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Basic Properties of Finite Sum of Weighted Composition Operators
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Abstract. In this paper,we continue the study of finite sum of weighted composition operators between
different L’-spaces that was investigated by Jabbarzadeh and Estaremi in 2012. Indeed, we first obtain some
necessary and sufficient conditions for boundedness of the finite sums of weighted composition operators
between distinct L7-spaces. In the sequel, we investigate the compactness of finite sum of weighted
composition operators. By using theorems of boundedness and compactness, we estimate the essential
norms of these operators. Finally, some examples to illustrate the main results are given.

1. Introduction

In recent years, considerable attention has been given to the delineation of weighted composition
operators with regard to basic properties like boundedness, compactness, essential norm and some others.
There are many great papers on the investigation of weighted composition operators acting on the spaces
of measurable functions. For instance, one can see [4-8, 10, 11, 14, 18, 20]. Also, some basic properties
of weighted composition operators on LP-spaces were studied by Parrott [16], Nordgern [15], Singh and
Manhas [17], Takagi [19] and some other mathematicians. As far as we know finite sum of weighted
composition operators were studied by Jabbarzadeh and Estaremi in [9] for the first time.

Let (X, Z, p) be a o-finite measure space. We denote the linear space of all complex-valued X-measurable
functions on X by L%(X). For any o-finite subalgebra A C T such that (X, A, ua) is also o-finite , the
conditional expectation operator associated with A is the mapping f — E”f, defined for all non-negative
faswellas forall f € L/(X), 1 < p < oo, where E”f is the unique A-measurable function satisfying

ffdyszﬂfdy, AeA
A A

As an operator on LF(X), E/! is idempotent and E//(LP(Z)) = LP(A). For more details on the properties
of E” see [12] and [13]. For a measurable function u : X — C and non-singular measurable transformation
¢ : X > X, i.e, the measure p o ¢! is absolutely continuous with respect to , we can define an operator
uCy : LF(X) — LX) with uCy(f) = u.f o ¢ and it is called a weighted composition operator. For non-
singular measurable transformations {p;}",, we put W = Y., 1;C,,. In this paper, we investigate some
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basic properties of the operator W between different LP-spaces. In section 2, we provide some necessary
and sufficient condition for W to be a bounded operator from L”(X) into L7(X) in the cases that1 <p < g < o0
and 1 < g < p < oo. In the section 3, we discuss about compactness of W as an operator between different
[P-spaces. In section 4 we provide some bounds for the essential norm of W.

2. Boundedness

In this section, we study the boundedness of W between two distinct L¥-spaces. First, we give some
necessary and sufficient conditions for W to be bounded as an operator from LP(u) into LI(u) in case
l<g<p<oo.

Theorem 2.1. Let 1 < g < p < co. Then the following assertions hold.
(a) If W is a bounded operator from LP(u) into L7(u) and u's are non-negative, then we have Y.i_y liE'(ju;|") o ;! €
L¥7 ().
(b) If Yy BE (luil) o 7t € Lﬂ%ﬂ(y), then W is a bounded operator from LF(u) into LI(t).
(c) If u;s are non-negative, then W is a bounded if and only if Y.i_, hiE'(|u;|7) o 7' € L# (w), in this case we have
T E ) o cp,ﬂu; < W < 0TI X BE i) o (p;lni%.
Proof. (a) Let u's be non-negative and define a linear functional ® on Li (u) by

O(f) := fx Yo hEul) o 7' fdu,  forany f € Lg(y).

We show that @ is bounded. For every f € L;’}([u) we have fX(IfI%)”dy = fx Iflsdy < o0 and so IfI% € LP(u).

Hence
[ Yo g
X5

Y ; %o ) = % q
fx Qo =W
IV,

IA

[P(F)I

IA

IA

This implies that ® is a bounded linear functional on Li (1) and [|@]| < |[W]. By Riesz Representation
Theorem, there exists unique function g € L (u) such that

O(f) = fgfd,u, for any feL%(y),
X
Therefore, we have
f gfdi = f Y ME) e pildu V€ Liw).
X X2
Hence, we get that

g= Z hiEi(u?) o (pi_l u—ae.
i=1

This means that Y.L, hiE'(u]) o ¢! € L ().
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(b) Assume that i, iE/(luil?) o @' € L%([u). By using Holder’s inequality we get that for every
felr (),

||Wf||g=f|2u,-f0(p,-|‘7dy
X =1
Sﬂq_lf luif o @ild
XZ; foilldu
= il f WE ity o o7 Fd
Z |G 0 7 i
<t [ ) e 0 o7 P [ it
x = b

n
=7 Y WE!(uil?) o ;e A1l

i=1

So W is a bounded operator from L*(u) into L7(u) with

T
=

n
a1 ; _
IWIE< T 1Y I i) 0 o7
i=1

<

—q

(c) It is a direct consequence of (a) and (b). [

Now in the next theorem we give some necessary and sufficient conditions for W to be bounded as an
operator from L7 (u) into L7(u) when1 < p < g < oo.

Theorem 2.2. Letl <p<g<ooand ] =Y, thk(luqu)ogolzl. Then the following assertions hold.

(a) If W is a bounded operator from LP(u) into LI(u) and ws are non-negative, then M = sup, ! (A"q)i < ooand
u(A) P
JB)=0u—ae.
(b) If M = sup; (Zf?}i < ooand J(B) = 0 u — a.e, then W is a bounded operator from LP(u) into L(u).
uAi) F
J(Ai)

(c) If ws are non-negative, then W is a bounded operator from LF () into L(u) if and only if M = sup, = <
WA P

oo and J(B) = 0 u — a.e. In this case M < ||[W||7 < nT-IM.
Proof. (a) Leti € N and f; := xa,. Then f; € LF(u) and [|fill, = ‘u(Ai)% < 00. Also we have
WAl ol Eie ukfi © puldp
Il p(A)
fX Yier lurcfi o ilidv
1
u(Ai)?
o Ty Ry o o x4
u(A)?

v

J(A) ‘
u(A)7

Thus M = sup,. f‘A*‘Ji < ||W]¥ < co. Now; we prove that J(B) =0 p —a.e.
A

i
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Suppose on the contrary, we can find some 6 > 0 such that u({x € B; J(x) 2 0}) > 0. PutD = {x € B; J(x) >

0}. Since (X, X, u) is a o—finite measure space, we may assume that p(D) < co. As D is non-atomic, there
exists D; € X with D; € D and u(D;) = @. It is easy to see that xp, € LF(u) and [|xp,ll, = (@)%. Moreover,

1
IWxp,IIlT > fDi Jdu > WD) Gince g —1>0,wehave

1

IWxp,I] I, I i
T2 2
”XD,“p (#))ﬁ /J(D)

q_ .
)p 1—>o<> as 1 — oo,

This implies that W is not bounded and it is a contradiction.
(b) Assume that J(B) =0 p —a.cand M < co. Then for any f € LP(u),

WAl = f 1Y e forpdid
X %=1

< [y lur fopil'du
L;‘ kS OPk
= 07 Y JA)IFA A
ieN
< MY (FA)P A
ieN

If ||fll, = 1, then [f(A)IPu(A) = fAi [fPdp < [ 1fPdu = lIfIl, = 1. Since 1> 1, we have (| FANP A <
[f(ADIPu(A;). And so

Y (fA A < Y IFA)FuA)

ieN ieN

[ isra
X

1.

Hence we get that [|[W||7 < n7'M.
(c) It is a direct consequence of (a) and (b). O

IA

A

Here we give some necessary and sufficient conditions for W to be bounded as an operator on L*(u).

Theorem 2.3. Suppose that W : L®(u) — L®(u) and u; : X — C. Then the following assertions hold.
(a) If us are non-negative and Y., u; € L*(u), then W is a bounded operator.
(b) If W is a bounded operator, then )i, u; € L¥(u).
() If uils are non-negative, then W is a bounded operator if and only if Y,;_y u; € L®(u) and in this case |W|| =
Il Xiz1 illeo-
Proof. (a) Suppose that )\, u; € L®(u). Then for any f € L*(u) we have

n

WA <Y wlfopl < 1) ullellflle.
i=1

i=1

This means that ||[W]| < [| Y, tillco-
(b) We may assume that p(X) > 0 and so |[Wxxlle < [[Wllllxxlleo, this implies that || Y1, uille < [WIl. O

In the sequel, we provide some necessary and sufficient conditions for W to be bounded as an operator
from L*(p) into LY(u), when 1 < g < 0.

Theorem 2.4. Let 1 < g < oo and W be a bounded operator from L% (u) into L7(u).
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(a) If W is a bounded operator from L™ (u) into L(u), then Y.\, u; € L1(p).
(b) If Y1y luil € L) then W is a bounded operator from L™ (u) into L(y).
(c) If u;s are non-negative, then W is bounded if and only if Yoimq ui € L(u). In this case ||W]| = || i, uilly.

Proof. (a) We may assume that p(X) > 0. Since W is abounded operator from L* (u) into L1(u), [[Wxx|l; < [[W]]

and
f Wxld(u)
X

[ 1Y il

i=1
n
1Y il
i=1

Hence Y'iLy u; € L7(p) and || Xy willy < [WII.
(b) Suppose that Y'i_, |ui| € L7(u). Then for every f € L®(u), we have

Wl

WAL = f 1Y wif o iy
X =1
< f ) lulf o pilyidu
X =1
<

n
1Y Tl
i=1

Therefore, W is a bounded operator from L®(u) into L7(y) and [|W]| < [| Y12, [uilllg-
(c) If us are non-negative, then by (a) and (b) we have [|[W|| = | Y uilly. O

Here, we provide some examples to illustrate the results of this section.

Example 2.5. (a) Let X =[0,1], du = dx and T be the o-algebra of Lebesgue sets. Take u1(x) = x3+3x, up(x) =
3x% + 1 and 1(x) = @a(x) = x. If W : L®(u) — Li(u), then uy + uy € LU(u) and so W is bounded with
[IWII < [l + uallrag)-

(b) Let X =[0,1], du = dx and T be the Lebesgue sets. Take uy(x) = x>+1, ua(x) = 2xand p1(x) = x, @a(x) = x%.
If W L*®(u) — L®(u), then uy + uy € L*(u) and W is bounded with ||W]| < [luq + tze.

(c) Let X =[1,2],du = dx and L be the Lebesgue sets. Take u1(x) = X2, up(x) = %(x+ 1) and p1(x) = x, @a(x) =

%x. If W : LP(u) — Li(u), then ], = x2, J» = 2x + 1. Direct computations show that J; + |, € LP% and
IWIl < 207Y|]1 + h”ﬁ'

Example 2.6. Let (w,)neN be a sequence of positive real numbers, we define a measure 1 on P(IN) (the power set of
IN) by W(E) = Y. ,eg Wy forany E € P(N). Let uy(n) = ay,, p1(n) = n,u(n) = B, 2(n) = n a direct computation
yields hy(n) = 1 = hy(n), J1(n) = ay, Jo(n) = B, in which {a,} and {B,} are sequences of real or complex numbers. If
W : LP(IN) — Li(IN), the followings hold:

(a) If sup, n lvn + Bul < oo, then [|W|| < sup,, . It + Bal.

(b) Ione]N wylay, + ,Bn|ﬁ < o0, then

IWI <27 () walaty + BulP7) 7 (1< g <p <o)
nelN
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|an+ﬁn| |an+ﬁn|

a1 1
(c) If sup, 77 < oo, then ||WI|| <277 (sup,,cn 77 ) (I<p<g<oo)

w, w

n

-1
(d) If”(an + ﬁn)”L’i(v) < oo, then [|W|| <277 (e, + ﬁn)”L‘l(v)-

n

Example 2.7. Let X = [0,1], du = dx and T be the Lebesgue sets. Take ui(x) = 2x — 4, up(x) = x2 + 4 and

1(x) = @a(x) = x2. Direct computation shows that hi(x) = ha(x) = ﬁ;{ and J; = 4x — 6+/x + 48 — %,

Jo = x22\/§ +6xVx +24+/x + %, where W : LP(u) = L9(u) q=3,5,7,... and p > q. Hence W is bounded, but
it’s summands are not bounded.

3. Compactness

In this section, we characterize compactness of W as a bounded operator between different LP-spaces.
First we provide some necessary and sufficient conditions for W to be compactincase 1 < g <p < 0.

Theorem 3.1. Let 1 < g <p < coand | = Yi_y liE'(jui|")op; . Then the followings hold.

(a) If W is a compact operator from LP(u) into L(u) and w:s are non-negative, then J(B) = 0 u —a.e and
P
Liien J(Ai) 7 u(Ai) < co.
(b) If](B)=0 u—aeand ) ;N ](A,')ﬁy(Ai) < oo, then W is a compact operator from LP(u) into L7(u).

Proof. (a) First, we show that J(B) =0 u —a.e. Suppose on the contrary, then we can find some 6 > 0 such
that S = {x € B; J(x) > 6} has positive measure. We may also assume p(S) < co. Since S is non-atomic, we

can find a sequence {S,},en C L such that S,.1 € S, € S with 0 < u(S,) < @ For each n € IN, we define

= —1_ (Clearly, =1
fr Voo v, I flly =

Let A € X with 0 < u(A) < co. Since p > 1, we get that | [ fuxadyl = % < (ST < (B S0

as n — oo and so f, — 0 weakly. Since W is compact, we have |[Wf,||; — 0. On the other hand,

RS qXS (PZ ]iXSn
W _Zf oy Zl" EoE

A contradiction, hence [(B) =0 u —a.e. Moreover, since W is compact, then is bounded and so we have
fx ]ﬁ du < co. Therefore,

Y JA)FIp(A) < eo.

ieN

(b) Since Y jen | (Ai)ﬁ U(A;) < oo, there exists some k;, € IN such that

7 1
Z J(A) = u(Ai) < pt

i>ky

Let A = Uf:lAi and define W = WMyy. Clearly, W is a finite rank operator. Moreover, for every
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f € LP(u) we have

IWfF-W Al = fxlwf—W’fIW

< q-1 ifoi(l- o @i)d

< n fX;qu @il"(1 = xa ° pi)du

= nq—lf JIflidu
Uisky Ai

< w1 A uan 7 (Y I araan
>k, >k

< T,

Therefore W is the limit of finite rank operators, and so W is compact. [

In the second theorem of this section, we give some necessary and sufficient conditions for W to be compact
incasel <p <g < oo.

Theorem 3.2. Suppose that 1 <p < g < oco.

(a) Let us are non-negative and the sequence {l(A;)}jen has no subsequence that converges to zero. If W is a

compact operator from LP(u) into L7(u), then J(B) =0 u —a.e and lim;_,o I (A;)_,, =0.
WA T
(b) If](B) =0 u—a.eandlim;,« ](Ai,);,, =0, then W is a compact operator from LP(u) into LI(p).

WA ?

Proof. (a) Since W is compact, it is bounded and so we have [(B) = 0 u —a.e. Now; we show that

lim; 00 % = 0. Suppose on the contrary, then there exists constant €y > 0 and we have {ji}ten € IN such
(A
A . X
that It "‘q),p > €o for all k € N, define f; := s S
WA T u(Aj)

Obviously, f; € LP(u) and [|fill, = 1. Let A C X with 0 < u(A) < co. Since the sequence {u(A)}jen has no
subsequence that converges to zero, {k € N;A; C A} is finite and so u(A;, N A) = 0 for sufficiently large k.

Thus, | xadul = HAOA 0 as k — oo, it follows that f, — 0 weakly. Since W is a compact operator,
X s IV y p P
W fill; — 0.
On the other hand

- XA, 0Q; 4
W £l 2 f L [dy = u(A;) " f Jxa,dy > €o.
- X X

i=1 nu(AJk)
A contradiction. Hence, we have that lim;_, L"q)_,, =0.
s
(b) Since lim;_,q, — (Ai,),,, = 0, for every m € IN, there exists some k,, € IN such that JA) < L for all
wA) 7 u(A) P

i>ky. LetA= Ul;glA jand W' = WMy 4. Easily, we get that W' is a finite rank operator. Similar to the proof
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of the previous theorem we have

IWf-W Al = fX W —W fidy

g-1 9
< fx vy
= 1Y JADIFATu(A)

i>ky,

Ai 1
JA) fanpuant

i~k H(A7) 7

1 g
n (=) Y (AN A

>k

— nq—l

IA

Let f € LP(u) with ||f]l, < 1. Forany i € N,
AP (A < f P = IFIE < 1.
X

Since % > 1, we have that (If(Ai)Ipy(A,-))% < |f(A)IPu(A;) and so

IA

1,1
n ) ) FADP (A

ieN

1
= i [ i
m Uie]NAi f H

< e [ v

ni-1
< —.
m

IWf — W £Ij

Consequently, ||[W - W'|| = 0 as m — oo. Therefore, W is compact. [

In the last theorem of this section, we give some necessary and sufficient conditions for W to be compact
as an operator from L*(u) into L9(u).

Theorem 3.3. If1 < g < coand | = Y.\ hiE'(Jui|")oq;?, then the followings hold:

(a) If ws are non-negative and W is a compact operator from L= (u) into LI(u), then J(B) = 0 u —a.e and
Lien J(ADp(Ai) < 0.
(B) If](B) =0 p—a.eand Y,y J(Ai)u(Ai) < oo, then W is compact a operator from L= (u) into LI(t).

Proof. (a) First we prove J(B) = 0. Suppose on the contrary, then there exists some 6 > 0 such that
S = {x € B; J(x) > 0} has positive measure, we may also assume that 1/(S) < co. Since S is non-atomic, we can

find a sequence {S,},en € X such that 5,41 € S, € Swith 0 < u(S,) < @ For each nn € IN, define f, = xs,.
Obviously, ||fll = 1. Let A € £ with 0 < u(A) < co.

Since q > 1, we get that Ifxf,,)(Adyl =uSnNA) < @ — Oasn — oo and so f, — 0 weakly. Since

W is a compact operator, [|Wf,|l; — 0. On the other hand IIanllq >y, X“?)(Sn o @idu > 6u(S,) >0, a
contradiction.
Since W is compact, it is bounded and so

=Y, [gatu=Y [ s [y <o
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Hence Y J(Ai)p(Ai) < co.
(b) Since Y jen J(A) (A7) < oo, there exists some k,, € N such that

1
Zk] JA(A) < .

Let A = UleAi and set W = WMy4. Clearly, W is a finite rank operator. Moreover, for any f € L®(u)
we have

IWF-W Al = fXIWf—W’flqd!J
< g-1 ; iq 1-—- i d
< n f}(;lufoqol( Xa0pi)dy
= a7 Y JAA)IFA
i>ky,
< I

This implies that ||[W — W|| = 0as m — co and so W is compact. [J
Finally we provide some examples to illustrate the main results of this section.

Example 3.4. Let X = U, en(m — 1, 1) U, u be the Lebesque measure on \J,on(n — 1,n), u({n}) = n, forn € N
and uy = up = 1. Define ¢; : X — X as:

x? x=2kkelN
p1(x) ={x+1 xx=2k-1,keN
n Ifn-1<x<n(nelN)

and

(x=12 x=2kkeN
@2(x) = qx x=2k-1,keN
n Ifn-1<x<n(nelN)

Direct computations show that

1+\/iﬁ n is even and n = k? for some k € N
hi =11 nisevenand n # k%, Yk € N
i n is odd
and
S ta+1 nisoddand n =K for somek € N
hy=41+1 nisodd and n # k%, Yk € N
% n is even

It follows that J(U,en(m — 1,1)) = 0 and for p < g, lim, e ](",,);p = 0. By [3.2] W is a compact operator from
u(n) ?
LP(X) into L(X).
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Example 3.5. Let X = IN and (w,)nen be a sequence of positive real numbers, we define a measure p on P(IN) by
WE) = Ypegwn  forany E € P(N). Let u1(n) = ay, @1(n) = n,ux(n) = Bu, 2(n) = n for any n € N. Direct
computations yield that hy(n) = 1,hy(n) = 1, J1(n) = ay,, Jo(n) = B,. Hence we have the followings:

(@) If ¥ pen Walon + [Mﬁ < oo, then W is a compact operator from LF(X) into L1(X) for q < p.
(b) If lim, e “”:ff,” =0, then W is a compact operator from LF(X) into L1(X) for q > p.

w,
(©) If Y e Walay + Bul < 00, then for 1 < g < oo, W is a compact operator from L®(X) into L1(X).

Example 3.6. Let u(n) = n, uy(n) = nl—a, Q1(n) =n, up(n) = %, @2(n) = n, a direct computation yields hy(n) =1 =
ha(n), i(n) = =, Jo(n) = =&

(a) For1 < q <p < oo, Wis compact, since ) e ](n)ﬁy(n) < 00,
(b) For1l <p < g < oo, Wis compact, since lim,,_,c % =0.
nb

L and W is compact, since ¥,cn J(n)p(11) < oo.

= 1 —_
n*

(c) Forl<gq<oo,J(n) =5+

4. Essential Norm

In the current section we are going to estimate the essential norm of W as an operator between different
LP-spaces. First, we consider W as a bounded operator from L*(u) into L7(u) incase 1 < g < p < oo.

Theorem 4.1. Let 1 < g < p < oo, u(X) < coand W = Y,iL; u;C,, be a bounded operator from L™ (u) into L(u).
Put
a=inf{r > 0: Nr({’/j) consists of finitely many atoms},

where | = Y1y hiE (|ui|T)op;t and No({f]) = {x € X : {[J(x) > r}. Then

IWlle < Jn7 (X

Proof. (a) Lete > 0. Put K = Nyse({/]), u; = UiX -1k and W' =Y., u,C,,. Since by definition of &, K consists

of finitely many atoms, W = Yo u;Cy, M, is a finite rank operator on L7(u). Hence for every f € L*(u) we
get that

IWf - W gl f Wf - W fidu
X
n‘HZ f |uilTxx\ko@il I © @idu
i=1 VX

n
nt™! f Jilfl'd
;‘ X\K o

n " (a + ) uONIfIIG.

IA

IA

Thus, we have
’ q-1 1
IWf =W flly <n7 (a+e)uX) 7l fllo,
and .
IW-Will<n7(a+euX).
The compactness of W' implies that [|[W]l, < [W — W|| < {ni1u(X)(a + €). Consequently, [[W], <

Vi tu(X)a. O

Here, we provide a lower bound for the essential norm of W as a bounded operator from L?(u) into L*(u).
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Theorem 4.2. Let 1 < p < oo, u(X) < coand W = Y. u;Cy, be a bounded operator from LP(u) into L(u). Put
a =inf{r > 0: N.({/]) consists of finitely many atoms),
where | = Y1, h,-Ei(Iuilf’)O(pi‘l. Then If u;s are non-negative and the sequence {1(A;)}ien has no subsequence that

converges to zero, then ||W|l, > —2+.
wx)?

Proof. For every 0 < € < a, the set N,_¢({/]) either contains a non-atomic subset or has infinitely many
atoms. Since [|[W]|, = infsex |[W — S||. Then we can find a compact operator T such that [|[W - T|| < |[W]l, + €.
If N,_«({/]) contains a non-atomic subset B, then we can find a sequence {Bj}jen C X such that Bj,; C

Bj € B with 0 < u(B)) < # For each j € IN, define f; := i —+, obviously [Ifill, = 1. Let A ¢ & with
(B

0 < u(A) < o0. Since p > 1 we have

u()

) n—)O asj — oo.

WANB) .
| f S = £ < )b < (2P

So f; — 0 weakly and Since T is compact, || Tfj|| — 0.
Now; we assume that N,,_({/]) contains infinitely many atoms. Let {A} en be disjoint atoms in N,—( ).

Put g; := and let A ¢ X with 0 < u(A) < co. Since the sequence {u(A)}jen has no subsequence that

(A )“
converges to zero, {j e N; A; C i C } is finite and so y(A N A) = 0 for sufficiently large j and

HANA;)) )
|f9])(A|_——>O asj — oo.
(A7

It follows that g; — 0 weakly. Since T is compact, we have ||Tg,|| — 0. Therefore.

WIEECO > | | Yo s

Zf pXBjo(Pz

B 1(Bj)

= — WE@W’) o o7 xp.d
H(Bj)lz_':‘fx () 0 @i
1
u(B) fB,.”‘Bf g

> (a—e).

Thus we get that [|Wfjlle > -4=5-. Similarly, we have |[Wgll > =5 It follows that
ue? ux)?

IWlle > [[W-Tll-e€
IWfi = Tfillo — € 2 [IWfillo = ITfillo — €
IWg; = Tgillo —€ 2 IWgjllo = ITgjllc — €
a—e
p(X)”

Since € > 0 was arbitrary, then we obtain [|[W]|. >

. O
pXr

In the next theorem, we find an upper bound for the essential norm of W as a bounded operator from L?(u)
into L7(u) for1 < g <p < oo.
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Theorem 4.3. Let1 < g <p < oo, u(X) < coand W = i, u;C,, be a bounded operator from LF (i) into (). Put
a =infr >0 ; NA(/]) consists of finitely many atoms),
where | = Y1y hiE(|ui|)op; . Then [|[W|, < n%y(X)%_%’a.

Proof. Take € > 0, put K = Nore(V]), 4, = u; Xty and W' = Y.L u,Cy,. Since by definition of @, K consists
of finitely many atoms, W' = Y., u;C,, My, is a finite rank operator on L7(u). Hence, for every f € LP(u) we
get that

IWf-W Al < ”q_lzf|Mi|qXX\K0(Pi|f|q°(Pid[J

i=1 VX

= n'! Jilfd
; . flidu

< i N a4+ )1 (uX)F ).

Thus 1 L
IWf =W fll; <nv(a+e)uX)" #lIfll,
and so

W =W lly < 1P (@ + e)u(X)T 7.
Compactness of W' implies that [[W]l. < [W - W, < ni(a + e)y(X)%_i. Consequently, |[W]l. <
n%‘u(X)%*%'a. O

Now we provide some upper and lower bounds for the essential norm of W as an operator from L (u) into
Li(u)incasel <p < g < oo.

Theorem 4.4. Let1 <p <q < oo, u(X) < coand W = i, u;C,, be a bounded operator from LF (i) into L(u). Put
a =inf(r >0 ; NA(/]) consists of finitely many atoms),
where | = Y.iLy BiE (|luil")o@; . Then the followings hold.
(@) If M = supiey —Lr < oo, then [ W]l < nr Mi

(b) If w;s are non-negative and the sequence {1(A;)}ien has no subsequence that converges to zero, then [[Wll, >
a

1.1
wxyr-a

Proof. (a) Take € > 0, put K = Nase(Y]), u; = tix,1 and W' = YL, u.C,,. Since by definition of &, K

consists of finitely many atoms, W = Y./ u;Cy,M,, is a finite rank operator on L7(u). Hence, for every
f € LP(u) we have

IWf-W Al < nq*i fX il xxk © @il f17 0 pidy
1 ij,l
= Z; fx v
< nql(a+e)‘7£|f|‘7dy
< @+ e TM Y (FANIH(A).

ieN
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If|Ifll, = 1, then |f(A)IP u(A;) = fAI, IflPdu < fX|f|pdy = |IfIl, = 1. Since % > 1, we have (|f(Ai)|p[J(Ai))% <
|f(A)Pu(A;). And so

Y (fApvuA)’ < YA uA)

ieN ieIN

f |fPdu
X

1

Hence, we get that |[W — W’||9 < n9!M(a + €)7. The compactness of W' implies that [|W||. < [[W - W'|| <

n%M%(a + €). Consequently, ||W]||, < n%M}?a.
(b) For every 0 < € < a the set N,_¢(/]) either contains a non-atomic subset or has infinitely many atoms.
Since [|W]|. = infsex [[W — S||, take compact operator T such that [|[W — TJ| < [|[W]]. + €.

If N,—e({/]) contains a no-atomic subset B, then we can find a sequence {B;}jen € X suchthatBj,; C B; C B

with 0 < u(B)) < @. For each j € IN, define f; = lIfill, = 1. Let A ¢ X with 0 < u(A) < oo.

y(AﬁB )

A

H(B/)
< u(B)" < (“(B)) 7 > 0as j — o. So fj — 0 weakly. Since T is

Since p > 1, we have Ifo])(AI

compact, we have ||Tfj|| — 0.
Now assume that N,,_.(«/]) contains infinitely many atoms. Let {A}jen be disjointatomsin N,—( {/]). Put

g;j= and let A €  with 0 < u(A) < co. Since sequence {i(A)}jen has no subsequence that converges
H(A; )"
to zero, then {j € IN; A; C A} is finite and so u(A; N A) = 0 for sufficiently large jand | [, gjxal = @ -0
wAp?
as j — oo. It follows that g; — 0 weakly. Since T is compact, we get that [|Tg;|| — 0. Thus, /
IWFilly = f | quy
1 #( )
Sy
=1 YX (B )
J
= f Ay
Bi u(Bj)?
> (a - e)q.
= [
p(X) 7
Similarly, [|[Wy;ll; = (;)% T It follows that
Wlle > [IW-Tl|l-e
IWfi = Tfilly — e 2 IWfjlly = ITfilly — €
Wg; = Tgill; — € = [[Wagjll; = ITgill; — €
a—€
> T — €
pX)r
)

Since € > 0 was arbitrary, we obtain [[W]], > —%—.
ueo?

In the last theorem we give some upper and lower bounds for the essential norm of W as a bounded
operator on L*(u).
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Theorem 4.5. Let 1 < p < oo, u(X) < coand W = Y.L u;C, be a bounded operator from L*(u)into L*(u). Put
u=Yy",uand
a=inf{r >0 ; N,(u) consists of finitely many atoms}.

Then the followings hold.

(@) Wl < a.
(b) If u;s are non-negative and the sequence {u(A;)}ien has no subsequence that converges to zero, then |[Wll. > a

Proof. (a) Take € > 0, put K = Nyqe(u), u;. = UiX -1 (k) and W = Yo u;C(,,,.. Since by definition of a, K consists

of finitely many atoms, W' = Y[, u;C,, My, is a finite rank operator on L*(u). Hence, for every f € L®(y),
we have

Wf-Wfl = |Zuifo(PiXX\K|
i=1
< ) lllf o pillxxd
i=1
< (@+lfll.

Thus, we have |Wf - W’flloo < (a+ o)llfllo and [|W - Wl <a+e. Compactness of w implies that
IWle < IW - W|| < a + €. Consequently [|W||, < a.

(b) For every 0 < € < a, the set N,_(u) either contains a non-atomic subset or has infinitely many atoms.
Since ||W]||, = infseg [[W — S|, one can find a compact operator T such that [|[W — T|| < [|W]|, + €.

If Ny—¢(u) contains a non-atomic subset B, then, we can find a sequence {B;}en € ZsuchthatBj,; C B; C B
with 0 < u(Bj) < % For each j € N, define f; = xp;. Obviously, ||fjllo = 1. Let A C £ with 0 < p(A) < co. We
have

1 .
Iffj)(Alz‘u(AﬂBj)<y(Bj)<?—>0 as j— oo.
X

So fj — 0 weakly. Since T is compact, we have [|Tf;|| — 0. Now; assume that N, () contains infinitely
many atoms. Let {A};en be disjoint atoms in Ny—(u). Put g; = Xa; Let AC X with 0 < p(A) < 0. Since the
sequence {(A)}jen has no subsequence that converges to zero, {j € N ; A; C A}is finite and so u(A;NA) =0
for sufficiently large j and | fngXAI = u(ANAj) > 0as j— oco. It follows that g; — 0 weakly. Since T is
compact, we have that ||Tg;|| — 0 and

n
|Z Uuixs; © @il
i=1
n
Z UiXs; © Qi

i=1
> a-—E€.

W filloo

Thus, we have [|[Wfill. > a — €. Similarly, |[Wg;llc > & — €. It follows that
Wlle > IIW-Tl-¢€

IWfi = Tfillo — € = [[Wfilleo = ITfillo — €
IWg; = Tgjllo — € 2 [IWgilleo = ITgjllcc — €

> a-—2e.

Since € > 0 was arbitrary, we obtain [|W||, > a. O
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