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Abstract.

We introduce in the setting of ordered metric spaces a new contractive condition called ordered u-
contraction. We use such a condition in order to provide new and more general results of existence
and uniqueness of fixed point. We remark that from our main result one can easily deduce the Banach
contraction principle, the Boyd-Wong result and other known results of fixed point in the existing literature.

1. Introduction

In [10] Ran and Reurings established a result similar to Banach contraction principle in the setting of
metric sets endowed with a partial order. Motivated by this, several authors recently studied fixed point
problems that involve monotone mappings defined on partially ordered metric spaces. Moreover, we
remark that Nieto and Rodriguez-Lépez extended the main fixed point theorem of [10] to ordered metric
spaces (see [9]). Further, they used such a result in order to solve problems of integro-differential type.

The aim of this paper is to provide new and more general results of existence and uniqueness of fixed
point in the setting of ordered metric spaces. In order to do this, following Jleli et al. (see [8]), we introduce
a new contractive notion which involves two suitable families of functions. We stress that applying our
main theorem we can easily deduce some of the most known results of fixed point in the existing literature
as the Banach contraction principle (see [2]) and the Boyd-Wong result (see [3]).

The paper is organized as follows. Section 2 is dedicated to the mathematical background. Precisely, we
recall the notion of wy-distance and its properties. Furthermore, we collect some notions related to ordered
metric spaces that we use throughout the paper. In Section 3, we introduce a new type of contraction which
we call ordered p-contraction and we establish our main result (see Theorem 3.3). Section 4 is aimed to
point out that the notion of ordered p-contraction includes different contractive conditions in the existing
literature (see Corollaries 4.1, 4.2, 4.3 and 4.4). In Sections 5 and 6 we use our main theorem in order to
establish fixed point results for cyclic mappings and mappings that verify a contractive condition of integral
type on ordered metric spaces (see Theorem 5.3 and Theorems 6.1, 6.2, respectively). Finally, in Section 7
we give a result of existence and uniqueness for the solution of a first-order periodic differential problem
(see Theorem 7.1).
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2. Preliminaries

We work in the setting of ordered metric spaces endowed with a wy-distance. The notion of wy-distance
was recently introduced, therefore for convenience of the reader we recall it and its properties. Further, we
collect the notions related to ordered metric spaces that we use in the following.

Kosti¢ et al. in [7] revised the definition of w-distance introduced in the setting of metric spaces by Kada
et al. in [4]. They supposed in addition the lower semicontinuity with respect to both variables and gave
the following definition.

Definition 2.1. Let (X, d) be a metric space. A function ¢ : X X X — [0, +o0[ is called a wy-distance on X if the
following three conditions are verified:

(01) o(a,c) <o(a,b)+o(,c)forallab,ceX;
(02) the functions o(b,-),o(-,b) : X — [0, +oo[ are lower semicontinuous for any b € X;
(03) for any € > 0 there exists 6 > 0 such that o(a, b) < 6 and o(a, c) < 6 imply d(b,c) < e.
The main properties of a w-distance (and so of a wy-distance) are provided by the following lemma.

Lemma 2.2 (see [4]). Let (X, d) be a metric space and let ¢ be a w-distance on X. Let {a,,} and {b,,} be sequences in
X, let {ay,} and {B,,} be sequences in [0, +oo[ converging to 0 and let a,b, c € X. Then the following hold:

() If o(am, b) < ay and o(ay, c) < By for any m € IN, then b = c. In particular, if 0(a, b) = 0 and o(a,c) = 0, then
b=c.

(@) If o(am, bm) < ay and o(ay, c) < By, for any m € IN, then by, converges to c.
(iii) If o(ax, am) < am, for any k,m € IN with k > m, then {ay,} is a Cauchy sequence.
(iv) If o(b,an) < am, for any m € IN, then {a,,} is a Cauchy sequence.

Let (X, d) be a metric space and o be a wy-distance on X. Let us denote by p : XXX — [0, +o0[ the function
defined by

u(b,c) =max{o(b,c),0(c,b)} foranyb,ce X.
We stress that by Definition 2.1 and Lemma 2.2 we can easily deduce the following properties of :
(u1) pb,c)=0=b=cforanyb,ce X;
(u2) pis symmetric, thatis, u(b,c) = u(c,b) for any b,c € X;
(u3) p satisfies the triangle inequality, that is, u(a, c) < u(a, b) + p(b, c) for any a, b, c € X;

(ua) u(a,c) < liminfy— 4o u(a, a,) whenever a,, — c as m — +oo, that is, u is lower semicontinuous with
respect to the second variable;

(us) u(c,a) < liminfy,— 4o p(am, a) whenever a,, — c as m — +oo, that is, u is lower semicontinuous with
respect to the first variable.

We also remark that, following [8] and [15], we use a contractive notion which involves two suitable
families of functions. We denote such families with  and S. In particular, H is the family of functions
H : [0, +00[3— [0, +0oo] satisfying the following conditions (see [8]):

(H1) max{a, B} < H(a,B,7), forall a, B, € [0, +o0[;
(H2) H(0,0,0) =0;
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(Hs) H is continuous.
Instead, S is the family of functions S : [0, +co[>— R satisfying the following conditions (see [1, 5]):
(51) S(a,p) <B—aforalla,p>0;
(S2) if {am), {Bm} are sequences in ]0, +oo[ such that limy,—,+e0 @ = liMy—100 B = € €]0, +00[ then

lim sup S(am, Bm) < 0.

m—+o0o

Below, we give some examples of functions H : [0, +co[>— [0, +oo[ and S : [0, +oo[>— R belonging to the
families H and S, respectively.

(i) H(e,B,y) =a+B+y, forall a,B,y € [0, +oo[, belongs to H;
(if) H(, B, y) = max{a, B} + v, forall a, B,y € [0, +oo[, belongs to H;
(iii) S(a,B) =hp—a, forall a,p € [0, +0o[ where h € [0, 1], belongs to S;

(iv) S(a,B) = p—v(B) — a, for all a, B € [0, +oo[ where v : [0, +oo[— [0, +00[ is a lower semicontinuous
function such that v(B) = 0 if and only if § = 0, belongs to S;

(v) S(e,f) = pBv(B) — a, for all a,f € [0,+o][ where v : [0,+00o[— [0,1][ is such that
limg_,,+ v(B) < 1 for all r > 0, belongs to S.

We conclude this section with some remarks on ordered metric spaces. Let (X, d) be a metric space and
(X, <) be a partially ordered set. Here, we call (X, 4, <) an ordered metric space. We recall that two elements
b,c € X are comparableif b < corc < b. Amapping f : (X, <) — (X, <) isnondecreasing if fb < fc whenever
b < c. Further, a sequence {a,,} is nondecreasing if 4,,_1 < a,, for all m € IN. In addition, we recall that an
ordered metric space (X, d, <) is regular if for every nondecreasing sequence {a,,} C X such thata,, — c € X,
we have a,,_1 < c for all m € N. Moreover, X has the property (A) if for each pair of non comparable
elements b, c € X there exists u € X such thatb <uand ¢ < u.

Finally, given a function f : X — X and a point a9 € X, we call the sequence {a,,} defined by a,, = fa,,_1,
for all m € IN, a sequence of Picard starting at a.

3. Ordered p-contractions

In this section, we start introducing a new type of contraction which we call ordered p-contraction.
Next, we give an auxiliar result and, finally, we state and prove our main result.

Definition 3.1. Let (X, d, <) be an ordered metric space and o : XX X — [0, +00[ be a wy-distance on X. A mapping
f X — Xis an ordered p-contraction if there exist three functions S € S, H € H and n : X — [0, +oo], such that

S(H(u(fb, fo), n(fb), n(fc), H(ub, ¢),n(b),n(c))) 20 forallb,ce X, b=<c. 1)

The following technical lemma is useful in order to establish our main result.

Lemma 3.2. Let (X, d, <) be an ordered metric space and o : X X X — [0, +oo[ be a wo-distance on X. Further,
let f: X — X be a nondecreasing ordered u-contraction with respect to the functions S € S, H € H and
1 : X — [0,+0o[. Then any sequence {a,,} of Picard starting at a point ay € X such that ap < fag is a Cauchy
sequence whenever ay_1 # ay, for all m € IN.
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Proof. We consider a sequence {a,,} of Picard starting at a point 49 € X such that ap < fag. Further, we
assume that the sequence {a,,} is such that a,,_1 # a,, for all m € IN. This assures u(ay-1,a,) > 0 forallm € IN
(we recall that u(b, c) = 0 implies b = c). Hence, thanks to property (H;), we have also

H(u(am-1,am), 1(@m-1), N(am)) = p@m-1,a,) >0 for allm € IN.
Now, we show that
lir}rl u@m-1,a,) =0 and liI;f—I n(ay) = 0. 2)

We recall that f is nondecreasing and this implies a,,—1 < a,, for all m € IN. Therefore, using (1) with
b =a,-1 and ¢ = a,, and the property (51), we get

0< S(H(,u(arn/ A1), T}(am)/ n(um+1))/ H(H(am—lr am), n(am—l)/ r}(am)))
< H(u(@m-1,m), 1(@m-1), 1(@m)) — H(w@m, am+1), 1(@m), 1(@m+1))

for all m € IN. From the previous inequality we deduce that
H(u(@m, am+1), 1@m), N(am+1)) < Hw(@m-1,m), n(@n-1),n(@n)) forallm e N

and hence, we can affirm that {H(u(au-1,4m), 1(@m-1), N(am))} is a decreasing sequence of positive real num-
bers. Then, there exists some ¢ > 0 such that

JMm H(p(@n, @), 0(@n-1), 1)) = €.
Further, we can affirm that £ = 0. In fact, if we assume ¢ > 0, choosing

ay = H(p(@m, aps1), N(@m), N@m+1))  and - By = H(u(@m-1, am), 1(an-1), n(@n)),
by (52) we get

0 <lim sup S (H(p(am, am+1)r n(am)r 77(”m+1))r H(,u(am—l/ am)r n(am—l)r n(am))) <0

m—+co

and thus we conclude that £ = 0. Finally, thanks to the property (H;), we have
max{(@m-1,am), N@m-1)} < H(@m-1,am), 1(@m-1), n(an)) forallm e N
and hence

lir}rl u@m-1,a,) =0 and liI}’—l N(am-1) = 0.

Now, we prove that {a,,} is a Cauchy sequence. We observe that, thanks to Lemma 2.2 (iii), it is sufficient to
prove that for any € > 0 there exists n(€) € IN such that

u(an, ay) <€ forallm>n > n(e). 3)

So, we suppose for way of contradiction that (3) does not hold, that is, we suppose that there exist a positive
real number €y and two sequences {m;} and {n} such that my > ny > k and p(a,,, am,) > €0 > y(ay,, am,-1) for
all k € N. Hence, by using the first limit of (2), we infer that
hm :u(ank/amk) = hm ‘u(ank—lzamk—l) = 60'
k—+00 k—+c0

Taking into account that u(a,,, a,,) > 0 and that we can assume p(a,,—1, 4m,-1) > 0 for all k € IN, we have

H(M(ﬂnk, amk)/ T](”nk)r ﬂ(“mk)) >0
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and

H(u(an-1, am—1), 1(@n—1), N(@m—1)) >0

for all k € IN. We notice that, since H is a continuous function, we have also

kEIPw H((u(anrlr amkfl)/ r](ank,l), n(amk,l)) = kEIPw H((u(ank’ amk)/ U(ank)/ ﬂ(ﬂmk))
= H(ep,0,0) > ¢y > 0.

Now, taking into account that f is nondecreasing and n; < my for all k, we get a,,—1 < a,,—1 for all k € IN.
Then we can use (1) with b = a,,—1 and ¢ = a,,,—1 and the property (S,) with
ag = H(‘Ll(ﬂnk,ﬂmk), T](ﬂnk), T](ﬂmk)) and ,Bk = H(”(“nkflramkfl)/ T](ﬂnkfl), T](ﬂmkfl))

in order to obtain that

0< lim sup S (H([J(Clnk, amk)/ T](ﬂnk), T](ﬂmk), H([J(ank—ll amk—l )/ T](ank—l )/ n(amk—l))) <0.

k—+o00
Clearly, this is a contradiction and thus, we conclude that for any € > 0 there exists n(€) € IN such that
(3) holds, that is, the sequence {a,,} is Cauchy. [

Now, we can state and prove our main result.

Theorem 3.3. Let (X,d, <) be an ordered complete metric space and o : X X X — [0, +oo[ be a wo-distance on X.
Further, we assume that f : X — X is a nondecreasing ordered u-contraction with respect to the functions S € S,
H € H and the lower semicontinuous function 1 : X — [0, +oo[. If there exists a point ap € X such that ag < fag, X
has the property (A) and is regular, then f has a unique fixed point a such that n(a) = 0.

Proof. We start by proving the existence of a fixed point for f. Let ag be a point of X such that ag < fag. We
consider a sequence of Picard {a,,} starting at ap. We observe that if a;y = a;,1 for some k € IN then a; is a
fixed point of f, thatis, ax = fa,. Further, we notice that n(ax) = 0. In fact, by n(ax) > 0 it follows that

0 < n(ax) < H(u(ax, ax), n(ax), nax))-

We stress that ay = a1 implies a,, = a; for all m > k, m € IN. So, since ax < a, we can use (1) with b = a; and
¢ = a; and the property (51), in order to infer that

0 < S(H(u(ax, ax), n(ax), n(ax)), H(u(ax, ax), n(ax), n(ax)))
< H(u(ax, ax), n(ax), n(ax)) — H(u(ax, ax), n(ax), n(ax)) = 0.

Obviously, this is a contradiction and hence we conclude that 1(a;) = 0.
Then, we can assume that a,, # a,,41 for every m € IN. We recall that Lemma 3.2 assures that {a,,} is
Cauchy. Further, since (X, d, <) is complete, there exists some a € X such that
lim a,, =a.

m—+00

Firstly, we show that n(a) = 0. We stress that by the proof of Lemma 3.2 we deduce that for every k € IN
there exists m(k) € IN such that

U@y, Am) < % for all m > m(k). (4)

Now, taking into account that u is semicontinuous with respect to the second variable (see property (u4)),
from (4), we get

1
< 1 1 < —.
M(ﬂm(k),ﬂ) = lgnigf}l(ﬂm(k),ﬂm) =%
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Hence, we infer that there exists a subsequence {a,,} of {a,,} such that
lim p(ang,a) = 0. )
k—+00
Finally, taking into account that 7 is a lower semicontinuous function, thanks to (2), we conclude that
0 < n(a) < liminfn(a,) =0,
m—+oo

that is, n(a) = 0.

Secondarily, we prove that a is a fixed point of f. We notice that a is a fixed point of f if there exists
a subsequence A of a,, such that Am; = a or fam/. = fa, for all j € IN. If a such subsequence there is not,
we can assume that a,, # a and fa,, # fa for all m € IN. Hence, it follows that H(u(fa., fa), n(fa.), n(fa)) >
p(fam, fay > 0 and H(u(am, a), n(anm), n(a)) > u(anu,a) > 0. Now, taking into account that X is regular and so
ay, < afor all m € N, we can use (1) with b = a,, and ¢ = 4 and the property (S1), in order to get that

0 < S(H(u(fam, fa), n(fam), n(fa)), H(u(am, a), n(an), n()))
< H(u(am, a), n(am), n(a)) — Hu(fam, fa), n(fam), n(fa))

and so

H(H(fam/ fﬂ), T](fam)r T](fﬂ)) < H(‘Ll(ﬂm, ﬂ), T](ﬂm), T](ﬂ)) foralln € IN.

Taking into account that u is semicontinuous with respect to the first variable (see property (i5)) and H
is continuous, by using (5), we get
p(a, fa) < I}E}Jrlgf H@m+1, fa) = I}E}Jrlgf u(f amg, fa)
< lim inf H(u(famgo, fa), 1(famao), 1(f2))
< liminf H(u(@mq, ), 1@mge), (@)
=H(0,0,0) =0.

Hence, we conclude that p(a, fa) = 0. This assures that a = fa, that is, a is a fixed point of f.

Now, we prove the uniqueness of the fixed point. We suppose by way of contradiction that f has two
fixed points 4, b € X witha # b. Taking into account thata # b, we can affirm thata and b are not comparable.
Hence, by property (A), there exists u € X such thata < u and b < u. Let {u,,} be the sequence of Picard
starting at the point 1y = u. We notice that, since f is nondecreasing, a < up and b < 1o imply a < u,,_1 and
b < u,,-1 for all m € IN. Further, since a2 and b are not comparable, we have thata # u,,—; and b # u,,_; for all
m € IN. Now, a < u,,_1 permits to use (1) in order to get

0< S(H(:u(fa' fum—l)/ U(fﬂ)r n(fum—l))r H(p(a, um—l)r 77(“)/ n(um—l)))
< H(u(@, um-1), n(@), n(um-1)) = H(u(a, un), n@), n(un)).

From the previous inequality, we easily infer that the sequence {H(u(a, u,,-1), n(a), n(tn-1))} C [0, +oo[ is
decreasing and so there exists ¢ € [0, +oo[ such that

Tim H(u(@, 1), (@), 1)) = €.
Now, if we assume ¢ > 0, using (1) and (S,), we get that

0 <lim sup S(H(y(fa, fum_l), n(fa), U(fum—l)), H([J(ﬂ/ Um-1),1(@), N(tm-1))) <0,

m—+oo

and hence we deduce that ¢ = 0. Taking into account this, by property (H1), we infer

Jim o ) =0



F. Vetro / Filomat 32:10 (2018), 3725-3730 3723
In a similar way, we can also deduce that

lim u(b,uy,-1) = 0.

m—+00

Hence, taking into account that

w(a, b) < p(a, up—) + p(m-1,b),
letting m — +o0, we get p(a, b) = 0. This implies that 2 = b and so f has an unique fixed point. [

We remark that the contractive condition (1) does not ensure that the mapping f is continuous. Therefore,
in the previous theorem we use the regularity of the ordered metric space (X, d, <) in order to conclude that
the limit of a convergent Picard sequence is a fixed point of f. We also notice that if f is continuous we
can immediately conclude that the limit of a convergent Picard sequence is a fixed point of f. Taking into
account this, following the proof of Theorem 3.3, we in addition obtain the following result.

Theorem 3.4. Let (X, d, <) be an ordered complete metric space and o : X X X — [0, +oo[ be a wo-distance on X.
Further, we assume that f : X — X is a nondecreasing ordered u-contraction with respect to the functions S € S,
H € H and the lower semicontinuous function 1 : X — [0, +oo[. If there exists a point ag € X such that ag < fao, f
is continuous and X has the property (A), then f has a unique fixed point a such that n(a) = 0.

Finally, we stress that the uniqueness of the fixed point of f in Theorems 3.3 and 3.4 follows because we
assume that X has the property (A). Hence, if we do not ask that X has the property (A), from the proof of
Theorems 3.3, we get the following result.

Theorem 3.5. Let (X, d, <) be an ordered complete metric space and ¢ : X X X — [0, +00[ be a wy-distance on X.
Further, we assume that f : X — X is a nondecreasing ordered y-contraction with respect to the functions S € S,
H € H and the lower semicontinuous function 1 : X — [0, +oo[. In addition, we assume that there exists a point
ap € X such that ag < fag. If f is continuous or X is regular, then f has a fixed point a such that n(a) = 0.

Example 3.6. Let X = [0, 2] endowed with the usual metric d(b,c) = |b — c| for all b,c € X. Further, we endow X
with the wo-distance o : X X X — [0, +oo[ defined by o(b,c) = d(b, c) for all b, c € X. In addition, we consider on X
the partial order < given by

bceX, b=<cifb=c or (b<c bcel0,1)].

We notice that (X, d, <) is a regular ordered complete metric space and p : XxX — [0, +oo] is given by (b, c) = d(b, c)
forallb,c € X. Let f : X — X be the function defined by

[0 ifbep,
fb‘{z if b=2.

Clearly, f satisfies the contractive condition of Theorem 3.3 with respect to the functions S € S, H € H and the
lower semicontinuous function n : X — [0, +oo[ defined by S(a, B) = kp — a for all a, p € [0, +oo[ with k € [0,1],
H(a,B,y)=a+B+yforalla,p,y €l0,+co] and n(b) = 0 for all b € X, respectively. Let b,c € X with b < c, then
we have

H(u(fb, fo), n(fb),n(fc)) =0 and  H(u(b,c),nb),n(c) =c—b

and hence

S(H(u(fb, fe), n(fb), n(fc)), H(ub, c), n(b), n(c))) = k(c —b) = 0.

Tnking into account that all the conditions of Theorem 3.5 are satisfied (we recall that X is reqular and f is
nondecreasing), we can affirm that f has a fixed point in X. In addition, we notice that a = 0 and a = 2 are two fixed
points of f sucht that n(a) = 0.
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4. Consequences

In this section, we formulate and easily prove some corollaries, thanks to Theorem 3.3. Such corollaries
are aimed to show that the notion of ordered u-contraction includes different contractive conditions in the
existing literature (see, for example, [3, 8, 11, 12]).

Corollary 4.1 (see [11]). Let (X, d, <) be a complete ordered metric space, 0 : X X X — [0, +oo[ be a wo-distance on
Xand let f : X — X be a nondecreasing mapping. Further, we assume that there exist a function H € H, a function
v : [0, +0o[— [0, 1] with limsup,_, . v(t) < 1 for all r > 0 and a lower semicontinuous function n : X — [0, +oo[
such that

H(u(fb, fo), n(fb), n(fe)) < v(H(u(b, c), n(b), n(c))) H(u(b, c), n(b),n(c))  forallb,c € X,b <c.

If there exists a point ag € X such that ag < fag, X has the property (A) and is regular, then f has a unique fixed point
a such that n(a) = 0.

Proof. The claim follows by Theorem 3.3 taking S € S given by S(«, ) = pv(f) — a, foralla, > 0. O
Next, we give a result of Rhoades type (see [12]) and a result of Jleli et al. type (see [8], Theorem 2.1).

Corollary 4.2. Let (X,d, <) be a complete ordered metric space, o : X X X — [0, +oo[ be a wo-distance on X and
let f : X — X be a nodecreasing mapping. Further, we suppose that there exist a function H € H and two lower
semicontinuous functions v : [0, +oo[— [0, +oo[ with v=1(0) = {0} and 1 : X — [0, +oo[ such that

H(u(fb, fe), n(fb), n(fe)) < H(u(b, c), nb), n(c)) = v(H(u(b, ¢), n(b), 1(c))) forallb,c € X, b <c.
If there exists a point ay € X such that ay < fag, X has the property (A) and is reqular, then f has a unique fixed point
a such that n(a) = 0.
Proof. We obtain the claim by Theorem 3.3 if we take S € S givenby S(a, ) = f—v(f) —«a, foralla, § > 0. O

Corollary 4.3. Let (X, d, <) be a complete ordered metric space, o : X X X — [0, +oo[ be a wo-distance on X and let
f + X — X be a nondecreasing mapping. Further, we assume that there exist h € [0,1[, a function H € H and a
lower semicontinuous function n : X — [0, +oo[ such that

H(u(fb, f0), 1(fb), (f0)) < hH(u(®, 0, ), n(c) forallbee X, b<c.

If there exists a point ag € X such that ag < fao, X has the property (A) and is regular, then f has a unique fixed point
a such that n(a) = 0.

Proof. We get the claim thanks to Theorem 3.3 if we choose S € S givenby S(a, f) = hf—aforalla, > 0. O
Finally, we give a result of Boyd-Wong type (see [3]).

Corollary 4.4. Let (X,d, <) be a complete metric space, 0 : X X X — [0, +oo[ be a wo-distance on X and let
f + X — X be a nondecreasing mapping. Suppose that there exist a function H € H, an upper semicontinuous
function T : [0, +oco[— [0, +oo[ with t(t) < t for all t > 0 and ©(0) = 0 and a lower semicontinuous function
n: X — [0, +oo[ such that

H(u(fb, fo), n(fb),n(fe)) < t(H(u(b, c),n(b),n(c)))  forallb,c€ X, b =c.

If there exists a point ay € X such that ay < fag, X has the property (A) and is reqular, then f has a unique fixed point
a such that n(a) = 0.

Proof. By appling Theorem 3.3 and by choosing S € S given by S(a, ) = 7(f) — «, for all a, § > 0, we have
the claim. [J

Remark 4.5. If we take 0 = d, H(a,B,y) = a+ p+y forall a,f,y € [0,+0co[ and n(b) = 0 for all b € X, then
Corollary 4.3 provides the Banach contraction principle and Corollary 4.4 provides the Boyd-Wong result in the
setting of ordered metric spaces.

Remark 4.6. We notice that if we replace the hypothesis X is regular” with the hypothesis ” f is continuous” then
the Corollaries 4.1-4.4 are yet valid.
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5. Ordered cyclic y-contractions

In this section, we remind the notion of cyclic representation introduced in the setting of metric spaces
by Kirk et al. in [6] (see also [14]). Following [16], we combine such notion with one of ordered p-contraction
and so we establish a new fixed point result for cyclic mappings on ordered metric spaces.

Definition 5.1 (see [6, 14]). Let (X, d) be a metric space, r be a positive integer and f : X — X be a mapping. We
say that X = UI_, B; is a cyclic representation of X with respect to f if

(i) B;is a nonempty closed set for eachi=1,2,...,r;
(ii) f(B;) C Bjy1 foreachi=1,2,...,r, where B,4s1 = By.
Starting by the previous definition, we introduce the notion of ordered cyclic u-contraction as follows.

Definition 5.2. Let (X, d, <) be an ordered metric space and o : X X X — [0, +00[ be a wo-distance on X. Further, let
r be a positive integer, By, . .., B, be nonempty closed subsets of X and Y = U_, B;. We say that a mapping f : Y =Y
is an ordered cyclic u-contraction if

(i) Y = U], Bi is a cyclic representation of Y with respect to f;

(ii) there exist three functions S € S, H € Hand n:Y — [0, +oo[ such that

S (H(u(fb, fo), n(fb), n(fe), H(u(b, c), n(b), n(c))) = 0
foreveryb e Bij,c€Biy1,i=1,2,...,rand b <c.

Now, we are ready to formulate a new fixed point result for cyclic mappings on ordered metric spaces.
We remark that such a result generalizes the Kirk et al.’s cyclic fixed point theorems (see [6], Theorems 1.3,
2.3 and 2.4). Further, it is an extension to ordered metric spaces of Theorem 4.3 of [16].

Theorem 5.3. Let (X, d, <) be an ordered complete metric space and ¢ : X X X — [0, +oo[ be a wy-distance on X.
Moreover, let r be a positive integer, By, ..., B, be nonempty closed subsets of X, Y = U_Biand f : Y — Y bea
nondecreasing ordered cyclic p-contraction. If there exists a point a; € By such that ay < fay, Y has the property
(A) and is regular and, in addition, 1 is a lower semicontinuous function, then f has a unique fixed point a such that

n(a) =

Proof. We stress that in order to have the claim it is sufficient to show that NI_; B; # 0. In fact, taking into
account that B; is closed for eachi = 1,2,...,7,if NI_ B; # 0 then N]_, B; is an ordered complete metric space
with respect to (d, <). Furthermore, since f : Y — Y is a nondecreasing ordered cyclic p-contraction, we
have that f(N!_,B;) € NI_; B;. This assures that f : N_; B; » N_, B; is a nondecreasing ordered u-contraction
on N, B;. So we can apply Theorem 3.3 and conclude that f has a unique fixed point a in NI_, B; C Y such
that n(a)

Then, we show that NI_, B; # 0. We consider a point a; € By such thata; < fa;. Let {a,,} be a sequence of
Picard starting at a;. We notice thata,,+; € B; foralli=1,...,rand m € NU{0}. In fact, Y = U!_, B; is a cyclic
representation of Y with respect to f. Hence, we deduce that if a; = ai,; for some k € IN then a,, = a; for all
m >k and so a € B; for each i =1,...,r. Clearly, this assures that N[_, B; # 0. So, we suppose that a,, # @11
for every m € IN. Taking into account that (Y,d, <) is complete and the sequence {a,,} C Y is Cauchy (by
Lemma 3.2), we can affirm that there exists a € X such that

lim a,, =a.

m—+00

Further, we can affirm that a € N[_;B;. In fact, the set B; is closed for each i = 1,...,7 and ay,+; — a as
m — +oo. This assures that n_,Bi # 0 and, hence, we have the claim. [
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6. Contractions of integral type

In this section, we introduce a new contractive condition of integral type. In order to do this, we consider
suitable functions of the family S.

Let v : [0, +oo[— [0, +oo[ be an upper semicontinuous function such that v(a) < «a for all @ > 0 and
v(0) = 0. We affirm that the function S : [0, +0o[X[0, +co[— [0, +oo[ defined by S(a, f) = v(f) — a belongs
to S. Firstly, we notice that S(a, ) = v(f) —a <  — a for each a, § > 0 and so S satisfies the property (51).
Further, if {a,,}, {8} in ]0, +-00[ are two sequences such that limy,—,+e0 @ = liMy—ss00 B = € €10, +00[ then,
taking into account that v is upper semicontinuous, we have

lim sup S(am, Bm) < limsupv(By) — € <v() —€<€—-L=0.
m—+co m—+oo
Clearly, this assures that S also satisfies the property (5»).

In a similar way, we deduce that given a lower semicontinuous function v : [0, +o0o[— [0, +co[ such that
v(a) > a for all @ > 0 and v(0) = 0, the function S : [0, +00[X[0, +c0[— [0, +oo[ defined by S(«, ) = f — v(a)
belongs to S.

Next, let 7 : [0, +0o[— [0, +00o[ be a function that is Lebesgue integrable in every interval [0, {] with ¢ > 0.
Thanks to the previous considerations, we can affirm that

e 5: [0, +0o[X[0, +oo[— [0, +0o[ defined by S(a, ) = foﬁ 1(s)ds — a, for all @, B € [0, +oo[, belongs to S if
fot 1(s)ds < t for all t > 0;

e 5: [0, +0o[X[0, +00[— [0, +oo[ defined by S(a,p) = p — foa T(s)ds, for all a, B € [0, +o0, belongs to S if
Jy t(s)ds > t forall t > 0.

Finally, we can establish two new results of fixed point that involve a contractive condition of integral
type.

Theorem 6.1. Let (X,d, <) be an ordered complete metric space, 0 : X X X — [0, +oo[ be a wo-distance on X
and let f : X — X be a nondecreasing mapping. Further, we assume that there exist a function H € H, a lower
semicontinuous function 1 : X — [0, +oo[ and a function t : [0, +co[— [0, +oo[ Lebesgue integrable in every interval
[0,¢], t > O, such that

H(p(b,0)n(b),n(c))
H(u(fb, fc),n(fb), n(fc)) < f t(s)ds forallb,ce X, b <c.
0

If there exists a point ag € X such that ag < fag, X has the property (A), X is regular and further fot T(s)ds < t for all
t > 0, then f has a unique fixed point a such that n(a) = 0.

Proof. We have immediately the claim by Theorem 3.3 if we choose S € § given by S(«, ) = foﬁ T(s)ds — a,
foralla,f € [0,+oo[. [

Theorem 6.2. Let (X,d, <) be an ordered complete metric space, 0 : X X X — [0, +oo[ be a wo-distance on X
and let f : X — X be a nondecreasing mapping. Moreover, we suppose that there exist a function H € H, a lower
semicontinuous function 1 : X — [0, +oo[ and a function T : [0, +oo[— [0, +oo[ Lebesgue integrable in every interval

[0,¢t], t > O, such that
H(u(fb, fo)n(fb)n(fc))
f t(s)ds < H(u(b,c),n(),n(c)) forallb,ce X, b <c.

0

If there exists a point ag € X such that ay < fag, X has the property (A), X is reqular and further fot t(s)ds > t for all
t > 0, then f has a unique fixed point a such that n(a) = 0.
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Proof. The claim follows by Theorem 3.3 if we choose S € S given by S(a, ) = - foa T(s)ds, for all
a,pel0,+co[. O

Next, we give an example which shows the userfulness of our contractive condition. In addition, such
an example is aimed to remark that the function 1 has a crucial role in enlarging the class of self mappings
which are u-contractions.

Example 6.3. Let X = [0,2]. We endow X with the usual metric d(b,c) = |b—c| for all b,c € X and, in addition, we
consider on X the wo-distance 0 : X X X — [0, +oo[ defined by o(b,c) = c for all b,c € X. Further, we define on X a
partial order < given by

bceX, b=<cifb=c, (b<c b,ce[O,%]) or (bel0,2]andc=2).

We notice that (X, d, <) is an ordered complete metric space. Moreover, u : X x X — [0, +oo[ is given by u(b,c) =
max({b, c} forall b,c € X. Let f : X — X be the function defined by

hb ifbe[O,%] and 0<h<1/3,
fo=

2 ifbeld,2l

Clearly, f satisfies the contractive condition of Theorem 6.2 with respect to the function H € H defined by H(e, B, y) =
a+p+yforalla,p,y € l0,+o0], the lower semicontinuous function n : X — [0, +oo[ defined by n(b) = b for all
b € X and the function T : [0, +oo[— [0, +oo[ given by

T(s) =1+ foralls € [0, +ool.

_1
(s + 1)
Letb,c € X with b < ¢, then we have

H(u(fb, fo), n(fb),n(fe)) = 2fc+ fb- and  H(u(b,c), n(b), n(c)) = 2c + b.
Ifb<candb,c € [0, 3], then 2fc + fb < 3hc and hence

' 22
H(u(fb, fo)n(fb).n(fc)) he
f T(s)ds < f T(s)ds
0 0
3hc+2 )
= 3hc+13hc§2c32c+b (if0<h<1)
= H(u(b, ¢), n(b), 1(c)).
Ifbe[0,2]and c =2, then 2fc + fb = 3 + hb and hence
H(u( b, fo) (o) n(f0) Hib 54 b
j(; 1(s)ds = f T(s)ds = 1570 (3 + hb)

<4+ b =H(u(b,c),nb),n).

Ifbel3, 2l and c = 2, then 2fc + fb = 3 and hence

117

(s)ds = fz (s)ds = —
0

H(u( b, fO,1(fD)0(f)
f 22

0

39
< J—
_4+22 <4+b

= H(u(b, 0, n(b), n(c)).
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Ifb=cely,2[, then 2fc + fb = % and hence

fH(u<fb,fc>,n<fb>,n<fc» 3 117
T(s)ds = f T(s)ds = —
0 0 22
39
= Bﬁ < 3c
= H(u(b, c), n(b), n(c)).

Now, taking into account that all the conditions of Theorem 6.2 are satisfied, we can affirm that f has a unique
fixed point a = 0 = n(a) in X.

We remark that if we choose the wy-distance o = d and n(b) = 0 for all b € X then from d(f0, f2) = 3/2 and
d(0,2) = 2 it follows that

d(f0,f2) 2
f T(s)ds = — >2=4d(0,2).
0 10

This assures that Theorem 27 of [13] cannot be used in order to affirm that f has a fixed point with respect to the
contractive condition of Theorem 6.2 associated to the function t.

7. Application to differential equations

In this section, we provide an application of our results to ordinary differential equations. Precisely, we
use Theorem 3.5 in order to prove the existence of a unique solution for a first-order periodic differential
problem. We follow the general approach, that is, we convert such a problem into a integral equation which
describes exactly a fixed point of a mapping.

Here, we work in R? where we consider the partial order < given by:

(x,y), (z,w) € R?, (x, Y) < (z,w) ifandonlyifx<zandy<w.

Let R2 = {u € R?: 0 < u} and let ||(x, v)|l = max{|x], |[yl} for all (x, y) € R?. In addition, let 7 be a positive
real number and let I = [0, 7]. Let us denote by C(I,IR?) the space of continuous functions b : I - R%. We
recall that C(I,IR?) is a complete metric space with respect to the metric d : C(I, R?) x C(I, R?) — [0, +oo[
given by

d(b,¢) = sup |lb(t) — c(t)| for all b,c € C(I, R?).
tel

We endow C(I,IR?) with the wo-distance o : C(I, R?) x C(I,IR?) — R} defined by a(b,c) = d(0,c) for all
b,c € C(I, R?). This implies that u(b,c¢) = max{d(0,b),d(0, )} for all b,c € C(I, R?). Moreover, we define on
C(I, R?) the partial order < given by

b=<c ifb(t)<c(t)foralltel

We notice that the ordered metric space (C(I, R?),d, <) is regular and has the property (A).
Next, we consider the first-order periodic problem

{b’(t) =g(t,b(t), tel, (6)

b(0) = b(1).

where g : I x R> > IR? is a continuous function. We know that the problem (6) is equivalent to the integral
equation

b(t) = fo G(t,s)[g(s, b(s)) + yb(s)lds,
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where y is a real number and the Green function G : I X I — R is defined by

e)/(’[+s—t)
—— f0<s<t<m,
T —1
G(t,s) =
gV(s_t)
if 0<t<s<r.
ert—1

By the definition of G, we notice that
* 1
f G(t,s)ds = — foreachte L
0 Y
Therefore, we can associate to the problem (6) the integral operator f : C(I, R?) — C(I, R?) defined by

(Fb)(t) = fo ' G(t,3)[g(s,b(s)) + yb(s)lds  for all b € C(I, R?).

Now, we stress that b € C(I, IR?) is a solution of the problem (6) if and only if b is a fixed point of f.
If the function g is nondecreasing in the second variable and y > 0, then for all b,c € C(1, R?) with b <,
we have that

g(s,b(s)) + yb(s) < g(s,c(s)) + yc(s) forallsel

Since G(t,s) > 0 for each t, s € I, we have also
(fo)t) = fO G(t,s)[g(s, b(s)) + yb(s)]ds

< f G(t,s)[g(s, c(s)) + yc(s))ds
0
=(fc)(t) foralltel

and hence it follows that fb < fc.
Now, we formulate the following technical assumption (such a assumption is needed in order to use
one among of our results of fixed point):

There exists > 0 such that for all ¢ € C(I, R?), we have

llc(s)Il

F s, cloD + 7l < Y @

forallsel. (7)
Then for all b, c € C(I,R?) such that b < ¢, we deduce that

u(fb, fo) = sup IFe@II

< supjo‘ G(t,s)llg(s, c(s)) + yc(s)ll ds

tel

’ llc@)ll
<su G(t,8)y————ds. 8
P Jy ST ®
Taking into account that the function t — 7% is nondecreasing, we have that
@Il _ _suPsgllc®Il _ _ d(0,0) o

LT+l = 1+sup llc@Il  1+d(0,¢)
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So, using (8) and (9), we obtain

. d0,c) _ ulb,o
u(fb, fey <y (Szfﬁ G(t,s) ds) 1+d(0,c) 1+ u(b,c)

all b, c € C(I,IR?) with b < ¢ (we recall that d(0, b) < d(0,c) since b < c).
Now, let h € C(I,IR?), we say that & is a lower solution of problem (6) if & satisfies

W(t) < gt h(t) foralltel,
h(0) < h().

We can easily see that

h(t) < fT G(t,s)[g(s, h(s)) + yh(s)]ds = (fh)(t) foralltel,
0

thatis, h < fh. Then, taking into account that the function S : ]Rar X ]Rar — R, given by

S(a, B) =

T+

belongs to the family S, we can use Theorem 3.5 with S as above, H(a, ,7) = a+p+y foralla,,y € [0, +oo[
and 1(b) = 0 for all b € C(I, R?). In this way, we obtain the following result.

Theorem 7.1. For the Problem (6) with g : [ x R* — R? continuous and nondecreasing with respect to the second
variable, the existence of a lower solution provides the existence of a unique solution if there exists a positive real
numbers y such that (7) holds for all ¢ € C(I,R?).
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