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Abstract. Basic properties of irreducible locales which extend results contained in [4] are presented. Our
main result is that every locale L can be embedded as a closed nowhere dense sublocale of an irreducible
locale L, what we call the irreducible envelope of L. The properties of spatiality, subfitness, fitness, compactness,
and the Noetherian property are shown to be inherited and reflected by the irreducible envelope.

1. Introduction

The concept of an irreducible or hyperconnected topological space has been studied by several authors
(see for example [1,7-9,12, 13]). An irreducible topological space is one that cannot be written as the union
of two proper closed subsets. Such spaces are important in algebraic geometry: in a commutative ring A
the set Spec(A) of all prime ideals with the Zariski topology is irreducible for a certain class of rings (see [2],
pp- 12-13). In [7] such spaces are referred to as D-spaces, but in most of the papers in topology following
this the terminology hyperconnected is used. To our knowledge the analogous study of irreducibility was
first carried out in the pointfree setting in [4].

Our purpose is to add to the results obtained in [4] on irreducibility in the pointfree context. One of
our main results is the construction of what we call the irreducible envelope of a locale, i.e. we show that
every locale L can be embedded as a closed nowhere dense sublocale of an irreducible locale 7L. This is
the pointfree analog of the hyperconnectification of a topological space described in [1]. We show that the
assignment of a locale L to its irreducible envelope 7L is functorial, and that this functor preserves open
maps and closed injections. We then look at spatiality, subfitness, fitness, compactness and the Noetherian
condition, showing that the irreducible envelope both reflects and inherits these properties. Since it will
be evident from the definition that an irreducible locale is always connected and locally connected, if L is
non-spatial then 7L will be a non-spatial connected and locally connected locale. We think this provides an
interesting and easy negative answer to the question whether every connected, locally connected locale is
spatial.

We began this project with the idea of writing out everything in the language of locales and sublocales
in the spirit of the book [10], but we soon realized that certain results are better expressed in terms of frames
than in terms of locales or sublocales. Thus we have no particular preference of one over the other, and we
will use both forms to express our results in this paper.
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2. Preliminaries

We recall that a frame (locale) L is a complete lattice which satisfies the infinite distributive law:
xAVS=V{xAslseS}

forallx € L, S C L. The top element of L is denoted by 1 and the bottom by 0. A frame homomorphism is
amap h : L — M between frames that preserve finitary meets (including the top 1) and arbitrary joins
(including the bottom 0).

We thus have the category of frames and frame homomorphisms, which we denote by Frm. A frame
map h : L — M is called dense if x = 0 whenever h(x) = 0. For elements a,b € L, we say that a is rather
below b, written a < b, if there exists an element ¢ € L such thata Ac=0and ¢ vV b = 1. This is equivalent to
the condition that a* V b = 1, where a* is the pseudocomplement of a, i.e. the largest element in L whose meet
with ais 0. A frame L is said to be regular if for each a € L we have a = \/ x(x < a). A frame L is said to be
spatial if there is a topological space X such that L = OX, the frame of open subsets of X. It is known that L
is spatial if and only if whenever a < b in L, there is a frame homomorphism & : L — 2 such that £(a) = 0
and &(b) = 1, where 2 is the two-element chain ([3]). Since the restriction of a frame homomorphism on a
frame to any of its subframes is again a frame homomorphism, it follows that a subframe of a spatial frame
must also be spatial.

Recall that an element 4 in a frame L is said to be connected if whenevera = b Vv c with b A ¢ = 0 we have
either b = 0 or ¢ = 0. A frame is said to be connected if its top element 1 is connected, and it is said to be
locally connected if each element in the frame can be written as a join of connected elements.

An element a for which a* = 0 is said to be dense. The meet of any two dense elements is dense. Any
element above a dense one is dense.

Recall that every frame homomorphism i : L — M has a right adjoint h. : M — L characterized by
the condition h(x) < y © x < h.(y). If h is onto then A, is given by the formula h.(y) = \{x € Llh(x) = y}. It
follows that for such & the composite map hh. is the identity map. If the map # is dense and onto then it is
well known that h(a*) = (h(a))* for every a and that h.(b*) = (h.(b))* for every b. For every pair of elements
a,bin a frame we have the element a — b given by the Heyting operation — characterized by the condition:
x<a—-biffxAa<b.

If L and M are locales (frames) a localic map f : L — M is a map that is the right adjoint of a frame map
f*+ M — L. This gives us the category Loc of locales and localic maps. Since f and f* are Galois adjoints
we have ff*f = fand f*ff* = f*. From this one gets f is one to one iff f* is onto, and f is onto iff f* is one
to one. Apart from the fact that a localic map f : L — M is infima preserving, it satisfies two further useful
properties reflecting the fact that f* preserves the top element and f* preserves finite meet. These are:

1. f(L\{1})) S M\ ({1}, and
2. f(f(a) = b)=a— fb).

The regular subobjects in this category are the sublocales S of L which are those subsets S of L having
the characteristic properties:

1. fMCSthen AM€S.
2. Ifael,seSthena > s€S.

The collection of sublocales S(L) of a locale L ordered by inclusion form a co-frame, that is,

sv(, L=, 6vT

for sublocales S and T;. Here, the infimum of sublocales is just the set-theoretic intersection, and the
supremum of a collection of sublocales T; is the collection { A M|M C |JTi}. An open sublocale is one of
the form o(g) = {a — x|x € L} = {x € L|x = a — x}, and a closed sublocale is one of the form c¢(a) =7 a. The
sublocales o(a) and ¢(a) are complements of each other in the sublocale lattice. If a sublocale S is either open
or closed, and {T;} is any collection of sublocales, then the frame law also holds, that is,
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Sm\/Ti:\/(SmTi)

The closure of a sublocale S, written as S, is the closed sublocale T (A S) which is the smallest closed
sublocale containing S. S is dense if S = L. An open sublocale S is said to be regular open if S= int (S). Here
int (T) is the interior of T and is the largest open sublocale contained in T. This exists since the join of open
sublocales is again open and there exists an open sublocale, namely the trivial one O = {1}, contained in
every sublocale. We have the following:

0(0) =0 o) =L o(@ Ab) = o(@) No(b) ofV;a) = V;oa)

o@ =Ta" T@Ab)=TaVvTb o)=o(b)ea=b.
It can be easily seen from the definition that an open sublocale o(a) is regular openiffa = a*, thatis, ais regular
as an element of the frame L. If S is a sublocale then the map vs : L — L given by vs(a) = A x(x € S,a < x)
is a nucleus on L, that is it satisfies:

1. a<vg(a)foralla e L.
2. vs(a Ab) =vg(a) ANvs(b) forall a,b € L.
3. vs(vs(a)) = vs(a) for alla € L.

Furthermore S = vg(L).

Ifael xeSthena - x = vs(a) — x, and this gives us o(a) N S = og(vs(a)), where by os(vs(a)) we mean
{y € Sly = vs(a) — y}. Thus o(a) N S is an open sublocale of S, and every open sublocale of S is of this form.
A sublocale S is said to be connected if whenever S C U V V where U and V are open sublocales of L and
SNUNV =0 theneither SNU =0 or SNV = O. The sublocales U and V can be replaced equivalently
by closed sublocales in the definition. It is known, or easy to show, that an open sublocale o(a) is connected
iff a is connected as an element of the frame L. Just as for spaces closures of connected sublocales are again
connected.

We follow closely the approach to sublocales as contained in the book [10], and much of the background
material above can be found therein. For further background material on frames we refer to the book [6].

3. Irreducible Locales: Basic Properties

We started this study with our initial reference being [7]. At the time we were unaware of the paper
[4], and therefore our definition of irreducibility was taken simply as the pointfree analog of the notion of a
D-space ([7]), later to be called hyperconnected space in papers in topology. In [4] the author calls a frame
L irreducible if 0 € L is prime, i.e. whenever a A b = 0 then either 2 = 0 or b = 0. We show the equivalence of
our definition with the one in [4] in Theorem 3.4.

Definition 3.1. A locale L is called irreducible if every non-trivial open sublocale is dense or, equivalently,
a* = 0 for every non-zero a € L.

An irreducible locale is very far from being regular, as the following result shows.
Proposition 3.2. A locale L is regular and irreducible if and only if L = 2.

Proof. Clearly 2 is regular and irreducible. Conversely suppose L is regular and irreducible. Take any
a€L,a+1. Byregularitya = \/ x(x < a). For any x < a we have x* Va = 1 and since a # 1 we therefore have
x* # 0. By irreducibility we therefore have x = 0. Hencea = 0 and thus L = 2. [J

Theorem 3.3. The following conditions are equivalent for a locale L:
(a) L is irreducible.
(b) If the intersection of two open sublocales is trivial then one of them must be trivial.
(c) Every open sublocale of L is connected.
(d) The only regular open sublocales of L are the trivial one and L itself.
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Proof. (a) = (b): Suppose L is irreducible and o(a) N o(b) = O. Thena Ab = 0. If a # 0 then 4* = 0 and
therefore b = 0 since b < a*. Hence o(b) = O.

(b)) = (c): We show that every element in L is connected. Take anya € Land leta =bVvcwithbAc =0.
Then either b = 0 or ¢ = 0 and so a is connected.

(c) = (d): If o(a) is regular open then 4 is a regular element of L. We cannot have botha # 0 and a* # 0,
otherwise the element ¢ = a V a* would be disconnected. Thus eithera = 0 or a* = 0. If 4 = 0 then o(a) = O.
If the latter applies then a = 4™ = 0" = 1 and in this case o(a) = L.

(d) = (a): Takeany a # 0in L. If a* # 0 then since a* = 4™ we have by (d) that 4* = 1. Thus a” = 0 and
since a < a™ this implies a = 0, a contradiction. Thusa* =0. O

In terms purely of the elements of a locale L irreducibility is characterized as follows:

Theorem 3.4. The following conditions are equivalent for a locale L:
(a) L is irreducible.
(b) If u Av =0, then either u = 0 or v = 0.
(c) Every element a of L is connected.
(d) The only regular elements of L are 0 and 1.

Corollary 3.5. An irreducible locale is connected and locally connected.

Proof. The element 1 is connected, i.e. L is connected. Each a # 0 is connected. Thus L is locally
connected. [

Corollary 3.6. ([4]) The localic image of an irreducible locale is irreducible; equivalently every subframe of an
irreducible frame is irreducible.

Proof. This follows immediately from (b) of the above theorem. [J
Theorem 3.7. ([4]) Let S be a dense sublocale of a locale L. Then S is irreducible if and only if L is irreducible
Proposition 3.8. L is irreducible if and only if every open sublocale of L is irreducible.

Proof. The necessity follows from (b) of Theorem 3.3 and the fact that an open sublocale of an open sublocale
is an open sublocale of L. For the sufficiency, we note that the open sublocale o(1)is L. [J

Recall that a localic map f : L — M is called open if it maps open sublocales to open sublocales. From
[10] we have the following characterization of open localic maps.

Theorem 3.9. The following conditions are equivalent for a localic map f : L — M:

(a) f is open.

(b) f* is a complete Heyting homomorphism, i.e. f* preserves arbitrary meets, and f*(a — b) = f*(a) — f*(b) for
all a,b € M.

(c) f* admits a left adjoint f, that satisfies the Frobenius identity fi(a A f*(b)) = fi(a) Abforalla € Land b € M.

Proposition 3.10. Let f : L — M be a one to one and open localic map. If M is irreducible, then so is L.

Proof. Suppose o(a)No(b) = O. Then f(o(a)No(b)) = f(O) = O (since f(1) = 1), and hence f(o(a))N f(o(b)) = O
(since f is one to one). Since M is irreducible, we can assume f(o(a)) = O, say. Hence o(a) = O since
f(L\ {1} € M\ {1}. Hence L is irreducible. O

In [4] it is shown that every irreducible sublocale is contained in a maximal irreducible sublocale. The
author uses certain key facts about prime elements in the proof. These are that:

(i) an element a € L is prime if and only if T a is irreducible.

(ii) if C € L is a chain of primes in L, then A C is prime.

(iii) any prime is above some minimal prime (by an application of Zorn’s Lemma).

Here we give a proof using only properties of the sublocale lattice.
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Proposition 3.11. The join of a chain of irreducible sublocales of L is irreducible.

Proof. Let {Si}icr be a chain of irreducible sublocales of L and let S = \/ S;. Suppose 0s(a) and og(b) are two
open sublocales of S such that og(a) N og(b) = O, where a,b € S. Suppose that os(a) # O and og(b) # O.
Then o(@) NS # O and o(b) N S # O. Since o(a) N/ S; # O we can use frame distributivity (since o(a) is
an open sublocale) to find S; such that o(a) N'S; # O. Similarly we can find S; such that o(b) N S; # O.
From the chainedness we can find S; such that 5;,S; C Sx. Hence o(a) N S # O and o(b) N S # O. But
(o(a) N Sk) N (o(b) N Sk) = O and this contradicts the irreducibility of Sx. Hence S is irreducible. [

Theorem 3.12. ([4]) Let S be an irreducible sublocale of L. Then there exists a maximal irreducible sublocale S
containing S. Furthermore every maximal irreducible sublocale of L is closed, so S is closed.

Proof. Let 8={T : T is airreducible sublocale of L and S C T} ordered by inclusion. If {T}} is any chain of
irreducible sublocales, then \/ T; is irreducible so \/ T; € B. Thus B h:as a maximal element $ from Zorn’s
Lemma. Now the closure of a irreducible sublocale is irreducible, so S must be closed. O

Theorem 3.13. Let L be any frame and {L;}ic; a chain of irreducible subframes of L. Then \/;¢; L; is irreducible, where
Vi1 Li is the subframe of L generated by the L.

Proof. Take u,v € \/;; Li withu # 0,v # 0. Now u is a join of elements a; Aay A .... Aa,, where g, € L;,. Also
v is a join of elements by A by A ... A by, where by € L;,. Thus there exists 0 # a1 Aax A ... A a, < u where
ar € Ly and 0 # by A by A ... A by < vwhere by € L;,. Since the {L}ics is a chain of subframes there exists L;
such that L;,L; C L;jforallkand t. Thus x =a; Aax A ... Aay, Aby Aba A ... Aby € Lj. Now if x = 0, then by
the irreducibility of Lj some a; = 0 or some b; = 0, but this is not possible. Hence x # 0 and hence u A v # 0.
Thus V¢ L is irreducible. O

Using Zorn’s Lemma and the above theorem we get:
Corollary 3.14. Let M be a irreducible subframe of L. Then M is contained in a maximal irreducible subframe of L.
Theorem 3.15. A frame L is irreducible if and only if it contains exactly one maximal irreducible subframe.

Proof. If L is irreducible then it is clear that L itself is the only maximal irreducible subframe. Conversely
suppose L contains exactly one maximal irreducible subframe. If L is not irreducible then there exists
0+#u,0+#veLsuchthatu Av=0. Now L; ={0,u,1} and L, = {0, v, 1} are subframes of L which are easily
seen to be irreducible. Then L; C L1, L, € L, where L; and [, are maximal irreducible subframes of L. Thus
Ly = L, = K by hypothesis. But then u,v € K and u A v = 0 must imply # = 0 or v = 0, a contradiction.
Hence L is irreducible. [J

Observe that if K is a subframe of L, then any a € K which is dense as an element of L, is dense as an
element of K. Thus the following result is immediate.

Proposition 3.16. Let L be a frame, and let Ly = {a € L : a* = 0} U {0}. Then L, is an irreducible subframe of L.
Theorem 3.17. Let M be a maximal irreducible subframe of L. Then Ly € M.

Proof. Suppose not. Then there existsa € L, a* = 0 and a ¢ M. Now K = {0, 4,1} is an irreducible subframe
of L. We claim that the subframe M V K is irreducible: Take u,v € MV Kwith u # 0,v # 0. Then there exists
0+# miAky uwithmy € M,k € Kand 0 # my Ak, < vwithmy € Mk, € K. Nowky, ky € {a,1}. If ky = 1 =k,
then mq Aky Amy Aky = my Amy # 0since Misirreducible. If ki = a = ko, then my Aki Ama Aky = myAmaAa # 0
since otherwise m; A myp < a* = 0 would imply either m; = 0 or m, = 0 and this is not possible. If k; = a and
ko =1, thenmqy Aky Amy ANky = my Amy Aa # 0 as before. Thus in all cases m1 A ki A my Aky # 0, that is,
uAv # 0. Hence MV Kis irreducible. But M € MV Kasa € Kbuta ¢ M and this contradicts the maximality
of M. O
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Proposition 3.18. For any frame L, Ly is the intersection of all maximal irreducible subframes of L.

Proof. Let {M;}ic; be the collection of all maximal irreducible subframes of L. From above we have L; C
(et Mi. For the other direction take x € (;¢; M; and suppose x ¢ L. Then x* # 0. Now x* # 1, otherwise
x* =0and hence x =0 € L;. Then K = {0, x*,1} is an irreducible subframe of L and thus K C M for some
kel Butx,x' € My, x #0,x* # 0and x A x* = 0 contradicting irreducibility of M. O

Proposition 3.19. Suppose f : L — M is an onto frame homomorphism. Then:
(a) My € f(La).
(b) My = f(Ly) if f is also dense.

Proof. (a) Take a € My, a # 0. We have f(f.(a)) = a since f is onto, so it suffices to show f.(a) € L;. Now
fi(a) # 0 since a # 0. We show that (f.(a))* = 0. Take any b such that b A f.(a) = 0. Applying f gives
f() Aa=0and hence f(b) = 0sincea” = 0. Hence b < £.(0) < f.(a) sob = b A f.(a) = 0. Thus (f.(a))" = 0.

(b) Takea € Ly, a # 0. Thena* =0. Now x A f(a) =0 = f.(x) A f.f(a) = f.(0) = 0 (f dense) =
fx)Aa=0 = fi(x) =0 = f(fi(x)) =0 = x = 0since f is onto. Thus f(a)* = 0 and hence f(L;) € My
and thus we have equality. [0

We call a frame homomomorphism f : L — M open if its right adjoint f. : M — L is open as a localic
map as defined earlier. Thus, according to Theorem 3.9, f : L — M is openif f has aleft adjoint fi : M — L
such that fi(a A f(b)) = fi(a) Abforallae M,b e L.

Lemma 3.20. If the frame map f : L — M is open, then f maps dense elements to dense elements, i.e. ifa € L and
a* =0, then f(a)* = 0.

Proof. Let f, be the leftadjoint of f as described above and supposea” = 0. ThusxAf(a) =0 = fi(xAf(a)) =
fil0)=0 = filx) Aa=0 = filx) <0 = x< f(0) = x=0. Thus f(a)* =0. O

Proposition 3.21. Suppose the frame map f : L — M is open. Then f; : Ly — My is a frame homomorphism,
where fy is the restriction of f to L.

Proof. This follows from the fact that L; and M; are subframes of L and M respectively, and f(Ls) € M, from
the above lemma. O

4. The Irreducible Envelope of a Locale

The main purpose of this section is to show that every locale L can be embedded as a closed nowhere
dense sublocale of a irreducible locale. We recall that a sublocale S of L is said to be nowhere dense if int
(S) = O. We mention that in the literature (see for example Plewe [11]) a nowhere dense sublocale S is
defined as one having the property that SN D = O, where D is the smallest dense sublocale of L. Recall that
the smallest dense sublocale is associated with the nucleus j on L given by j(x) = x™ (see [6]). That the two
formulations are equivalent can be seen from the following result.

Proposition 4.1. If S is a sublocale of L, then int (S) = O iff SN D = O.

Proof. (=) Suppose int (S)=0. Takex € SND. Nowx € D = x = x*. We claim that o(x*) C T (A S): Take
any x* = y € o(x"), where y € L. Then ASAx* <xAx*=0,s0 AS <x* = y. Hence o(x*) € T (AS) = S.
Since int (S) = O we must have x* = 0. Thus x* = 1, thatis x = 1. Hence SN D = O.

(<) Suppose SN D = O. Assume that 0o(a) € T (A S). Then
a=a—->0eT(AS) thatis AS <a*. Letss = AS. Nowsype SandsyAa=0. Thusa*=a —->0=a —>
(sona)=(@—s)A@—a)=
a— s € S. Since a* = @ we have thata* € SN D. Thus a* = 1 and hence 2 = 0. Thus int (S) = 0. O
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Theorem 4.2. Every locale L can be embedded as a closed nowhere dense sublocale of an irreducible locale.

Proof. Consider the product L X 2 in Frm, where 2 is the 2-element Boolean algebra. Let 7L = {(0,0), (a,1)la €
L}. It is easy to see that 7L is a subframe of L X 2. To show JL is irreducible, suppose (a,b) A (c,d) = (0,0)
where (a,b), (c,d) € IL. Then (a A ¢,b A d) = (0,0), and hence b A d = 0. Since b, d are either 0 or 1, one of
them, say b, must be 0. Hence a = 0 since (a,b) € ZL. Thus (a,b) = (0,0), so I L is irreducible by Theorem 3.4.

Now, the map p : 7L — L defined by p(a,b) = a is a frame homomorphism which is onto. Thus L
is a quotient frame of 7L, so the associated sublocale of 7L is S = p.(L). We show that S is closed and
nowhere dense in 7L. Note that p.(a) = (a,1) for alla € L. Thus S = {(a,1)|a € L}. Further A S = (0, 1), hence
S =7(0,1) ={(a,1)la € L} = S. Thus S is closed.

To show int S = O, let 0(z) be a non-trivial open sublocale of L. Then z = (a,1) for some a € L. We claim
that (a,1) — (0,0) = (0, 0): For suppose (x,y) € 7L and (x,y) < (a,1) — (0,0). Then (x,y) A (a,1) = (0,0), and
since this implies ¥ = 0 we must also have x = 0 since (x, y) € 7L. Hence (x,y) = (0,0), proving the claim.
Thus o((a, 1)) € S, and hence
intS=0. O

Remark 4.3. The referee has pointed out that there is a quicker way of arriving at the conclusion that p.(L)
is nowhere dense, albeit using facts from elsewhere. The argument goes as follows. In [5] it is shown that
for an onto frame homomorphism / : L — M, the sublocale h.(M) of L is nowhere dense if and only if /.(0)
is a dense element. In our situation we have p.(a) = (4, 1), which then implies p.(0) = (0, 1), which is a dense
element in 7L. Therefore p.(L) is a nowhere dense sublocale of 7L.

Corollary 4.4. Every locale can be embedded as a closed sublocale of a connected, locally connected locale.

Proof. This follows from the above theorem and from the fact that an irreducible locale is connected and
locally connected (see Corollary 3.5). [

Theorem 4.5. Given any frame map f : L — M there exists a frame map 1 f : TL — I M such that the following
diagram commutes in Frm:

7L -2 v

b

L — M

where pr, and pyy are the respective quotient frame maps described in
Theorem 4.2.

Proof. Define (I f)(a,b) = (f(a), b). Note that if (a,b) € L then (f(a),b) € 7M. It is also easy to check that
If is a frame homomorphism. Furthermore py((Z f)(a,b)) = pm(f(a),b) = f(a) = f((pr)(a, b)), so the above
diagram commutes. [J

Let IrrFrm denote the full subcategory of Frm consisting of the irreducible frames. Then we have:
Proposition 4.6. I : Frm — IrrFrm is a functor.

Proof. We have seen that JL is irreducible for every frame L. Furthermore, it is easy to verify that 7 (id) = id
and J(f o g) = I f o Ig, thus making 7 a functor. [

Remark 4.7. Themap pr. : JL — Lisnever injective since p1(0,0) = p.(0, 1). Therefore 7 is not a coreflector.
Indeed, if it were, then py;, : 7(JL) — IL would be an isomorphism. To see this, let T : 7L — I(ZL) be
the (unique) homomorphism such that pr; - T = idy;, - which exists if 7L is a coreflector. Then the diagram
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gL 2 11—~ 1(JL)

pILl lﬁm
IL IL IL

commutes, since prp - T-pr. = idz - pr. = prr- Since idrrpy : Z(IL) — I(IL) also makes the above diagram
commute, we have by uniqueness that 7-py;, = idr(r1). Thus pyy is an isomorphism, which is a contradiction.

The following result, however, shows that 7L is “almost” a coreflector.

Proposition 4.8. For any frame L and a homomorphism g : M — L with M irreducible, there is a frame homomor-
phism § : M — I'L such that the triangle below commutes.

M7
91 lPL
L L

Proof. Define §: M — IL by

_.+_ 10,0 ifx=0
&) = (g(x),1) ifx#0.

It is clear that § preserves the bottom, the top, and all joins. For binary meets: if x A y = 0, then x = 0 or
y = 0 since M is irreducible. Then §(x A y) = §(x) A §(y). If x Ay # 0, then x # 0 and y # 0, and so we
immediately have §(x A ) = g(x) A §(y).

To see commutativity of the triangle, observe that we have pr(§(0)) = 0 = g(0), and if 0 # x € M, then

(P - §)(x) = pr((g(x), 1)) = g(x),

from which we deduce thatp; -§=9g. O

In the next proposition we show that certain properties satisfied by the frame map f : L — M are
inherited by the lifted frame homomorphism 7 f : 7L — IM. Recall that a localic map f : M — L is
said to be closed if it maps closed sublocales to closed sublocales, and this is equivalent to saying that the
corresponding frame map f* : L — M satisfies the condition

fav f(b) = f@ Vb forallae Mbel

(see [10]). A frame homomorphism is then said to be closed if its corresponding localic map f. is closed.

Proposition 4.9. (a) If f is open, then sois I f.
(b) If f is a closed injection, then so is I f.

Proof. (a) Suppose f : L — M is open. We have to show that 7 f is a complete Heyting homomorphism.
Firstly, we show that 7L is closed under arbitrary meet in L X 2: For let X = {(ay, by)la € I} € IL, and
A X the meet in L x 2. If there exists f such that by = 0, then (ag, bg) = (0,0) since (ag,bg) € IL. Hence
A X = (Awer3ar Naer ba) = (0,0) € IL. If, on the other hand, b, = 1 for all @ € I, then A X = A(a,,1) =
(A aq,1) € TL. Now we show I f preserves arbitrary meet. Taking X as above, if b, = 0 for some «, then
THNX) =T )0,0)=(0,0) = A(Z f)(aa, by) since (a4, by) = (0,0) for some a. If b, = 1 for all @, then
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A\ @0 1) = TAHN 80, 1)
= (f(\ a), 1)
= (/\ f@), 1)
= A\ (f@), 1)
= AN, D)

the third step following from the fact that f is open and hence preserves arbitrary meet.
We now show that J f preserves the Heyting operation. For this, we observe firstly that:
(i) For (a,1) € IL,(a,1) — (0,0) = (0,0). (This was observed in the proof of Theorem 4.2).
(i) For (a,b) € IL,(0,0) — (a,b) = (1,1) (since 0((0,0)) = O).
(iii) Fora,be L,(a,1) = (b,1) = (a — b, 1): To see this, for any (x, y) € IL we have

() <@l)— (b1l < FyA@l) <@l
= (xAayAl)<(b1)
& xAa<b y<l1
& x<a—-b y<l
= (X y)<(@—b1).

Thus we have:
@)
(Z)(0,0) = (a,b)) = (L f)((1,1))
=11
= (0/ 0) - (f(ﬂ), b)
= (Z£)((0,0)) = (L f)((a,b)).

(ii)
(Z)((a,1) = (0,0)) = (Z/)(0,0))
=(0,0)

= (f(ﬂ), 1) - (0/ 0)
= (Zf)((a,1)) = (Z)((0,0)).
(iii)

f)@1) - 1) = f)@—101)
=(fla—b),1)
= (f(a) = f(b),1) (f preserves —)
=(f(@),1) — (f(b),1)
=@ 1)) = TN 1)

Thus 7 f is open.
(b) We first observe that for any f : L - M we have:

(i) (Z£)-((0,0)) = (0, 0):
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For (x,) € 7L, (x,y) < (T).(0,0) = T ) = 0,0) & (fx),1) = 0,0) & (1) = (0,0),
the latter because y = 0 implies x = 0 as (x, y) € 7L.

(ii) For any (b, 1) € IM, (X ).((b,1)) = (f.(b), 1):

For (x,y) € IL,

(x,y) < T ):(01) = TfHxy)=<01)
= (f(x),y) < (b, 1)
— f(x)<b, y<1
= x<fib), y<1
= 1y < (£0),1)

Now suppose f is closed and one-one. The proof that 7 f is closed will be complete if we can show the
closed map condition for J f in each of the following four cases:

(Z/)((0,0) vV (Zf)((0,0))) = (£/)-((0,0)) V (0, 0):

This follows from (i) above.

(Z):((0,0) vV (Z f)((a,1))) = (£/):((0,0)) V (a,1):
Using (b)(i) and (ii) from above, this amounts to showing (f.f(a), 1) = (4, 1). But since f(f.f(a)) = f(a) and f
is one-one, we must have f.f(a) = a.

()b, 1) V(L £)((0,0))) = (£ f)-((b, 1)) v (0,0):

This is clear.

()b, 1) V(L f)(a,1))) = (L), 1)V (a,1):

To see this note that

()b, 1) V(T f)(a 1) = T f)(b,1) Vv (f(a), 1))
=)V fa),1))
= (f(b Vv f(@),1)  (from (b)(i))
=(f.(b)va,l) (f closed)
= (f(b), 1)V (a,1)
= Hb, 1)V (@1).
Lastly 7 f is one-one follows from (I f)((a,1)) = ( f)((b,1)) = (f(a),1) = (f(b),1) = f(@a) = f(b) =
a=>o.

(c) This follows from the fact that if f is one-one then sois 7 f (as seen above), and the easy observation that
f onto implies 1 f is onto. [

Proposition 4.10. (a) IL cannot be regular for any L.
(b) L is spatial iff IL is spatial.

Proof. (a) We have IL = {(0,0),(a,1)la € L}, so |[IL| > 3. Since IL is irreducible, it cannot be regular by
Proposition 3.2.

(b) Suppose L is spatial. Then L X 2 is spatial, hence JL being a subframe of L X 2 must be spatial.
Conversely suppose 1L is spatial. Now every complemented sublocale of a spatial locale is spatial (see [10]
VL.3). Since closed sublocales are complemented, and L is embedded as a closed sublocale of 7L we must
have that L is spatial. O

Remark 4.11. Part (b) of the above proposition gives a way of producing examples of frames which are
connected and locally connected but not spatial. For if L is non-spatial, then JL is connected, locally
connected (see Corollary 3.5) and non-spatial.
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Recall that a locale L is said to be subfit if whenever a £ b there exists c such thataVc=1andbVc#1,
and it is called fit if whenever a £ b there exists ¢ such thata V¢ =1and c — b £ b. A regular locale is fit,
which in turn, is subfit. (See [10] V). An elementa € L is called compact if whenevera <\/ S, S C L, there is
a finite subset T of S such thata < \/ T. A locale L is called Noetherian if and only if each of its elements is
compact.

Proposition 4.12. (a) L is subfit if and only if IL is subfit.
(b) L is fit if and only if TL is fit.
(c) L is compact if and only if TL is compact.
(d) L is Noetherian if and only if IL is Noetherian.

Proof. (a) Every complemented sublocale of a subfit locale is subfit (see eg. [10] V.1). Hence if 7L is subfit,
sois L since L is embedded as a closed, and hence complemented, sublocale of 7L. Now suppose L is subfit
and (a,1) £ (b,1) in L. Then a £ b. Hence there exists c € L such thataVvc¢ =1and bV ¢ # 1. Then
(@1 Vv(,1)=@0,1)and b,1)V(c,1) =(b V1) #(1,1). Thus IL is subfit.

(b) Suppose Lis fitand that (2,1) £ (b,1)in L. Thena £ bso thereisacsuchthatavc=1andc— b £b.
Then (a,1) V (c,1) = (1,1) and (¢,1) — (b,1) = (c > b,1) £ (b, 1). Thus IL is subfit. The reverse follows from
the fact that every sublocale of a fit locale is fit (see [10]).

(c) If TL is compact, then L is also compact being a closed sublocale of 7L. The reverse follows routinely
from the definition.

(d) This follows easily since a € L is compact if and only if (a,1) € 7L is compact. [
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