Filomat 32:11 (2018), 3957-3991
https://doi.org/10.2298/FIL1811957L

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

New Existence Results for Solutions of BVPs for Higher Order IFDEs
Involving Riemann-Liouville Type Hadamard Fractional Derivatives

Yuji Liu?, Xiaohui YangP

* Department of Mathematics, Guangdong University of Finance and Economics, Guangzhou 510320, P.R. China
b Department of Computer, Guangdong Police College, Guangzhou, 510230, P.R. China

Abstract. In this article, we present a method for converting boundary value problems for impulsive
fractional differential systems involving the Riemann-Liouville type Hadamard fractional derivatives to
integral systems. The existence results for solutions of this kind of boundary value problems are established.
Our analysis relies on the well known fixed point theorem. Some comments on recent published papers
are made at the end of the paper.

1. Introduction

Fractional differential equations have many applications in modeling of physical, industrial and chemical
processes. In its turn, mathematical aspects of fractional differential equations and methods of their
solutions were discussed by many authors, see the text books [3, 11].

It has been noticed that most of the work on the topic is based on Riemann-Liouville and Caputo type
fractional differential equations. Besides Riemann-Liouville and Caputo derivatives, there is another kind
of fractional derivatives in the literature due to Hadamard [11], which is known as Hadamard derivative
and differs from the preceding ones in the sense that its definition involves logarithmic function of arbitrary
exponent. It is imperative to note that the study of Hadamard type initial and boundary value problems is
at its initial phase and needs further attention [20].

In [18, 23], authors established the existence of solutions for a class of nonlinear impulsive Hadamard
fractional differential equations with initial condition of the form

th[ller(t) = f(t/ X(t)),t € (1161 \ {tlr tZ/ Tty tm}/
Nx(t) = h]%:ax(t;f) - h]}:”‘x(ti_) =p,i=1,2,---,m, 1.1)

"iTx(1) = uo,
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where "D is the left-side Riemann-Liouville type Hadamard derivative of order a € (0, 1) with the starting
point 1 and h ]%j"‘ denotes left-side Hadamard fractional integral of order 1 —a, 1 =ty <t < -+ <t <
tme1 =€, uo,pi €R(E=1,2,---,m), f:[1,e] X R = Ris a continuous function.

In [22], Zhang and Wang Studied the existence and finite-time stability for the following impulsive
fractional differential equation

DY x(t) = f(t, xX(t), maxgepn (), £ € (L] \ {1, ta, -+, b},
Ax(ts) = "Ji70%() = "T0%(#) = ax(t) + by i = 1,2, m,
"Tirex(1) = uo,

with the initial condition x(t) = @(¢), t € [B, 1], where thflﬂ is the left-side Riemann-Liouville type Hadamard
derivative of order & € (0, 1) with the starting point 1 and "J'7* denotes left-side Hadamard fractional integral
oforder1—a,f€(0,1),1=1t <t <-- <ty <ty =e¢ uy,pi €RGE=12,---,m),d:[1] - Rand
f :[1,e] xR = R are continuous functions.

In [21], Zhang studied the following impulsive system with Hadamard fractional derivative:

"De x(t) = f(tx(t), t € (a, TNt # b t,k=1,2,--- ,m,1=1,2,-- ,n,

Ah]i:ax(ti) _h 2—ax(t;r) _h Z—ax(ti_) =Ai(x(t)),i=1,2,--- ,m,

at at

(1.2)
AMDE(E) = DS () - D () = M), 1= 1,2, m,
"2 ax(a) = xp, "D x(a) = xy
and its special case:
DA x(t) = f(t,x(t), t € @, Tt # e, k=1,2,--- ,m,
AT (t) = M2t ) = AR (E) = M), i = 1,2, m,
(1.3)

AMDYx(t) = DA x(E ) = D (E ) = A(x(t)), i = 1,2, ,m,

"270x(a) = x2, "D x(a) = xp

where "D, is the left-side Riemann-Liouville type Hadamard derivative of order a € (1, 2) with the starting
pointa > 0 and k ]f:a denotes left-side Hadamard fractional integral of order 2 —a,a =t < t; <--- <t, <
tpn =T, a=tg<t <--- <ty <ty =T, x1,% €R, f:[a, T] xR — Ris a continuous function.

In [6], Liu studied the following boundary value problem for impulsive higher order fractional differ-
ential equation involving the Riemann-Liouville type Hadamard fractional derivatives

th‘l’ﬁx(t) = Ax(t) = pt)f (t, x(t)) ,a.e.,t € (t, trs1], k € N,

AT x(t) = L(te, X(8)), k € NI,
(1.4)
A"DSx(ty) = L(t, x(H)), k € NI, v € NI,

hyn— _ _ _
"D x(1) = 0, x(e) =0, v e N' 71,

wherea € (n—1,n), A €R, hl; and th; are the Hadamard fractional integral and the Riemann-Liouville
Hadamard fractional derivative respectively, m is a positive integer, denote NZ ={a,a+1,a+2,---,b} for
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integers a,b witha < b, 1 =ty < t; <ty < -+ <ty <ty =€ p € C%(1,e) and there exist constants
o > —1,7 € (max{—a, —n —o},0] such that |p(t)] < (Int)°(1 -Int)" on(1,¢), f : (1,¢) xR = Ris a Carathéodory
function, ; : {;} X R — R are discrete Carathéodory functions.

This paper is motivated by [6, 9, 18, 21, 23], we consider the following boundary value problem for
impulsive Riemann-Liouville Hadamard fractional differential equation

D2 x(t) = ADE, x(t) = h(Df (t, x(t)) ,a.e.,t € (t, ] k € NI,
AT x(ty) = L(te, x(t)), k € N,

ADEx(t) = L(t, X(H)), k € NI, v € N;;},

AI"DSx = AN P\ (t) = L(t, x(), k € N,
(1.5)
- - -1
AI''D§vx = AV X () = L(k x(8)), k € N v e N9,

"Dy x(1) = 0,v € N,

("D} x - AMPR)(1) = 0,

["Devx - AME ' x)(1) = 0,v e NPT, x(e) = 0,

where 1, p are positive integersand o € (n—1,n),f € (p—-1,p), f<a, A €R, hI; and ’hD} are the Hadamard

fractional integral and the Riemann-Liouville Hadamard fractional derivative respectively, m is a positive

integer, denote NZ ={g,a+1,a+2,---,b} forintegersa,bwitha <b, 1=ty <t <tr <--- <ty <ty =g¢,

h € C°(1,e) and there exist constants ¢ > —1,7 € (max{—a, —n — ¢},0] such that |h(t)] < (Int)°(1 — In#)* on

(1,e), f: (1,e) xR = Ris a Carathéodory function, ; : {t;} X R — R are discrete Carathéodory functions. .
A function u : (1,¢] — Ris called a solution of BVP(1.5) if

ult 1 € COtk, ] k € NI, tlirﬂ(lnt — In )"~ *u(t) are finite, k € N
—h

and all equations in (1.5) are satisfied. The first purpose of this paper is to give continuous general solutions
of the following Riemann-Liouville Hadamard fractional differential equation
DY x(t) - /\’hD’;x(t) =p(t),ae.,t € (1,e].
The second purpose of this paper is to give piecewise continuous general solutions of the following
impulsive Riemann-Liouville Hadamard fractional differential equation
D2 x(f) — AMDE, x(t) = p(t), a.e., t € (b, bl k € NI

The third purpose of this paper is to transform BVP(1.5) to an equivalent integral equation and to establish
existence results for solutions of BVP(1.5).

The remainder of the paper is organized as follows: In Section 2, we present some preliminary results.
In Section 3, the existence results for solutions of BVP(1.5). Some examples are given in the final section.

2. Preliminary results

In this section, we present some necessary definitions from the fractional calculus theory which can be
found in the literatures [3, 11]. Let a < b. Denote L!(a, b) the set of all integrable functions on (4, b), C%(a, b]

the set of all continuous functions on (a,b]. For ¢ € L'(a,b), denote llplly = fa ’ |d(s)lds. For ¢ € C%4a, b],
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denote |[pllo = rr}aﬁ [p(t)]. Let the Gamma and Beta functions I'(a), B(p,q) and the Mitag-Leffler function
tela,
Eq5(x) be defined by

(o] 1 (o]
I'(e) = f0+ x*le~*dx, B(p,q) = fo 11— x)17dx, Eups(x) = E‘O r(#km)/“/ p,q,6 > 0.

Definition 2.1[11]. The left Hadamard fractional integral of order @ > 0 of a function / : (1,¢] = R is
given by "I% h(t) = ﬁ flt(lnt —Ins)*1h(s)%, t > 1 provided that the right-hand side exists.

Definition 2.2[11]. The left Riemann-Liouville Ha()‘&lar}lard fractional derivative of order & > 0 of a
function & : (1,¢] — Ris given by ’hD‘lﬂh(t) = ﬁ (t%) fl (t_:)(%%,t > 1 wheren —1 < a < n, provided
that the right-hand side exists.

Remark 2.1. It is known that if the traditional derivative (integer order derivative) x"(t) exists,
x(t),x'(¢), -+, x"""D(t) are continuous. Motivated by this fact, it follows certainly for a > 0 that if D% h(t)

exists (@ € (n —1,n), x € C(a,b), im(Int — Ina)"*x(t) exists and "D "V, mp¥ ==y ... rhpa-ly are
t a a a
_)g+

continuous on [a, t].
Definition 2.3. /1: (1,¢) X R = Ris called a Carathéodory function if
@) t = h(t,(Int — Int;)*"x) is integrable on (¢;, t;+1) for every x € R,
(i) x - h(t, (Int — Int;)*"x) is continuous on R for each t € (t;, t+1](i € Nf),
(iii) for each r > 0, there exists M, > 0 such that |x| < r implies that

i (t, (Int = In£;)"50)| < M, £ € (b, tia),i € NI

Definition 2.4. [: {t; : i € NI"} X R — Ris a discrete Carathéodory function if
(i)x — I (¢, (Int; — Int;_1)* "x) is continuous on R for each i € N",
(ii) for each r > 0, there exists M;, > 0 such that |x| < r implies that

[[(t;,(Int; —Int;1)*"x)| < M, i € NJ".
Let n be a positive integer, « € (n — 1,n), 1 =ty <t; <--- <ty <ty =e. Denote

Pcn—a(ll 6] =
{x c(Lel - Rl b € COtx, tran ], lirp(lnt — Int;)"*x(t) are finite,i € Ng’}.
t— )‘g

Define

llx]| = max{ sup (Int—Int)" *|x(#)| : k € Nj ¢, x € PCyp—o(1, €].
tE(ti tra]

Then PC,_,(1, e] is a Banach space.

We firstly, by the Picard iterative method, give an exact expression of solutions of the following linear
fractional differential equation

D x(t) — ATDE x(t) = (t),ae. t € (1,¢], @2.1)
where 1, p are two positive integers, « € (n —1,n), € (0,a) withp -1 < <p, A € R, h € C(1,¢) and there
exist constants ¢ > —1,7 € max{—a + n —1,-1 — ¢}, 0] such that |i()| < (Int)°(1 —Inf)* forall t € (1,e), n,p

are positive integers. We give the exact expression of continuous general solutions of (2.1).
We secondly consider the impulsive linear fractional differential equation

D2, x(t) — A"DE, x(t) = h(t),a.e., t € (t;, ti1],i € NI, (2.2)
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where 1 =ty < t; <ty <+ <ty < tyq1 = e n,p are two positive integers, a € (n — 1,n), f € (0, @) with
Be—-1,p),AcR, heC(l,e) and there exist constants o > —1,7 € max{—a + n —1,-1 — ¢},0] such that
() < (Int)°(1 = Int)* for all t € (1,e), n, p are positive integers. We given the exact expression of piecewise

general continuous solutions of (2.2).
We note that if a function x : (1, e] = R is a continuous solution of (2.1), we can get that

["D2ix — ADE x| € C[1,el,i e NI, DS — AMEPx] € C[1, e,
"Dy e C[1,e], i € N*1, "oy € C[1, ¢]

p+17

and x satisfies (2.1).
We also note that if a function x : (1,e] = R is a piecewise continuous solution of (2.2), we can get that

[th?:ix - Athllg:ix“(tj,tjﬂ] € C(t]/ tj+1]/i € Ni’_‘l/]‘ € Nm/

lim [ D¢ ix — A™Df'x](t) is finite, i € NP1, j e NJY,

t—>tt
("D~ AM a0 € Ctj i, j € N,

-8 s Lo H
lim[" Dy — A' P x](#) is finite, j € Ny,

t—#*
h —i 1
& D’iﬁ lx(t]',t/+1] € C(tj, t]‘+1] ieN ., j€ Ngl,

p+17

lim th“ ix(t) is finite, j € Nj, i€ NZ&,
t—tt
j

hIT:ax(tj,th] € C(t]', t]'+1], tlg}’} hIT:“x(t) is finite ] € Ng1
j

and x satisfies (2.2).

We firstly give an exact expression of solutions of (2.1) satisfying the following initial conditions The
initial conditions are as follows:

["Deix — AMDEx]ley = x;, i € NI,
"D x - AP Al = xp, (2.3)
mDACx(1) = x;, i € N;+}, "ex(1) = x,

where x; € R(i € NY).

We choose the following Picard function sequence:
t (Int-In "1
Po(t) = 2 e Inp* + [ BRI h(s)E, e (1,e],

$i(t) = do(h) + iy [t —Ins) P11 ()%, t e (Lel,i=1,2,--.

Claim 2.1. t = (Int)""*¢;(t) is continuous on [1, e].
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In fact, one sees that

Ut (Int— lns)“ 1h( )ds ft (Int— lns)“ 1(1 5°(1 - lns)T§

< J; (Int— Il}z;))“+T l(h’l S)oi_s — (ln t)a+0+’[ j(;l (1—1743():;?1 W dw.
Then t = (Int)""%¢y(t) is continuous on [1,¢e] by T > —n — 0. By mathematical induction method, we know
that t = (Int)"“¢;(t) is continuous on [1, e].
Claim 2.2. {t = (Inf)""%¢;(t)} is convergent uniformly on [1, e].
In fact, by Claim 2.1, we have ||¢polln-o = sup (In£)""%|po(t)| < +c0. Then
te(1,e]

(Inty"lp1(H) = po(t)] = (Int)"* | iy i ant = ns)rF-1go(s) &

t
< r(LA_l o) (Int)r— fl (Int—1In s)‘*‘ﬁ—1|¢o(s)|§
< I“(lflﬁ)(l i’" "‘f(lnt—lns)"‘ B 1(11‘15)“ nds sup(lnt n “lfi)o(f)l

te[l e]

A n—a - —pH— 1 —fh— —
= s (In £y~ (In H2F=" [11(1 = ) F 1o

_ |Alligolln-aB(a—pa—n+1)
Ha=p)

(In ).

Similarly we have

(In )" lga(t) = Pp1(H)] = (In£)"™*

A [ ant=Ins)* P g (s) - po(s)1L

< r(lf'ﬁ)(lnt y-e f (Int — Ins)* Py (s) — o (s)| %

IN

Lty [ (nt - Insyrp-! (in s Al epamirl) g, gyo-pds

1"(CV B)

_ MAlllgoll.—aBa—Ba—n+1) |AIB(a—p,2a—p-n+1)

200—2,
TP Ty (nt)* .

By mathematical induction method, we can get

(In )" *Ii1(£) = i)l = (In )"

T [ ant = Ins)™ 1 pi(s) — pia(5)1%

< lipolli-a H e ?@1_);‘[”5‘"“)}(lnt)“*”‘“5>,z‘ =0,1,2,3,-.

It follows for t € [1,e] that

- —iAB—,'l—'— 1-.
muwﬂ@ﬂm—¢ﬁnswmmaLy‘“ﬁﬁﬁyﬁ”>J:0J2f~

Consider

- - [ ABap .+ Da=jpnsD) |
Yt =t Y, llollu-g | [T SECBLERD |
i=0 i=0 | /=0 P |
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It is easy to see that

Uiy |AB(a—B,(i+2)a—(i+1)f-n+1) _  |A] 1 —B—1 _(i+2)a—(i+1)8—
T T(a—p) = T Jo (1= 8) Pl Cr s

For each € > 0, choose 6 € (0,1) such that j(;l(l —5)%P15%"ds < €. Then
fél(l _ S)a—ﬁ—lS(i+2)a—(i+1)ﬁ—nds < f;(l _ S)a—ﬂ—lsa—nds <e.

Choose N sufficiently large such that w_gm" <eforalli > N. Then

fo (1 — ) F-15(+2a~(+D)p-ngg
_ f05(1 _ gy blgi+Da~(+Dpngg 4 f;(l _ g)ep-lg(i+Da(i+Dpn g

< fo —5) —ﬁ 1 g5+ Da—p)+a—n +f (1 S)a p-1ga-n g

< 6(1+1)(v B)+a—n

< = +e<2¢,i>N.

It follows that lim “2 = 0. Then Z u; is convergent. Hence
i—+o0 i=0

(8" 2go(t) + L4t [ () = 0101

is uniformly convergent. Hence {t = (In#)""“¢;(t)} is uniformly convergent on [1, e].
Claim 2.3. ¢(t) = .lim ¢i(t) defined on (1, ¢] is a unique continuous solution of the integral equation

_ a—p:
x(f) = z T (n ) + f I“fr?;; h(s)ds +A —““trij;ﬁ‘;g) x(u) 2, t e (1,e]. (2.4)

From Claim 2.2, we have lim (In#)""“¢;(t) = (Int)""“¢(t) uniformly on (1,e]. Then for t € (1,¢], we have
1—>+00
¢(t) = lim (Int)"*i(t)
i—+00

n

_ t (Int-Ins)*" ds , _A ! -1 1 d
= ; ey (In )™ + I\ S he) % + 1 J (int —Ins)*# Jim ()%

i=1

t (Int-Ins)*~!
et [ S E + gl (-0

Hence ¢ is a solut1on of (2.4).
Suppose that ¢ is also a solution of (2.4) such that ltirrll(ln H"~*1p(t) is finite. We will prove that ¢(t) = (t)

on (1,e]. Then

||[V]=

(In O p(t) = Po(H)] = (In )" |l Jant = ns)rF1y(s) &

t
< meg (Inty™ [{(Int = Ins)*F~1y(s)| &

IA

F(LL_'ﬁ) (Int)y"-« flt(ln t — Ins)* P (Ins)* £ sup (In )"~ *[y(t)|
te[1,e]

A n—a — —B— 1 —[— —
= e (In )"~ (In 2P (1 = w)*F-Tdew

|AllYlln-oB(a—p,a—n+1) _
T(a—p) (Int)*P.
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Similarly we have

(n B (t) — da(B)] = (n 8y~ | A f{nt ~Ins)P1[p(s) - hos)]

IN

s (= (it = Ins)*Fy(s) - go(s)|%

A — t —B— — A n—aB P 1 —
< s (In gy [ (Int - Ins)*F-1 (In )t Ao MEPBETED (11 pap s

IAlll]l-oB(a—p,a—n+1) |AIB(a—B,2a—p—n+1) 20-2
i o) (In £,

By mathematical induction method, we can get

(Int)"|y(t) = @i(H)] = (In£)*™*

A [ ant—Ins)*FY(s) - i ()] L

i . . ‘
< lipll—o | TT 2 ‘"”’] (In £+ D@h) j=0,1,2,3,--- .

j=0

It follows for t € [1,¢] that

_ L AB(a—B, (4 D)a—jB=n+1) | .
(D™ lP(®) = di(E)] < Y lla-a LHO' i bl )],z =0,1,2,.

Similarly to the proof of Claim 2.2, we know that

o) 00 i . .

|AIB(a—B,(j+1)a—jf—n+1
Yo=Y ||¢||n_a[n B >]
i=0 i=0 =0

is convergent. Hence

. i AB(a—B,(j+1)a—jp—n+1
lim [[¢l]- [H e e >] = 0.
1—+00 j=0

Then il_i)l;-l‘;o[ll)(t) — ¢i(t)] = 0. So Y(t) = P(1).

Claim 2.4. Suppose that x is a continuous solution of (2.1) satisfying (2.3). Then x is a solution of the
integral equation (2.4).
Proof. Since x is a solution of (2.1) satisfying (2.3), we have x € C(1,¢e] and thrg} (Int)"“x(t). Since

a—B+p—n=0,weknow that thr{} (Int)P~Px(t) are finite. Then

_ . Tt Int-1 n—a-1 . t Int—1 n—-a—1 _ _
"ea(1) = lim [ SRS = lim [ R (ns) " (Ins) ()&

: t (Int-Ins)"o~! a-n n—a
= lim [ S (ns) L& x(E) (where £ € (1,1))

= Jim O e g x(€) = T —n + 1) lim £*x(¢) is finite.
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Similarly we know that hp :‘3 x(1) is finite. It follows from (2.1) and (2.108) in [11] (page 70) that
n—-1 YhDUt lX(l —i x(l) f (Int—Ins)*-1 , s
x(t) = Z T (InD)* r(a n+1)(1 nf)*” f1 . tria)) [h(s) + A hDﬂx(s)]%

n-1 tha ’x(l) » Iz—l + Ini— ln 1 25
_ Z F(a o (h’lt)“ i F(a n+1)(1 t)a n +f (Int=Ins)* s) ]’l( )ds ( )

+A [ B (s)

Since x € C(1,¢] and thrlr}(ln £)"~*x(t) is finite, there exists a constant M > 0 such that (In £)"~*|x(¢)| < M for
allte(l,e]. Fort>1,€e1,€2,63 >0with 1+ €1 + €3 + €3 € (1,t) and € = max{ey, €;, €3}, we have

t—€1 a— S—€2
I\ (Int —1Ins)*P

+ex+€3

., (Ins = Inu)’~ Pl (u) e &

t—€1

(Int—Ins) —Pf *(Ins — InuyP P~ (Inu)*"p9u &=

— Jl+er+es
f—€ In(s—€p)

=M [l ey, (It = I 8)*P(Ins)e by ﬁn(}i} (1 - wyFlwr"dws
t—€1 _ o i

<M [l e re, (It =Ins)* P (Ins)* 1By — B, —n + 1)2

In(t-eq)

= M(In t)2eF-n ﬁn(wm) (1 — w)y* Pw* PP dwB(p — B,a — n + 1)

In

<M(Inty*F"Bla—p+1l,a-B-n+p+1)Bp—-B,a—n+1)

and , ,
—€1-€; pt—€
f1+e31 2 fwe: (Int —Ins)*P(Ins — Inuyp P Lx(u)
< T [ an e~ Ins)* P (Ins — Inuy 1 (In )M
_M f—€1—€2 Int—1 )a—ﬁ %(1_ a-p p—ﬁ—ld 1 a—ndu
(In nu %%2)) w)* Pw w(ln u) o
<M lir(li;il)_m(lnt —Inu)*P(Inu)* " %“B(a —p +1,p - p)
In(t-¢1—€3)
= M(Int)2a-pml [ B (1 - w) " Puw* " dwB(@ —p +1,p - p)
Int
<SM(Int)* P 1Ba-B+1,a—n+1)Bl@—p+1,p-p).
Then

[t —Ins)*? [*(Ins — InuyF-Lx(u)du s

. t—€1
= lim

0 1+€2+€3(lnt —Ins)*~ pfl (Ins — Inu)P~ B~ 1x(u)d”%
e—0+

2.6)
= lim [ [T (Int - Ins)oP(s — u)p Pl x(u)ds

e—0+ Y1+€s u+e;

= [ [{int — Ins)*P(Ins — Inu) P~ Lx(u) 2.
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From Remark 2.1, x € C(1,¢], thr{l (In#)"x(t) and thlﬂ (In t)P~Px(t) are finite, "D, x(i € N7~') and ’hDﬂ Ix(j e

-1 .
N’{ ) are continuous on [1,e¢]. One sees

t (in<Ins)* 1, 1 f ds _ (t (nt-Ins)™ [ (S (ns—Inupb! 1?4
e i SO Rl Nt [fl T(o—F) x(“)T”] s

t (Int-Ins)™ ;T 5 (ns—InuyF-1 1?7
K= | ]

(lnt—lns)"’l[f(lns—lnu)”’/Hx u)d”](p )‘ +(a— 1)f (In t=Ins)*~ 2[f1 (Ins—Inu)y=F- 1"c(u)d”]
KT (p-p)

-1 &

Jant-tns)2] fins-tnup#1x(u) 2| b
H(a=DI'(p—p)

_(nh -1
B&-"D (1) +

t — S —B— dul’ ds
B (At i J; (nt=Ins)*7[ 7 (in s—InwpF-1x(u) 24| &
=- .Z T Dpe X1+ 7 Ta-pr DTGP

1 a—1
- z DR x(1) +

Jnt-in g1 f(ins—tnup-F-tx(uy | & |’
Ha-p+2)I(p—p) ,

p_ l (—1
== L ety "D} x(1) (here use (2.6)

ot (Int—Ins)a-p+1 fls(lns—lnu)’”’ﬂ’lx(u)%|[l+(a—p+1) Jlnt-Ins)* [ (Ins—Inup-F-Lx(u)d & ’
L(a-p+2)L'(p—p) ,

p-1
_ (Int)*~ ppy i (nH)*P pp—=p
== IZ T Die x(1) — Ta—p+1) L. 7x(1)

f f (In t=In 5)*P (In s—In )P~ 1d”x(u)””
[(a=p+D)I'(p—p)

p-1
_ (B pp =i An )P pp=p
== 1’2 o Pre ¥(1) = raz D) s x(1)

; fli(lnt—lnu)“’f’ fol(1—w)”’”w’”’ﬁ’1dwx(u)% ’
+ Ta—p DTGP

P i x(1) —p . (f(nt—nwebl g
Z TamD (h‘t)a = F(a p+1)(1 nf)*r f1 T@—p) x(u) %

Note < @ and p < n. It follows from (2.5) that

n-1 VIIDa ’x(l) I" ax( ) (lnt lns)"‘ 1 d

x(t) = Z Ta—mn UnH* o+ Flaznen (N H)* " + f T(@ @ ST
1P i 1'Px(1) t(Int-Inu)*F1 g
A Z T () + Aoy N0 + A [ S
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P=1 hpeciy(1)-am D (1) DA (1) .
= 1;1 ; 1“(z)z—z'+1)1 (h’l t)a t+ : r(afpﬂ)l (ln t)a
n—1 thn lx(l) I" ax( ) + (Int— lns)"‘ 1 p
i=p+1 F(a i+1) (In£)* F(bY "+1)(1 ni)*r+ f T(a) @ M)
t (Int lnu)‘Y i 1 d
+A f T Ta-p )f

t (Int-Ins)** -1 d t (In t—In u)*F1 d
Z Ta- 1+1)(1n D+ f @ ST +Af1 Ta—p) x(u) -

Then x is a solution of (2.4). The proof is completed. [

Lemma 2.1. Suppose a —f +p —n > 0. Then x is a continuous solution of (2.1) satisfying (2.3) if and
only if

n
x(t) = Z x,(In t)a_an—ﬁ,a—v+1(A(ln t)a_ﬁ)
v=t 2.7)
+ flt(lnt —Ins)* Eapa(A(lnt — Ins)*Ph(s)L, t € (1,e].

Proof. We divide the proof into two steps:
Step 1. Suppose that x is a solution of (2.1) satisfying (2.3). We prove that x satisfies (2.7).

In fact, by Claim 2.4, x is a solution of (2.4). Claim 2.3 implies x(t) = lim ¢;(f) is the unique solution of
1—+00
(2.4).

On the other hand, we have
ilt) = po() + g J; (nt = Ins)™ P14 (5) &
= o(t) + l"(aL—ﬂ) flt(lnt— Ins)*F-1 ((1)0(3) + r((’:;lﬁ) fls(lns - In u)“’ﬁ_l@—z(”)d;”) &
= o(t) + 5 J; (nt = Ins)* P o(s)ds
= ﬁ)z f f(lnt—lns)“ F1(Ins — Inu)* 1 L p;_p () 2
= o(t) + g5 J; (Int = Ins)* o 5) &
o ﬁ)z f(lnt—lnu 2a-2p- 1f (1 — w)* P 1w P Ldwe, Z(u)du

t
= Po(t) + WL_@ Ji (nt —Ins)* P 1gg(s)% + ¢ er= zﬁ) f (Int — In 1)~ 2=1eh;_o ()Lt
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= ¢olt) + Z A [ (0t = In )/ o (u) 24
= 3 X __(Inp)v t(lnt—lns)b‘*lh ds
- vz—ll F(a—v+1)( nt) +f1 T O
1 S (Ins—In u)*~! du | a
+ Z T(]a ]/3) f (h’lt—lns)]a jB— Z i V+1)(11’15)a vy f Th(u)f ?s
-y X (Inp)v t(lnt—lns)“*lh ds
= L om0+ fp S ) ¢
" Z T(}a i) f (h’li’—lns)]‘)‘ e Z T(a— v+1)(ln5)a_VdS_S

1 (Ins—Inu)*™! g4 d
" Z w1 nt = Ins)jeip-t QR dejyydu

n

— t (Int-Ins)* 1 d
= L (n ™+ [ SRR

v=1

i ' . i 1 o
Al - _ _ o _
+]§1 TGP v§1 I‘(afv+1) (ln )« jp+a Vfo (1- w)]a B0 dup
+ Z o) f(lnt—lnu)]“ jBra= 1f (1 - w)ie-ip-12s dwh(u)du

n
1
; P (I + Z Xy Z r((]ma—]ﬁvm(ln S NAR s

+

t (Int-Ins)*! t bt ;
e R Z ey (It = Inu)0Da=ib T

n i .
= # (j+Da—-jp-v
El Xy EO T(G+Da—j—+D) (Int)

- Z G b (It = In )+ Dby de,

Thus
x(t) = lim Z Xy Z W(ln £y Dajp—v

i—+00 v=1

* Z‘ TGrDa—p) J+1a 7B) f (Int — Inu)Da=iF=1p () 4

= vzl X, (I 1) VEq_ga—vs1 (A(In £)*F) + f (Int —Ins)* 'Eq_pa(A(nt — Ins)¥F)h(s) L.

So x satisfies (2.7).
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Step 2. Suppose that x satisfies (2.7). We prove that x is a solution of (2.1) satisfying (2.3).
Since h € C(1,e) and |h(t)| < (In£)?(1 — Int)* for t € (1,e) with ¢ > —1,7 € (—n — ¢,0], we know

'flt(lnt —Ins)'E,pi(A(Int — Ins)*F)h(s) L

< [{(nt - Ins) ™ Eo_p,(1AD(ns)" (1~ Ins)*® < ['(Int — Ins)*"(Ins)" LB,y (1A

= (In )+ [1(1 - w)* ek dwE,_p(Al).

Then t — flt(lnt —Ins) ' Eapi(A(Int — Ins)*P)h(s)Z is continuous on [1, €] for all i € N
Similarly we have

’ flt(ln t —Ins)* P 1E, g o pii(A(Int — Ins)*F)h(s) L
< flt (Int —Ins)* P 1E, g, .i(JA)(Ins)’(1 — Ins)T &
< [lant - Ins)*FH# 1 (Ins) Ly 0 pui(|Al)

= (In t)a7ﬁ+i+a+r fol(l _ w)a—ﬁﬂ‘ﬂ—lwodwEa_ﬁ/a_ﬁ”(lAl).

Then t — flt(lnt —Ins)* FHE, g pri(A(Int — Ins)*P)h(s)£ is continuous on [1, ] for all i € N¥.
Fori e N™!, we have

n—i

t n—a— s
mpasiy(py = (B Ly ]

T(n-a) -

(t%)”_i fl‘(lnt—ln s)"-a-l(f 05" VEy-pa-vi1 (A(N5)*F)+ [ (Ins—Inu)* By pa(A(Ins—In u)w-ﬁ)h(u)%“)ds]
v=1

T(n—a)

n—i| & t el X (- _
(t%) v;l e fl (I f=Insyr=e? )(Z:‘o r(/‘((ﬂf*/?)*a*v”) (Insyre-pres ¥j|

T(n—a)

—i f S g o s
(4)" [fameomy e [ § rtiymgns-muye s

+ Toi—a)

n—i| & > (- —v 1 —a-1,, v(a—B)+a—
(14)| £ E, roriman@neopo famuy-etrecpeaa)

T'(n—a)

n—i| & g t et —a— —B)+a—1ds
¢4) [Z s b, (nt=Insy =7 dn s in oo 1%h<u>”ff‘]

T'(n—-a)

+
— (1YY oy A In pr@=p+n-v
=(t)" |2 L mepamn (nd)

n—i| & t 1
(t%) LEO m(lff);)_‘_a) fl (In t=In )r@=pr+n-1 fo (1710)”’“"1w'*(“’ﬂ)*“’ldwh(u)’%‘]

+ Toi—a)

_(d n—i| I bl AX (— _
=(t4) Lzl % L i (O ]
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+(t%) |:Z F(X( +V1) ﬁ(lnt—lnu)/\(a B)+n— 1h(u)
; e n ) + Z Xy Z e (P

+ Z M (it = Inu P,

Then

DA x(t) = Z Xy +1)(1n )i + Z Xy Z m(m pr@=p+i-v
2.8)
- X t i
+XZ='0 —F(x(zf—ﬁ)ﬂ) fl (It — Inu)<@-H+-1p()de,

Similarly we get for j € N’rl that

_i FLY I [ (b=sy P x(s)ds
thi ]x(t) — ( dz) [flr(p_ﬁ) ]

(t4)7| [ ant=n s)r’-ﬁ-l(f 2,(108)* ™ Eqpacys1 (A0 8)*P)+ [ (Ins—In )"~ Eqpa(Alns—In u)“‘ﬁ)h(u)%)%]
i v=1
TL(p-p)

4\ ¢ t —p-1 v AX —B)+a—v ds
(tm) El Xy f1 (Int-Insy=F EO e (n syvla-prra—v ds

L(p-p)

il o ! )
() ][fl (Int-Insyp#1 ;E‘o WA&W(ID s—Inur@-pra-ty(y)de %]
['(p—p)

+

pi| & - P | 1 (A ray
(t4) |:1§1 Y E’o F(X(“*fgf(v—vﬂ) (Inpraprp=pray [0 —)pP-griepire ‘dw]

T(p-p)

iy [Z o [ t=In sy (In s—In syt %h(u)%u]
I(p-p)

+

(. d p=i| & S AX _ —Bta—
- (tﬁ) Lzl Y Xg‘o r‘(x(a—ﬁ)+p—ﬁ+a—v+1)(1n tyxaprrp-pra V]

e . B o
(ra) L;o 7”“;;““) S (n = uyre-pip-pra-t 11 _gp-p-igpria—pia 1dwh(u)%]

* [(p-p)




It follows that

+ XE‘O T(x(a—p)+a—p+i)
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i[ n
L X
v=1

i[ n
L X
lv=1

AX

(e8]

>
X

(o]

L

x=0

+ Z AT
=0 T(x(a—p)+a—p+j)

AX
=0 T'(x(a—p)+p—p+a—-v+1)

Z:: aﬁ+pﬁ+a) 1(

AX

T(x(a—p)+a—p+p—v+1)

(11’1 t))((a—ﬁ)+p—ﬁ+a—v]
Int—1In u)X(“‘ﬁ)ﬂ"ﬁ*“‘lh(u)%”]

(In t)x(a—ﬁ)m—ﬁﬂﬂ—V]

Jlnt - muyre-prapei-lpg)de,

A (h‘l t))( B)+a—p+i—v

+a—p+i-v+1)

(It — In uyr@-prrapei-Lp(y)ds

From (2.8) and (2.9), we get fori € N';_l that

We have

and

[thi(:ix

. i .
— AMDETR)() = PR G T

+ Z Xy Z . T (P

+ Z Ta—pD '

+ Y e
=0 I'(x(a—p)+a—p+i) J1

i .
= Vgl X rm (™ + ]

n
AlY x,
v=1

o)

)(ZO T(x(a— ﬁ)+a Bri—v+1) (11’1 t)X(a_ﬁ)+a_ﬁ+l_V

AX

Int—1In M)X(“_ﬁ)”_lh(u)%”

{(Int — Inu)r@-prra=pri-lp () du

t (In t—In u)"~ lh( )du.

T(i)

n e8]
hli’l:ax(t) = V§1 Xy XZ:‘O W(ln t))L(D( p)+n—v

v A t —Bytn=17,(,\ d
+ X oty (= a0 g

n o
h I? ﬁx(t) — Zl Xy Zo m(m pyx(a=pr+p-pra=v
V= X=

st AX t —B)+p—p+a-1 d
+ L g b (= e g

3971

(2.9)

(2.10)

(2.11)

(2.12)
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It follows for i € N!™" from (2.8), (2.12) that

"D Px — AP Px)() = ; Xyt (In b
i f —AY (|ppXa-prp-v

L v L F()((a—ﬁ)+p—v+1)(n )

v=1 x=1

v AX t —p)+p-1 d
+ L i nt = I P

2.13)
n )
—-A Zl Xy ZO W(ln t)X(a B)+p—p+a—v
v=l  x=

- t (a—B)+p—B+a—
+ X g b (= e

2 _ t(Int—Inu)p-!
= leum(lnt)p V+f1 Mk( )du
V=

ForieNZH,wehavea—ﬁ+i—vZa—ﬁ+p+1—(n—1) =a-B+p-n+2=0. From (2.8), we get
. i ) n .
DA x(t) = ; xvm(ln N~ +A ; X (I )P VE, gy pricvan (AN E)*F)
= = (2.14)
+ [0t~ In )y Eqop (ANt — Inu)*F)h(u)de,
One sees easily from (2.10), (2.13), (2.14) and (2.11) that
["Derix — A™DEx] € Cl1,el,i e NU7!, DS — AMY Pl € CI1, e,

hya—i : 1 h
"Di'x€C[l,e], i€ NZ+1’ IITx e C[1,e]

and ,
["D§x - ATDIx](1) = xi,i € N, DT - AN Px](1) = x,,

MDAx(1) = xy, i € NZ&, (1) = xy.

We now by direct computation get

n oo ;
thTafx(t) =YXx X F()((a:q,;)—vﬂ) (In t)x(a—ﬁ)—v
v=1 x=1

+h(t) + z T f (In t — In ) ¥@ A1 (yy)du

and :
thiX(t) = Z Xy Z F()((a—ﬁ)é23+a—v+1)(1n t))((a*ﬁ)*ﬁJra*V
v=1 x=0

+A§O T (It = Ingpeppra-tp(de,
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It follows that D¢, x(t) — A™MDE x(t) = h(t), t € (1, e].

From above discussion, we know from that x is a solution of (2.1) satisfies (2.3). The proof is com-
pleted. [J

Remark 2.2. Consider the following fractional differential equation:

3
2

h h —
"Dix(t) = "D x(t) =Int,t € (1,e].

3
4

Corresponding to (2.1), @ = 3, = 2, A = 1 and h(t) = Int. By Lemma 2.1, it has solutions
x(t) = 11(In6) By (n £24) + x2(In £)" 2By 12(in £74)

+ [{(nt —Ins)}Bspaz2((nt - Ins)>4) Ins, t € (1, e].

One can get
"D x(t) = ’hD%x(t) = x1 + x1(In )4 B3 4 7/a((In £)7/4) + x2(In £)~ By pa 3/a((In £)2/4)
+ [ Eapaa((nt — Inuh(u)ee, t € (1,¢],
Ié:ﬁx(t) = Iéx(t) = x1t%E3/4,7/4((t3/4) + xzt_%E3/4,3/4((t3/4)

+ [t = u)iEayaza((t — 5/ *)sds, t € (0, 1],
and

HP2=x(t) = M2 x(t) = x; In FBajg0((In £74) + x2Baa1 ((In £)4)

+ [0t~ Inu)Eyyan(( — ' )h(u)e, t € (1,e].

u’

One finds that x, ’hD‘l": Iy, hli: P x are not continuous on [1,e], but both ’hD’{‘: Ty — hli: Py and hlf: “x are contin-
uouson[l,e]. O

Remark 2.3. Consider the following equation:
D2 x(t) — A"DE, x(t) = h(t),t € (1, €],

where @ € (1,2), € (0,a — 1], h € C(1,¢e) and |i(t)] < (Int)*(1 — Int)! for all t € (1,e), k > -1 and | €
(max{—l -k, —%},O], Ae€eR.
By Lemma 2.1, it has solutions

x(B) = ¥, x(1n ) Eq_p ooyt (Al £7F)

v=1
+ flt(lnt —Ins)* 'Eqp(A(QInt — Ins)*P)h(s)L, t € (1, e].

One can get
2 .
mDx(t) = x1 + L %, (In ) PVE g o pricye1(A(In )7F)

v=1

u’

+ flt(lnt —Inu) " Eupi(A(Int — Inu)*P)h(u) %, t € (1, ],
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2
50 = T xn P B i (An )
v=

+ [0t~ I PEe g g (Ant - Inu)* Phw) 2, t € (1,¢]
and

2
hli:ax(t) = )Y x(In t)2_VEa—ﬁ,3fv(A(ln t)a_ﬁ)

v=1

+ [{nt — Inw)Ee_pa(Ant — Inw)*F)h(u) 2, t € (1,e].

. . . _ 1- _ .
One finds that x is not continuous on [1, ¢], however th‘lﬁ 1y, hIl+ Py and hlf+ %x are continuous on [1,¢e]. [

Now we give an exact expression of piecewise continuous solutions of (2.2).

Lemma 2.2. Suppose that @ =+ p —n > 0, there exist constants ¢ > —1,7 € (-n — ¢,0] such that
|h(t) < (Int)°(1 —Int)* for all € (1,€). Then x is a piecewise continuous solution of (2.2) if and only if there
exist constants ¢;, € R(j € N, v € NY) such that

]

x(t) =Y ¥ cjp(Int —Int)*VEs pa-vr1(A(Int —In t]')"“ﬁ)
0v=1

! (2.15)
t _ a-1 _ a—p ds m
+ [ (nt —Ins)* Eqgo(A(nt — Ins)*P)a(s) £, t € (tr, tri1], T € NI

Proof. The proof is divide into two steps:

Step 1. Suppose that x satisfies (2.15). We prove that x is a piecewise solution of (2.2).

Similar to Step 2 in the proof of Lemma 2.1, we get that t — flt(lnt —In s)i’lEa_ﬁ,i(A(lnt —In s)“*ﬁ)h(s)%s
is continuous on [1,¢] fori € N} and t — flt(lnt —1In s)“‘ﬁ”‘lEa_ﬁ,a_ﬁH(A(lnt —In s)“‘ﬂ)h(s)‘% is continuous
on|[l,e] forie N’;.

Fort>0,€1,€6,63 >0with1+ €1 + € + €3 € (1,t) and € = max{ey, €, €3}, we have

S nt=Insy =t [**(Ins - In1w)* " Epa(Ans — Inu)*F)h(u)de &

textes 1+es u s
o Ax t—e1 s—€2 _ n-a-1 _ x(a—B)+a—1 o(1 — Tdu ds
< Xgo T hserres Jve, (it =Ins) 271 (Ins — Inu) @A (In )7 (1 — Inu)* 4 &
00 In(s—€p)
AX t—€1 —a-1 —B)+t+o+a [Ths ((a—p)+1+a—1 d
= Xgo TG Jireyre, A E = 1) (I s)ereseme ﬁ“i?jﬁ (1 —wyePrera-lyrdy &

t—€1

< EO W}M) e, (It = In syt (Insy@-Prrrota By 4 7,5 + 1)

< XZ:,O W’;})M)(In pyaProtenByn —q,a + 0+ 7+ 1)B(a + 7,0 + 1)

— t"+U+TEa—ﬁ,a(A(ln t)a—ﬁ)B(n —aq,a+0+17+1D)Bla+1,0+1)
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and

J [ int ~ Insy™* " (Ins — In u)* Eq_pa(A(Ins — Inu)®#) Lh(u) &

+€3 +€2

t—€r—€ t—e€ P _ _
< z TG hves  dure, (=08 (Ins — Inap @27 G (In (1~ Inw*

In(t—€1)-lnu

t—€r—€ i —a— (a— —
< Z F(X(a ﬁJra) 1+€2 1(1 t—In u),\(a B)+n+1-1 ﬁn(ulﬂtz)ln (1 _w)n a 1w,\(a B)+1+a 1dwu60;_u
Int-Inu

f€2 €1

< Z F(X(a—ﬁ 70 hee,  (nt = Inu)<@ Py S — a, 7+ a)

Z (X(a /3 v (In t))( a-— ﬁ)+o+n+7B(n +7,0+1)B(t—a,T+a)

= (In )" *"Ey g o (A(In B PB(n+ 1,0+ 1)B(n—a, T +a).

Then

flt(ln t—Ins)"*1 [*(Ins — Inu)* " Eq—pa(A(ns — Inu)*F)h(u) e &

"S—€2

., (ns = Inu)* "Eq_pa(A(Ins — Inu)*" By (1) 2 ds

u s

=lim [ (Int—Insya! [

e—0* +ex+€3

= lim ff‘”‘“ [ (It = Insy™o(Ins — Inu)* " Eapa(A(Ins — In 1)) L (ar) 2

e—0* +€3 u+ey
= [/ [[(Int — Insy"™*(Ins — In u)* " Eq_p0(A(Ins — Inu)*#) Lh(u) &
By Definition 2.1 and (2.11), we have for ¢ € (t5,f5+1] and i € N’l”1 that

tha lx(t) ( d})n x[f (h;:n h,;;)n a— lx(s)ds]

[(td,)" ’ z J# an t=Insy=ex(s) L+ [ (Int-Insy'alx(s) &
T(n—-a)

n—i o-1 T n .
(t4) [go [ an -t sy-et L L cilns=Int)* ™ Eucpocva(Allns=ln g P >%}
= Ti—a)

i g n
(r4)" [ ft:(ln t=Ins)"01 Y, ¥ ¢y (Ins=Int)* " Egpavs1(A(Ins=In t,-)a-ﬁ)ds]
j=0v=1
+ To—a)

[ S =y [ (Ins—In )~ Boop o (A(In s—In ) )(u) & ]
I'(n—-a)
by changing the order of the sum and integral respectively
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o=lo-1 n

(tdf)n I[Z L Z Civ fﬂl(lnt Ins)"~*"Y(Ins—In#;)* " Ea-pa-vs+1 (A(Ins=Int;)*F) &
T'(n-a)

|_4

(t%)"fi[i x Ciw ftt (Int-Ins)"~*"'(Ins—In t;)* " Ea-pa-v+1(A(Ins—In tj)a*‘})%]
j=0v=1 o S
T'(n—a)

+

pay (lnt Ins)"*1(Ins—Inu)* 1 E,4_g o (A(In s—In 1)~ ﬁ)'&h(u)ﬂu
it 5,
T(n—a)

(th )'H[ £ ¥ i S t-Insy= 1 ns—In 1) Eq g1 (AQns—Int;)*F) i}
j=0v=1 j
T'(n—a)

o )R L0 eney =t I By paAnstn 20 &
T'(n—a)

—il @ n o
(r4)" I[Z Y ¢y ff(lntflns)"*afl(lns—ln Y Wﬁmm)(ln s—In t/)x(a—m%]
j=0v=1 ] =0
T'(n-a)

(t%)nii[f f;(ln t=Ins)" ¢ (Ins—Inu)*! EO W)‘ﬁ)m (In s—In 1) ¥@=P) d2 Jy (1) %]
T'(n—a)

n—il & n © " B . o
(t%) [): Yo X Wi{mvﬂ) ft'(ln t-Ins)"*"(Ins-In tl.)x(a B)+a—v d?]
j=0v=1 x=0 j
I'(n—a)

pd Y v AX M (I f—In s) =L (I s—In g7) K@) +a1 ds o, du
(t4) E.O g by (nt-Ins)" = (ns-lnw) IOE Ins—int; N

I(n—a) y Int-Int; — o rymryr

+ —w

n—il & n © Y ~ o - ) N
(i) ELo L, Ty (I )P [ (1—yratgprie-pye ‘dw}

T(n—a)

(t4)" [Z r=ar) /sm) (lrlfflﬂll)““'ﬁ)*”'1 fol(1710)”‘“‘1wX(“‘5)+“‘1dwh(u)%]

+ T(n-a)

_(dY e ¥ o N
- (tﬁ) [Z x Civ ) W(lnt—lnt]y{(“ B)+n V]
j=0v=1 x=0

() [Z T 5 [ nt = Inuyxe-pen- 1h(“)du} by B(p,q) = Tord

= Z Z C]'Vr(l 1/Jrl)(lrllf Int; )’ v +]Z()VZ1C]' AZ W(t_ ¢ );\(a B)+i—v

* Z Wf(lnt—lnu))((a p)+i- 1h(u)du ieNI- 1
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Similarly we get

"DIx() = Zo Zl Civ Z TP (It — Ingy)x-prrazpry
] V=

> ¢ t _ R . -1
+ L oy b (It = nuy @i st i e NI

It follows that

o i .
["Darix — AMDPx](t) = ) Civ i (Int = Int)™
j=0v=

(2.16)
+ [ O )t € (t, toa], 0 € NY', i € NI
Then [ D2 'x — A"DE X, 111 € Clko, tosil(0 € N i € NOTY).
By direct computation, we also get for t € (5, t541] that
hpax(t) = Z ): Ciw ): —F(X(a S (nt —In tyapren=y
j=0v=1 X=
(2.17)
+ Z W f (h’lt —In M)Xm_ﬁ)ﬂl 1h(u)d"
and
hp=B Nx(a—B)+p—p+a—
B0 ;ZOVzl C”XZ M=) (0 = Ingreepmmpres
(2.18)
(o) A t _ _ _
+ ZO m 1 (lnt — 1nu)X(“ By+p—pra 11/1(11)’%
X:
It follows that "I""%x|; 1 .1 € Clts, tes1], "D X, ty01] € Clto, tos1](i € NPH) ["Di.” —Ahlf:ﬁx]l(tmtm] €

C(ts, ts+1] and the following limits are finite:

lim[" D% ix — A"DEx)(), i e NI o € NI,

t—tt

Um[" D x - A'EPx)(), 0 € NI,

t—t}
lim "D x(t),i € N1, 0 € N,
>t

p+17

lim "I (), 0 € Ny
- o

Finally, we prove that x satisfies (2.2). From a € (n —1,n), for t € (t;,t,+1], by Definition 2.2, we have
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similarly to above discussion that

([% )n [flt (In t=Ins)"~*1x(s) %]

h _
"Dix(t) = T(—a)

—(t2Y' |y v o ¥ A ~pyn=
=(t4) [.Z L v L T (0~ Intjy P ]
j=0v=1 x=0

nl & X t (—B)+n—
+ (t%) [xgo r()C(Ciﬁ)ﬂd) fl (Inf-In u)A( P lh(u)du]

o n

— - AX —B)—
=L Yo L rpaponInt—In tyyKla=pv
j=0v=1 x=1

] p t o "
+h(t) +X§1 ) J; (int = Inu)x@=A-Tp() L.

Similarly we have

A V|5 et —p— ds (! g d
T O e T

thyP —

Dyx(t) = P P
_(.ad\ CAL - AX - —g—
= (tﬁ) []E‘o v§1 Civ XZ::0 m(lnf —In tj)X(a B)+a—p v]

iV AX t —B)+a— d
" (tﬁ) [XEO L(x(a—p)+a—p+1) J1 (Int—In u)X(a o ‘Bh(u)Tu]

g n

= y AL ((a—p)+a—p-v-1
=X L ¢ L mapaprn (It = Itz
j=0v=1 x=0

- AX t B et p
+A§OW (Int — Inup@-Hrap-lp()de,

Itis easy to see that hDiQx(t)—AhDix(t) = h(t),t € (t;, to+1],0 € Ni'. Then (2.2) is proved. Step 1is completed.

Step 2. Suppose that x is a piecewise solution of (2.2). We prove that x satisfies (2.15).
Sincea€ (n—1,n),a—B+p—-n=>0,and h € C(1,¢e) and |h(t)| < (Int)?(1 —Int)* for t € (1,e), we know by
Lemma 2.1, for t € (¢, t1] that there exist constants ¢y, € R(v € N7) such that

x(t) = 3, ou(In ) E_pgmyer (AN 1P

v=1

+ flt(lnt —In s)“‘lEa_ﬁ,a(A(lnt —In s)“‘ﬁ)h(s)%,t € (to, t1].

So we get the expression of x on (ty, t1]. This fact implies that (2.15) holds for k = 0.
We will apply the mathematical induction method to prove that (2.15) holds for all u € Nj'. Suppose
that (2.15) holds fork = 0,1,2,--- , 0, i.e., there exist constants c;,, € R(v € N/, j € NY)

H on
x(t) =Y, Y cjy(Int —Int)*VE, ga-vr1(A(nt —In tj)“‘ﬁ)

j=0v=1

+ flt(lnt —Ins)* Eq_pa(A(nt — Ins)¥P)a(s) L, t € (ty, ty] 1 € N?.
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In order to get the expression of x on ({541, f5+2], we suppose that

()= Y Y cu(nt —In£) " Eo_pamer (A - In£)5P)

ot (2.19)

+ flt(lnt —Ins)* By pa(A(Int — Ins)* F)n(s)L + D(F), t € (tya1, toral.
Then for t € (t;41, ts+2], we have by Definition 2.2 that

(t2)"[ S nt-Insy—etx(s) &

h
’ D%x( ) T(n—-a)

V| v [test _ —a-1 ds, [t _ —a-1 ds
(t4) [go f,: (Int-Ins)" " lx(s) & + fw (Int=Ins)"o"1x(s) &
T'(n—-a)

[Z f”] (Int-Insy*—2-1 Z Z cjp(Ins=Int))* " Ey-pamvs1 (A(Ins=Int;)0F) &
j=0v=1

—rh
="DE () + o

f (Int Ins)"—a~ 1}: Z cjv(Ins—Int)VEspa—vs1(A(Ins—Int))?F) &
j=0v=1

T(n—-a)

(tm) [fl (In t-In sy~ 1f(1ns In 1)* ' Eqop a (A(n s—1In )*F)h(u) 42 d>]
T(n—a)

by similar method used in Step 1

="pe 1(I)(t) + ):0 21 Civ Z e ﬁ) g (nt = Int)xe-p-
7+ j=0v= x=

+h(t) + z =) ﬁ)) f (Int — In u)X@ A1),

Similarly, we have for t € (t541, ts+2] that

(tdt)p[f (lnt Ins)P=F- 1x(s)d?]
T(p=p)

B
"D x(t) =

Pl rte —p— s (! —p- =
t4) [gﬂ fh (int-Ins)F1x(s) L+ ftm (Int-InsyF-x(s) &
I'(p—p)

_rhyB —B-v-1
=7 Dﬁl (t)+]ZOV21C]VXZ W(lnt—lnt )X(a B)+a—p

t
" Z m (In't — In )y @-Hr+a=p=1p () de.

It follows that th‘t{ D(t) — A™"Dp 1<1>(t) =0 on (t5+41, t+2]. By Lemma 2.1, we know that there exist constants
g+l ot

n
Co+1y € Rsuch that ®(t) = ¥ cor1,(Int —Int,) ) Ey gavi1(A(Int —In t,)%7P) on (tys1, tosal- Substituting ®
V=
into (2.19), then the expression of x on (t541, t5+2] is as follows
g+l n

x(t) = X X cjp(nt —Int))* VEs pa-vr1(A(nt —In t]«)"“ﬁ)
j=0v=1

+ flt(lnt —1In S)a_lEa—ﬁ,a(A(ln t— lns)“_’g)h(s)’%,t € (tos1, toral
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So (2.15) holds for k = ¢ + 1. By the mathematical induction method, (2.15) is proved. The proof of Lemma
2.2 is completed. [J

Lemma 2.3. x € PC,_,(1, ¢] is a solution of

DA x(t) = ADE, x(t) = h(t), ae., t € (b, ter] k € NI,

ATy x(te) = L k € NY,

(2.20)
A"Dx(t) = Ly, k € N, v € NI71,
mpIx(1) =0, x(e) =0, v e N/,
if and only if
x(t) = duo(In B)* " Eq,qps1(A(In 1))
+ 21 : L, (¢, x(t))(Int = Int)* " Eq-pa-vs1(A(Int = Int;)*F) (2.21)
j=lv=

+ a0t~ n)* Eaga(A(nt — Ins)*P)p(s) f(5, X)L, ¢ € (b, tir], i € Ny

Proof. Let x be a solution of (2.20). From ’hD‘lﬂx(t) —A’th+x(t) = h(t),a.e.,t € (t, tx+1], k € N and Lemma
2.2, we get that exist constants d,,; € R(j € Nf, v € N7) such that

x(t) = ¥, ¥ dy(Int =05 Ea o v (A(Int - Int))*F)
J=ov=l (2.22)

+ [{nt - Ins) Eapa(Ant — Ins)*P)h(s) %, t € (b, e, T € NI

One has for k € N~ by direct computation that

ik
mDakx(t) = 'Zb ):1 dyj(Int —Int)*VE,_gi_ys1(A(Int — Intj)?F)
j=0v=

FY Y dy(nt—Int)™ Ey_g i (Ant — Int)0F) (2.23)

j=0v=k+1
+ [{(nt —Ins) " Eq_pi(Ant - Ins)*P)i(s) 2, t € (8, il i € N,

fork e N’;_l that

n oS

—_k i X _ —Btk—
thi x(t) = 'Zo Zl dy,j Zo F(,\'(a—ﬁ)+ﬁc‘—/§+k—v+1) (Int — Intyyre-prrazprioy
j=0v=1 " x=

(2.24)

x X t _ P .
+ ZOWW [(Int —Inupr@Prafh-tpa)de + e (1, t;,4],i € Np,
X:

i n

() = it =Inb)" By g (At = In j)eP)

J=0v= (2.25)

+ flt(lnt —Ins)" 1 Esp(A(Int — In s)“‘ﬁ)h(s)%, t € (t, 1], i € NI



Y. Liu, X. Yang / Filomat 32:11 (2018), 3957-3991

and
hp—P _ i - AX _ o
b = EOE ) L Tpraprpr (nf ~In yyraprrazpipy

(o) /\X
* L Warapom

Then for k € N’i_l, from (2.23) and (2.24), we have
ik
rhya— 7 —k — -V
"Detkx(t) — AMDEFx(b) = ]é) X, i (It = Itk

t (Int=Inu)*? .
+£ %h(u d7ur te (tir ti+1]rl € Ngl/

and from (2.23) and (2.26)(p < n), we get

- _ ip
DY x(t) - ATDE P x(t) = Y L g (nt —Int)
j=0v=

£ (Inf—Inu)"! ]
o IO ), € (h, ], i € N

or from (2.25) and (2.26) (p = n), we have
i n
MDIx(t) - AMDE Pa(r) = ]é) r dyj (It = In))"™

t (Int=Inu)"! J
+ %h(u)df, te (ti tim] i € NY.

(i) By (2.25) and A" *x(t) = Ly k € N”, we get d,, i = I, k € N™.

(ii) By (2.23) and A"D%"x(t) = L,k € NI, v € NZ‘l wegetd,r =L, keN",ve Nl’g’j.

+17

(iii) By (2.28) and A[" DS x — A" Px](t) = i k € NI, we get dyx = I, k € NI

[lnt — InuyCPraprtpuyde, i e (¢, ti],i € NI

3981

(2.26)

(2.27)

(2.28)

(2.29)

(iv) By (2.27) and A["D%Vx = AP x)(k) = g k € NI, v € NU™', we get dyx = Ly, k€ NI, v e NP

(v) By (2.23) and ’hD’{‘:Vx(l) =0,ve N;’;}, we getd,o=0forve NZ;}.
(vi) By (2.28) and [""D{"x — A" Px](1) = 0, we get d,,o = 0.

(vii) By (2.27) and [*D*%Vx — A'I¥Vx](1) = 0,v € NP, we get d,o = 0 for v e NV,
(viii) By (2.22) and x(e) = 0, we get

dn,OEa—ﬁ,a—rﬁl(/\) + 241 Z Iv,j(l —1In tj)a_an—ﬁ,a—v+1(/\(1 —In tj)a_ﬁ)

j=1v=1
+ [0 = I8y Eqpa(A(1 — Ins)* ()£ = 0.
It follows that

m n
duo = m El El Iv,j(l —In tj)aian—ﬁ,a—wﬁl(A(l —In tj)afﬁ)

+ [} (1= I8y By p0(A(1 — Ins)* F)h(s) ]
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Hence

x(t) = Eo o 71+1(A) Z Z Iv1(1 In tj)a_VEa—ﬁ,a—vH(A(l —In tj)a_ﬁ)

F L7~ I8 By pa(A(L = Ins) ) 2] (0B Ea_parrer (A £)F)
(2.22)
+ Z Z L,j(Int —Int))*Es-pa—v+1(A(Int —In t])"‘_ﬁ)

j=1v=1
t _ a-1 _ a—p ds m
+ [ (nt —Ins)* Eqpo(A(nt — Ins)*P)a(s)E, t € (tr, tri1], T € NI

This is just (2.21). On the other hand, we can prove by direction computation that x is a solution of (2.20) if
x satisfies (2.20). The proof is omitted. [

Define the operators T on PC,_,(1,e¢] for x € PC,_,(1,¢] by

m n
(T)(t) = g  Tp—r 21 21 L(tj, x(t))(1 = Int))* " Eq—ga-v+1(A(1 — Intj)*F)
j=lv=

+ =8 o (A(1 — Ins)*B)hs) (5, 16)) 2] (0 )V Ea s (A £)F)

||M~1

i Lt x(E) It~ In ) Ey_pacyr (At — Int)*F)

+ flt(lnt —Ins)* 1 Eypa(A(Int — Ins)*F)n(s) f(s, x(s) L, t € (o, tesa], T € NI

The proofs of the following two lemmas are standard and are omitted, see [10].

Lemma 2.4. T : PC,_,(1,e] = PC,_4(1, ¢] is well defined, x is a solution of BVP(1.5) if and only if x is a
fixed point of T, T is completely continuous.

Lemma 2.5(Schauder’s fixed point theorem) [7]. Let X be a Banach spaceand T : X + X be a completely

continuous operator. Suppose Q is a nonempty closed convex bounded subset of X and T(Q € Q. Then
there exists x € Q) such that x = Tx.

3. Main results
In this section, we prove the existence of solutions of BVP(1.4) and BVP(1.5) under the assumptions. We

need the following assumptions:
(H1) there exists a non-decreasing function @ : R — [0, +o0) such that

£ (t )

(H2) there exists a non-decreasing function @; : R — [0, +00) such that

< O(x), t € (ti, tiv1), x € R,i € NJ'.

o (i = )| < @ullxl), i € NI, v e N7

Theorem 3.1. Suppose that (a)-(d) and (H3)-(H4) hold. Then BVP(1.4) has at least one solution if

[Eﬁi—('ﬁ'f X 21(1 ~In )V Eoopacn(AD) +m 2 Easpa- M(W)] @(r)
” 3.1)

n [’ii—l“j';]s(a + 7,0+ DEacpa(A) + B@ + 7,0 + 1) ﬁa(w)] o) <7
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has at least one positive solution 7.
Let T be defined in Section 2. By Lemma 2.4, T : X — X is well defined, x is a solution of BVP(1.5) if and
only if x is a fixed point of T, T is completely continuous.
Denote Q, = {x : x € X, ||x|]| < r} for r > 0. Let r be a positive solution of (3.1). For x € Q,, then ||x]]| < 7o
and (H1)-(H2) imply that
[f (£, x(®)] < De(lixll), t € (i, tial, i € N,

I, x(t))] < @yl i € NI v € Ny,
We get by the definition of T for € (¢, tz41](7 € Nf') that

I(In £ = In t)"=*(Tx)(5)]

(Int=Int )"

< it e 3 L, 1)) (1~ I £)* " Eu g sa (A1 = Int)eF)

=1v=1

=

+ [0 = 09 Eapa(A(1 ~ InsyP)(s) £(s, 2(5)) ] (10 ) By oy (A F)

T n
Y Y L(t, x(t))(Int = Int)*Es gavr1(Alnt —In tj)“_ﬁ)
j=1v=1

+(Int —Int)"*

+ flt(ln t —Ins)* Eqpa(A(Int — Ins)¥P)h(s) f(s, x(s)) £

S —r [Z Y Pi(lxdD(@ = Int)* VEa—pa-vs1(IA])
+ [7 (= In8) By po(IA)(Ins) (1 = Ins) D (lxl) % | Bapamsvar (A1)

FY Y Oy (|[x[)Ea-pa-v+1(IA])

j=1v=1

+(Int—Int)" ['(Int —Ins)* Eoep,o(IA)(Ins)7(1 — Ins)) D s(llxll) &

Ea ,a—V+ A v
< B 3 L >:1(1 — In£)*Eqpamvs1 (AN Dr(Ix])
v=

| g (]
5tz DB 4 1,04 1) B (ADD(l)

+m 21 Eogavs1(IAD@r(lIxll) + B(a + 7,0 + 1)Eap o (IAND(|[x1)-

It follows that

(- —V+ A
ITx| < [E‘;—(('A') Y 2(1 — I £ Eapacer (A]) + m z Eorpa- m(w)] (o)

Ea ,—V+ A
+ [Ea”;a—n:l(l/\l))B(oc 7,0+ DEa_pa(lA) + Bl + 1,0 + 1)Ea_ﬁ,a(|A|)] Of(ro).

By the assumption (3.1), we have ||Tx|| < o for all x € Q,,. Hence Lemma 2.5 implies that T has at least one
fixed point in Q,, which is a solution of BVP(1.5). The proof is completed. [J
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(H3) there exist constants 0, A, B > 0 such that
‘f (t, m)‘ <A+ B|X|U, te (ti, t1'+1), xeR,ie Ng1

(H4) there exist constants o, C,D > 0 such that

. X [ m n
v (tl/ (lnt,—lnt,v_l)”*“) <C+ D|X| ,1 € N1 ,VE Nl'

Denote
m n
; ; (1-Int))*Ey a—n+1(ADEa,a-v+1(IAl) n

P = — [Ega—n+1(A)l +m Zl Ea,a_V"‘l(l/\l) C
v=

B DEaaner (ADEaallA]
+ [ o G+u~§m ol 1A(>| Pl 4 Bla+ 0 + 1)E“r“(lA|)]A'

m o n
Y. X (1-Int))*"Eaa-n+1 (IADEqa—v+1(1A])

—1 = 3
Q= Erar O] T 21 Faa-n (4D €
=

Ba+ 00+ DBun1 (ADEsa (A
+ | Hertpen el 4 Ba + 7,0+ DEqa (A B

Theorem 3.2. Suppose that (a)-(d) and (H3)-(H4) hold. Then BVP(1.4) has at least one solution if

(i) o7t €10,1) or

(ii)) c=1withQ<1or

(i) o> 1 with Pr1Q < €U,

Proof. In the proof of Theorem 3.1, we choose ®¢(x) = A + Bx?) and ®;(x) = C + Dx°. Then (H1)-(H2)
hold. Similar to the proof of Theorem 3.1, we denote (), = {x € PC,,_,(1,e]. Then for x € PC,,_,(1, ], we have

£t x(@)] = |f ¢, (nt = Ik (nt = In )" x(E)| < A+ BN, £ € (b tia], i € N,

L (ti, x(E))] = |L, (£, (Int; — Int;_1)*"(Int; — Int;1)"*x(t))] < C + Dllx||°,i € NJ',v € NJ.

Then (3.1) becomes P + Qr° < r.

Case 1. 0 € [0,1). It is easy to see that P + Qr° < r has positive solution 7y. Then Theorem 3.1 implies
that BVP(1.4) has at least one solution.

Case 2. 0 = 1. Itis easy to see that P + Qr° < r has positive solution ry by Q < 1. Then Theorem 3.1
implies that BVP(1.4) has at least one solution.

Case 3. 0> 1.

1
Choose 1 = (ﬁ) Then rq is a positive solution of P + Qr° < r since P°1Q <

3.1 implies that BVP(1.4) has at least one solution.
The proof of Theorem 3.2 is completed. []

(G_Ul—)fl Then Theorem

Theorem 3.3. Suppose that (a)-(d) hold, and there exist constants My, M| > 0 such that
(& =)
o[t i)

Then BVP(1.4) has at least one solution in PC, _,.

Proof. In Theorem 3.2, choose 0 = 0, A = My, C = M;and B = D = 0. It is easy to see that (H3) and (H4)
hold. We get Theorem 3.3 from Theorem 3.2. The proof is completed. [

< My, te(t,tinn], x€R,i € NY,

<M, ieN},veN].
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4. Comments on recent published papers

We give the following remarks on Lemma 2.9 in [18] on page 87, on Theorem 3.4 in [21] on page 24 and
Theorem 4 on [23] on page 3 in order not to misleading readers.

Remark 4.1. Let f : [1,e] X R > Rand t — (Int)!=%f(t, u) are continuous functions. Then x is a solution
of the fractional integral equation

— t (1 1 a—1
i (In ) L+ f (ntr(g)s) f(s,x(s))%E,t € (1, 4],

x(f) = r(a)(h‘l £yl 4+ Z r(a)(h'l tye-1

t (1 1 .
 f) O f(s, () € (b bi) i = 1,2, m

if and only if x is a solution of IVP(1.1). We note that Result 1 is wrong. In fact, by Definition 2.2 in Section
2, we have for t € (t;, t;11] that

(14 )[ Jl‘f(ln t—1ns)-ﬂx(s)§] (t df)[ Y f 1 (In t-Ins)x(s) L+ f (Int-Ins)1~ “‘x(s)ds]
T(1-a) I(l-a)

h _
"D{x(t) =

=1 . g s (Ins—Inu)®1 | ds
(t%)[fb ft;“l (Int-Ins)" (m)(lns)“ 1+z 1 (Ins)rt s 7 Qe f(u,x(u))%]%]
p— =
= r(1 )

(t m){ f (Int-Ins)" a[ 0. (Ins) 1+2 Ji(ngye-y 7 Gnsln™ f(u,x(@)%]%]
r(1 @

+

(t%)[i)_:l0 j;“l (1nt—1ns)-a(r‘;g (Ins)*1+ z m) (Ins)*~ 1)d5]
—_ X=
= T(1-a)

t i p; N —Inuy®1 ;
(t%)[fri<mt—1ns)-a[%(1ns)“-l+_21 o (Ins)at L f (1nt—1ns)1“"< e f(u,x(u))%)%
=
I'(l-a)

¢ _i-li-1
(t%)[ Iz (lnt—lns)’“%(lns)“"l%4—5‘1 Az m) f 1 (In t-Ins)! =% (Ins)*~ ”’S}
= T(1-a)

(¢4 )[):: #5 Jlan sy oo o ) [ int-Ing)- "M”Sf(ux(u)dli‘}

+ T(-a)

" i
(t%)[f1 (In t-Ins)™ g (In )~ 1”S+z r(ﬂ)f(lnt Ins)~(Ins)*~ “’S}
= T(- a)

( )[f [[(In t-Ins)™ 71“5;&,;” d‘“f(u,x(u))%]
T-o)

Ins _ Ins—Inu

by Int = Y nitinu

=w



Y. Liu, X. Yang / Filomat 32:11 (2018), 3957-3991

d,)[ ”g) [, A=) *w*™ 1dw+Z T(a) flnt (1—w) *w*~ 1dw}

lnt

T(1- a)

(t dt)[ F oy sl dof, x(u))d“]
T(l-a)

i
= (t%) [uo + ]; % f%(l - w)w* dw

= f(t,x(0) + (¢4 )[z &5 ﬁm (1 = w) o1 dw]

It means that th"‘ Lx(t) = f(t,x(t)) for all i € Ny if and only if p; =
wrong. [

3986

+ (t2) [ F, xu)2e]

- = pm = 0. Hence Lemma 2.9 in [18] is

Remark 4.2. In [21], Zhang considered the general solution of the impulsive fractional system

DI x(t) = Int,te (1,3]t 2,
hy3 _
i) =6,

A*th x(2) =

W2 x(1) = x5, D2 x(1) = 11,

It is claimed that (4.1) has solutions
3 3
x t ds 271 x t gs\2 ™ -2 t (lnt lns)Z
o (he) (e S

-2

[N}

_ 3_

x(t) =

32

S %_ X2 5 ) 2
3010 ()™ e (£9)

t (Int-Ins)2™" lns)Z ds
+ f TTGR) Ins -

xﬁfflns% ( tds)%_l

T(3/2) h s

t 31
(Int=Ins)2
T(3/2)

_x11n2+xz+f121n%1ns% ( t@)%—z N
T(3/2-1) D s

31 32 IR
on(h®) (e f e

Ins

(4.1)

ns®, te(1,2],

ds
Ins<?

4.2)

%],t € (2,3].
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By direct computation, we get

x(t) =

+

(int)3
T(7/2)

_ v In2+xp+ 1(n2)%-

1 (mt)%
1“(3/2) (In t) + 1"(1/2) (Int)~2 Tt e (1,2],
1 1 (np3
r(3/2) (In6)? + ri7g AInH) 2 + 7575
< _1
+%(lnt ln2) + F(1/2) (Int—1In2)"2

1 ) _1
-M [—ré}z) (Int)? + 25 (Int) 2

x1+3(In2)?

1
W (lnt - 11'12)2

1(n2)? (1-w)?

(Int—1In 2) + (Inf)?2

Nl

5 1
T(3/2-1) f% I'(3/2)
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wdw] ,t€(2,3],

where M = 86 + 116 and N, i are two constants. This result is wrong. In fact, by Definition 2.2([21]), we have

for t € (2,3] that

thz x(t) _( )

2
zzfl(

f (Int-Ins)” Zx(s d=+f2(1nt Ins)” Zx(s)ds
I(1/2)

5
1y 1 x _1 ns)2 |g
Int-Ins) Z[F(T/Z)(lns)Zer(lns) 2+ “@

d 2 b

T(1/2)

n<)2

_1 9 1
Int-Ins)”2 [7r(k31/2) (Ins)2 + =25 F(1/2> (Ins)~ 3492 o

H 1 _1 )
+ a7 (n5—In2) 2 + b (Ins—In2)72 ]i

iZfz

T/2)

x1 +%(ln2)2
I(3/2)

(Ins) 3

(Int— Ins)ii[ [‘(’3/2) (1115)2 +ram 1/2 (lns) } +M oy T(7/2)

(Ins-In2)3 ]fi

d 2

T(1/2)

¥y In2+xp+ 3 (in2)3- 1 (in2)3

7 (Ins—In2)~ 2+M(lns)2 flnz

Ini-Ins)"2 [—M

(d-w?2 2
TG/2)

wdw] %

+<tE

t — -3
5 J(nt-Ins) Z(m/z) 1ns)2+m/2)(lns)

T/2)

L (92

5
ds
s

T

(t1)

T/2)

"(Int-Ins)"2 (ﬁ(ln s-n2)} + 2 (ins-In2) 3 )i

H(r) L

+M (1&%)2

+M (t%)2

T/2)

(Ins)2

5
ds
s

(Ins) 2 + %P

t —
J; (int=Ins) H - a5 ( iz (Ins)” by

T(1/2)

¥ In2+ry+ ) (ln2)3—%(ln2)3

T(1/2)
T(1/2)

[ant-ng) (— (Ins—In2)"2 )i
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+ _1
5 J(nt-Ins) z(— TA7

¥ +4(n2)?

3988

(Ins—In2) H ) %

+M(t%)

T1/2)

5 fz’(lnt—lns)*%[(lns)% ﬁlnz
In

1
d-w?2

A wdw]

I(1/2)

(In#)°
r'4)

(xllnt+x2+

1

) fn t—1ns)‘z[

)+ (¢4 (5(nt - n2) +5)

in9)2 |a
o (1n5)2 "’m/z) (Ins)” LA T72) ] B

d
+M<tﬁ 0P
2 (xIn24x+3(In2P-1(In2°  x;+1(In2)?
d X1 In 2
M (e ( s (Lo 2002 (1t - In2)
Lnt-ns) 2 [n9)? [ R
p 5 hin —Ins) 2[(Ins) 11n2 TG/ wdw
+M(t% T1/2)
t _1 xq 1 xp _1 (1115)% ds
2 J; (nt-Ins) z[—m(lns)um(ms) 2+r(7/2)]?
=Int+M(t$ .
1
(1-w) 2

5 fZ(lnt Ins)” 2[(lns)2 f]nz

o wdw

+M () T

] #1Int,t e (23]

Hence (4.2) in [21] is wrong. We get by using Lemma 2.3 (a € (1,2), A = 0) in Section 2 that (4.1) has a unique

solution
1 -1 (1 t)%
tarm In1)? + 3 (InH) ™2 + o7y, t € (1,2],
1
x(t) = r(3/2) (Int)z + F(l/Z) (In t)
5
+rdy (Int—1n2)? + 2 (Int—In2)7% + W5 1 e (2,3].

T2’

The following results are directly from Lemma 2.3 (a € (1,2), A = 0) and the proofs are omitted:

Result 4.3. x is a solution of IVP(1.2) if and only if

xi(Int —In)* ! + xo(Int — Ina)*~ 2+f (ni-

Ins)*
I(o)

Int I f(s, x(s) %, t € (a, 1],

xi(Int — )1 + xp(Int — Ina)*2 + f fot o’ ~ £(s, x(s)) &
t) =
0 + Y At nt —Int)2 0 + Y A(e(E))(Int — InF)e
i<t L<t
[ ORI £, x(s) %, ¢ € (t, T
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Result 4.4. x is a solution of IVP(1.3) if and only if

x(t) = xi(Int =)™ + xp(Inf — Ina)* 2 + [ BRI £(s) x(s)) e

3 AN~ Tn £+ L A~ In )2
j=1 j=1

t (1 Ins)* .
+ [ T fs XD S e (ki) i € N

Remark 4.5. In [23], the following initial value problem was considered:
"Dl z(t) = f(t,z(H),t € (@, Tt £ t,i=1,2,--- ,m
A2t = Jia(t),i = 1,2, ,m, 4.3)
"2a) = 2,
where g€ (0,1),T>a>0,z,eRa=t) <ty <<ty <ty =T, f:[a,TIXR > Rand J; : R = Rare

some appropriate functions. The main result in [23] is as follows:

Theorem 4[23]. Let £ € R be an arbitrary constant. Then IVP(4.3) is equivalent to the following integral
equation:

2(t) = F(Int —Inay ™! + i R (s, 2(s))%

(Int-Int;)? d (nt-Ina)y~' |t (nt-Ins)r! d
+]§1 r(q)] ]](Z(t ) = 5]§1]j(z(tj)) [Z“ T(q) +L [X0) f(s,2() 5

¢ Int-Inf)™™  f (Inf-Ins)!
- (Za + fa’f(s,z(s))?) & r(r:,)’) - ft/, (lntrl(r;;)q f(s,z(s))?] ,
te (ti/ti+l]/i = 011/2/'” ,m
Example 4.5. In [23], the following example was considered:
"Dya(t) = f(t,2(t),t € (1,3],t %2,
(4.4)
A'P2(2) =1, "1 P2(1) = z1.

By Theorem 4 mentioned, the general solution of (4.4) is given by

(lnt)‘i+f (nilng 2 ) s®,te(1,2],

r(1/2 Tan
1, fnihns o g
r(1/2 (ln t) fl T2 Ins
z(t) = )
(lnt—an)ffl (Int)” ft (Int— lns) nsds
T2 Iz T( 1/2) 1 T TAnR) 5%

1

1
(Int-In2)"2 t (Int-Ins)” 2
(21 +f Ins ) D) —f2 75 lns ,te(2,3].
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One can find by direct computation for ¢ € (2, 3] that

1
h d t (Int-Ins)”2 d
D}.2(t) = (14 [fl WZ@?S]

2 > _ _1 _ _1
_(.d (Inf-Ins)" 2 S (Ins—Inu)" 2 du | d
= (tﬁ) [ﬁ T2 (r(l/z (lns) 1 T TaR) lnuf) ?S]
t (Int-lns)2 [z -1 S (Ins—Inu)"2 3 d
[f Tan (ml/z) (Ins)™z +f Tap  In nuft
1
(Ins—In2)” 3 (Ins)” 3 S (Ins—Inu) 2 d
+ L€l (Zl i th TTam  Inuy

1 1
du | Ins—In2)"2 S (Ins—Inu)" 2 d
(zl+f Inu “) T —fz T lnulf’)] ]#lntte(z 3].

So Theorem 4 is wrong.

by

By Lemma 2.2 and 2.3(A = 0,a = %, B =0,h(t) = Int, f(t,x) = 1), we can get the unique solution of (4.4)

-1 t (Int-Ins)" 2 lns) d
r(1/z (Int)™ +f “Tap  Ins¢,te(L,2],

z(t) =

Lo _1 t (Int-Ins)" 2 4
amnt) ™ + g (Int—In2)72 + [ Sra = Ins®, t € (2,3].
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