velocities. Alabau and al.[1] studied the indirect internal stabilization of weakly coupled systems
where the damping is effective in the whole domain. They prove that the behavior of the first equation is
sufficient to stabilize the total system and to have polynomial decay for sufficiently smooth solutions.

For coupled systems in thermoelasticity, R.Racke [18] considered the following system:

utt(xl t) - auxx(xrt - T) + bex(xr t) = O/ in (Or L) X (Or OO)/
et(x/ t) - dexx(x/ t) + butx(xl t) = 0/ in (0/ L) X (0/ OO)/

He proved that the internal time delay leads to ill-posedness of the system. However, the system without
delay is exponentially stable.
In [14] M.I.Mustafa considered the following system:

t
uy(x, t) — Au(x, t) + j(; g1t = )Au(t)dt + f1(u,v) =0, in Q % (0, +00),
t

vy(x, t) — Av(x, t) + f g2(t — T)Av()dT + fo(u,v) =0,  in QX (0, +c0), 3)
u=v=0 ’ on dQ X (0, +0),
(u(.,0) = ug, us(.,0) = uq, v(.0) = vy, v(.,0) = v; in Q.

The author proved the well-posedness and, for a wider class of relaxation functions, establish a generalized
stability result for this system.
Recently, Beniani and al. [3]considered the following Lamé system with time varying delay term:

u”’(x, t) = Aeu(x, t) + p1ga (W' (x, 1)) + pogo (' (x,t —7(#))) =0 in QO x R* n
u(x,t) =0 on JQ x R* (4)

and under suitable conditions, they proved general decay of energy.

The paper is organized as follows. The well-posedness of the problem is analyzed in Section 3 using
the Faedo-Galerkin method. In Section 4, we prove the exponential decay of the energy when time goes to
infinity.

2. Preliminaries and statement of main results

In this section, we present some materials that shall be used for proving our main results. For the
relaxation function g, we have the folloing assumptions:

(A1) g: R - R, isa C' function satisfying
g€ L0, o) g(0)>0, 0<pt)=u- j: g(s)ds and 0<pfo:i=pu-— [)oo g(s)ds.
(A2) There exist a non-increasing differentiable function &(f) : R+ — R, such that
g'(t) < =&ébg(f), YiE=0 and fow E(Hdt = +co.

These hypotheses imply that
Bo < B(t) < . (5)

Let us introduce the following notations:

f
g+ (D) = fo g(t — s)h(E)ds,

t
(g o h)(t) == fo g(t = 9)Ih(t) = h(s)ds.
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Lemma 2.1 ([10]). For any g,h € C}(R), the following equation holds

d t
r 2 2
2[g=hll’ = g" o h— g(t)lh|” - —dt{g oh— (fo g(s)ds)Inf}.
The existence and uniqueness result is stated as follows:

Theorem 2.2. Assume that (A1) and (A2) hold. Then given (uo, vo) € H*(Q) NH(Q), (u1,v1) € L*(Q), there exists
a unigue weak solution u,v of problem (1) such that

(u,v) € C([0, +oo[, H*(Q) N H3(Q)) N CY([0, +oo[, L*(Q)).

For any regular solution of (1), we define the energy as

E(t)z%f x, dx +ﬁ()f|v P(x, Hydx + = f(goVu)dx+(‘u;—/\)leiv ul*dx
1 b} 2 ) - 2
+§Lvt(x,t)dx+§L|Vv| (x,t)dx+TfQ|d1V 7| dx+20cf0u(x,t)v(x,t)dx.

Our decay result reads as follows:

Theorem 2.3. Let (u,v) be the solution of (1). Assume that (A1) and (A2) hold. Then there exist two positive
constants C and d, such that

E(t) < Ce b €0% i >, 7)

3. Well-posedness of the problem

In this section, we will prove the existence and uniqueness of problem (1) by using Faedo-Galerkin
method.

Proof. We divide the proof of Theorem2.2into two steps:the Faedo-Galerkin approximation and the energy
estimates.
Step 1 :Faedo-Galerkin approximation.

We construct approximations of the solution (u,v) by the Faedo-Galerkin method as follows. For
n>1, letW,=span {wy,...,w;} be a Hilbertian basis of the space Hcl) and the projection of the initial
data on the finite dimensional subspace W, is given by

ug = E a;w;, E bw;, uj= E ciw;, —Zdwl

i=1 i=1

where, (ug, vf, u}, v}) = (uo, vo, u1,v1) strongly in H*(Q) ﬁH(l)(Q) as n — oo. We search the approximate

solutions

W t) = Y frOw), 0" = ) R (wi(x)
i=1

i=1

to the finite dimensional Cauchy problem:
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f upwidx + a f v'widx + f Vu"Vwdx + (A + y)f div u".div w;dx
Q Q Q Q

(g(s) = Vu")Vwidx + g f VuiVw;dx =
Q 8)

fv“wdx+afu wzdx+yva"dex+ A+y)fd1vv d1vwdx+y2fVU Vw;dx =0,
("(0),v"(0)) = (ug, v5)  ((0),v}(0)) = (uf, vy).

According to the standard theory of ordinary differential equations, the finite dimensional problem
(8) has solution f!"(t), h!(t) defined on [0, t).The a priori estimates that follow imply that in fact t, = T.

Energy estimates. Multiplying the first and the second equation of (8) by ( fi”(t))’ and (h?(t))’ respec-
tively, we obtain:

f Uy dx + ozf uydx + yf Vu'Vuidx + (A + y)f div u".div ujdx
Q Q 9)
f (9(s) * Vu")Vuydx + iy |Vu, [Pdx =

and

f v udx + af u"vltdx + yf Vo'Voldx + (A + y)f div v".div v}'dx
Q Q Q (10)
yzf Vol Pdx = 0.
Q

Integrating (9) and (10) over (0, t),and using Lemma (2.1), we obtain

t t ¢
8,,(t)+y1f IVu:’Ideds—1 (" o Vu™)dx + 1[ fg(t)qu”lzdxds+y2f fIVU;’Fdxds

0 Ja 2 Jo 2Jo Jo 0 Jo (11)
=&:(0)

where

f (U (x, t)dx + O f IVu"?(x, Hdx + = f (gow")dx+(” +A) f div u"[*dx

(12)
+ = f(v? 2(x, Hdx + = f Vo' 2 (x, t)dx + f |div o"[Pdx + ZOzf u"(x, £)0" (x, t)dx.
2 Jo 2 Ja Q Q
Consequently, from11, we have the following estimate:
1 (., 1 >
EN)—= | (¢ oVu")dx + = g®)IVu"|*dxds < E,(0). (13)
2 Jo 2Jo Ja

Now, since the sequences (ug)neN, (u‘f)neN, (US)HE]N, (v’f)neN converge and using (A2), in the both

cases we can find a positive constant c independent of # such that

En(t) <c. (14)
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Therefore, using the fact that f(t) > p(0), the estimate 14 together with 13 give us, foralln e IN,t, =T,
we deduce

(u”) isbounded in  L*(0, T; H}(Q)),
nelN 0
(¢0") ,, isboundedin L(0,T;HY(Q),

: . . (15)
(ut”)nelN isbounded in  L%(0, T; H,(Q)),
(v:‘)neN isbounded in  L*(0, T; Hy(C2)).
Consequently, we conclude that
u" = u weakly starin L*(0,T; H{%(Q)),
v" — v weakly star in L°°(O T; Hy(€)), (16)

u —u; weakly starin  L2(0,T; Hl(Q)),
v:’ — v weakly starin L0, T; H(l)(Q)).

From 15, we have (u”) and (v”) are bounded in  L*(0,T; H(l)(Q)).Then (u”) and (v”)

nelN neN neN nelN
are bounded in L?(0, T; Hj(€2)). Consequently, (u”)nGN and (U”)neN are bounded in H'(0, T; H'(Q)).
Since the embedding

H'(0, T; H'(Q)) = L*(0, T; L*(Y)
is compact,using AubinLion’s theorem [12] ,we can extract subsequences (uk )keN of (u”)neN and (vk )keN
of (U”) such that
neN
uk > u strongly in L*(0, T; L*(QY))

and
A strongly in L%(0, T; L*(Q))
Therefore,
uk > u strongly and a.e (0, T) X (Q2)
and

- strongly and a.e  (0,T) X (QQ)

The proof now can be completed arguing as in Theorem 3.1 of [12]

4. Exponential stability

In this section we study the asymptotic behavior of the system (1). For the proof of Theorem 2.3 we use
the following lemmas.

Lemma 4.1. Let (u,v) be the solution of (1), Then we have the inequality

dl;? < - f [V (x, )| dx — yzf Vo (x, t)? dx — —g t)f \Vu(x, t)| dx

(17)
1
E L(g o Vu)dx
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li f (”tz + (A + p)ldiv ul* + U? + ,U|VU|2 + (A + p)ldiv o + Zavu) dx
24t J,

t
=—u f VuVudx — 1y f [V Pdx — pa f Vo[> dx + f f 9(s)Vu(s)Vuy(t)dsdx
Q Q Q QJo

From Lemma 2.1, the last term in the right-hand side of 18 can be rewritten as

t
f g(s) f Vu(s)Vut(t)dsdx+lg(t) f [Vul?(x, t)dx
1 d

=57 f (s)fqul (x, t)dxds—f(gOVu)(t dx f(g o Vu)(t)dx

E
So d_ becomes:

E = - f Vi Pdx — o f IVvtlzdx——g(t) f [Vul?(x, t)dx

+5 fQ (7' o Vu)(t)dx
<0.

we show that (17) holds. The proof is complete. [

Now, we define the functional %(t) as follows

2(t) = f wigdx + f vordx + 22 f VuPdx + 2 f VoPdx.
o) Q 2 Ja 2 Ja
Then, we have the following estimate.

Lemma 4.2. The functional 9(t) satisfies

t)<C f |Vuydx + C f Vo, [2dx + (5 +la|C - ﬁ(t)) f IVulPdx — (A + p) f div u*dx
Q Q Q Q

+ (JalC - ) f IVoPdx — (A + p) f \div v|dx + 2l f (g o Vu)(t)dx
Q Q 46 Q

Proof. Taking the derivative of Z(t) with respect to f and using (1), we find that

D'(t) futzdx+fuuttdx+fvfdx+fvvﬁdx+y1fVutVudx+y2fVUtVde
Q Q Q Q Q Q
¢
futzdx+fvfdx—ﬁ(t)f|Vu|2(x,t)dx+ffg(s)(Vu(s)—Vu(t))Vu(t)dsdx
Q Q Q QJo
—yfIVUIde—(/\+y)f|div ulzdx—f(/\+y)|div vlzdx—Zafuv dx
Q Q Q Q
Using the fact that

t t
fgfog(s)IVu(s)—Vu(t)qu(t)dsdxs(SfQIVulz(x,t)dx+%fg(ﬁg(s)qu(s)—Vu(t)lds)zdx

<6 fQ VuP(x, dx + & ;f(t) fQ (9 0 Vu)(t)dx.

3596

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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Inserting the estimate (24) into (23) and using Young’s, Poincar’s inequalities lead to the desired estimate.
The proof is complete.
|

Proof. [Proof of Theorem 2.3] We define the Lyapunov functional
Z(t) = NE(t) +e2(1), (25)
where N and € are positive constants that will be fixed later.
Taking the derivative of (25) with respect to ¢ and making use of (17), (22), we obtain

iz(t) < —{Np - eC} f Vuy(x, £)Pdx - (N, - €C} f Vo (x, £)2dx

— (p(t) - 5 - lalC)e fQ VuPdx — (1 — |aIC)e fQ \Vol2dx

—(A+ y)ef |div ulPdx — (A + y)ef |div v*dx (26)
Q Q

— B(t
+ gf(;(g’ o Vu)(t)dx + % L(g o Vu)(t)dx

—%]g(t)fQNuIz(x,t)dx.

At this point, we choose our constants in (26), carefully, such that all the coefficients in (26) will be negative.
It suffices to choose € so small and N large enough such that

Ny —eC>0,

and
Nuys —eC >0,

Further, we choose & small enough such that
Bt) =6 —lalC >0,

and
u—lalC > 0.

Consequently, from the above, we deduce that there exist there exists two positive constants 77; and
npsuch that (26) becomes

a4
L < mE® + e [ (go Vs @7)

By multiplying (29) by &£(t), we arrive at

ED.L (1) < —mEDE®D + 1) f (g 0 Vit)dx (28)
Q

Recalling (A2) and using (17),we get

EB.2' () < -mEBE®D - 12 f (' o Vi
Q
< “mEWE®) - 2E'()

(29)
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That is

’

(EOL(t) + 2mE®) - &' (H.L < -mEDE®)

Using the fact that £'(f) <0, Vt > 0and letting

we

F(t) = EB)L(t) + 2mE(t) ~ E(t) (30)
obtain
F'(t) < —mEME() < —ma&(t)F (1) (31)

A simple integration of (31) over (0, t) leads to

F(t) < F0)e b yis0 (32)

A combination of (30) and (32) leads to (7). Then, the proof is complete. [
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