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for Weak Hopf Group Coalgebras
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Abstract. In this paper, we mainly construct a Morita context associated to a weak Hopf group coalgebra
and as application we also compute the Morita contexts of weak Hopf group Galois extensions.

1. The first section

Recently, Turaev introduced the notion of a Hopf t-coalgebra which played important role in homotopy
quantum field theory and generalized the notion of a Hopf algebra. In [7] the authors proved that a Hopf
group coalgebra is essentially a Hopf algebra in a symmetric monoidal category called Turaev module
category. Another important generalization of Hopf algebras is in the introduction of weak Hopf algebras
in [4] and [5]. The axioms are the same as ones for Hopf algebras, but the multiplicativity of the counit and
comultiplicativity of the unit are replaced by weaker axioms. These naturally lead to the introduction of
weak Hopf algebras in Turaev module category called weak Hopf group coalgebras in [9-12].

The basic idea of Morita contexts is to find a relationship between two rings via their modules, which
is weaker than Morita equivalence, but is still strong enough to enalbe the rings to share some properties.
Cohen and Fischman formalized the relationship between AfH and AH via a Morita context [3] which
extended earlier works of [1] and [2]. Using the theory of Hopf group coalgebras, [13] generalized Morita
contexts in the setting of group corings. Dually, the authors also investigated some properties of (weak)Hopf
group algebras in [14-15].

The aim of this paper is to establish a Morita context for a weak Hopf group coalgebra, as example we
also compute the Morita contexts associated to weak Hopf Galois extensions which generalize the result
in [6]. The organization of this paper is as follows. In section 1, we recall some basic notions and present
a summary of important properties concerning weak Hopf group coalgebras. In section 2 we construct a
Morita context for weak Hopf group coalgebras. In section 3, as example we compute a Morita context
related to weak Hopf group Galois extensions.

Conventions We work over field k. We denote by i the unit of the group 7. The identity map from any
k-space V toitself is denoted by idy. We follow Virelizier’s paper for the terminologies on 7t-coalgebras and
mi-comodules. (see ref.[7])
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Definition 1.1. ([7]) A m-coalgebra over kis a family C = {C,} e, Of k-spaces endowed with a family k-linear
maps A = {A,p: Cop = C, ®Cy, ¢ 14 ® Cop} and a k-linear map ¢ : C; — k such that

a,fen
(Aa,ﬁ ® idCy)Aaﬁ,y = (idCa ® A{%,)/)Aa,ﬁyr a, ﬁ/)/ €T, (1)
(ide ® E)Aa,i = (8 ® idcw)A,‘,a = l'dca, o € 7. (2)

Definition 1.2. ([9]) Let C = {Cy}aer be a m-coalgebra and M a k-space with a family of k-linear maps
p= {pa ‘M->M®C,, pa(m) = myo] ® M([1],a), M € M}

aemn”

We call M a right C-rt-comodulelike object if the following conditions are satisfied:
(Pa ® l'dcﬁ) °pp= (ldM ® Aa,ﬁ) O Pap, Oé,ﬁ €T, (3)
(idp ® €) 0 p; = idp. 4)

Definition 1.3. ([10]) A weak Hopf mt-coalgebra is a family of algebras {H,, lia, 1a} e, and also a m-coalgebra
{H, A ={Agg} e}, pen endowed with a family S = {S, : Hy-1 = Hj},er Of k-linear maps called an antipode
satisfying the following conditions for any a, § € 7,

Aap(hg) = Aap(M)Asp(g), €(1i) = 1;, h, g € Hyg; (5)
A*(Lagy) = Lapyia ® Lagy2s ® Lagysy = Lapta ® Lgy1plapas ® Lgyay = Lapia ® lapapleyip ® 1oy (6)
e(xyz) = e(xyri)e(yaiz) = e(xy2)e(v1iz), x, v,z € H; (7)
X1aSa(X2e1) = €(11iX) 120, X € Hy; 8)
Sa1(X1a)xoa1 = 11p1€(x12), x € Hy; )
Sa1(X12)%20-180-1(X3a) = Sa-1(Xa), X € Hy. (10)

We call H finite-dimensional if for any o € 71, H,, is finitely dimensional. In this paper we always assume
that H is finite-dimensional.

Let H be a weak Hopf m-coalgebra, we define
I—Izrx :H; - H,, I_I:X(h) =Hhe = 11a€(h12i)/ he H;

m, . Hy — H,, 1 (h) = ' = 15,e(13;h),, h € H,.

Let H be a weak Hopf m-coalgebra and M a right H- n-comodulelike object. The coinvants of H on M
are the elements of the k-space

MO = {im = (11a)ger | 0] ® M(11,0) = 10 @ 111"
Lemma 1.4. Let H be a weak Hopf r-coalgebra, then for any a,f € m, h,g € H;, | € Hyp,
I\l I 1 riy' Ta AT,
(hzg) :haga; (hg:)a :hagw. (11)

o™ ® by = lia ® LgSp(g'"), lia ® §%log = Sa(g's )1a ® Lyg. (12)

Haghe = ghehla, e(Wig) = e(hg), e(hg") = e(hg). (13)
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Proof. In fact, forany a,f € m, h,g € H;, | € Hop, " € H}, g* € H,

, , (14 )
Hagh = (i) loae(g)ly, ‘L (ST (Lo )e(lig)1sa = (ST (Lah)e(Lig)1sq
(8 ) 1yt N
= &(L2ih)e(Si(13:)9)Sa(lign) = e(loihig)Sa(ly) = (hl’g)];

16)111]
(1" ® 7Y (l1ag"™ ® lag) = W' (11ag)g"(l2g) = I (e 1,)0° Ua)e(laig ™) “E (a1} (a)e(lailaig”)
* * ¥ (8)[11] * * T * * Vp-1 * * —
= 1 (lia)g (lsp)e(ig™) "= 1(ha)g (LpSi(g")?) = I (lha)g" (sSp(g* ) = (h* ® g")(l1a ® LpSp(g));
hltlgra = 8(111']/1)12018(91,21‘)1/10‘ ©

= 8(111‘]’1)1/1&12&8(91’2[) = gr“hl“;
7
e(g) = e(lug)e(hly) 2 e(ng).
Similarly one can obtain the other equlities. [

Definition 1.5. ([10]) Let H be a weak Hopf m-coalgebra. An algebra A is called a weak right H-rt-comodulelike
algebra if A is a right H-n-comodulelike object via p = {p,} .. such that the following conditions are satisfied:

pa(ab) = pa(@)pa(), a,b €A, a € T; (14)

10y ® L(pi.apia ® Lunapzs = 1ot ® 11,110 ® Ly, a, B € 7. (15)
Lemma 1.6. Let H be a weak Hopf mt-coalgebra and A a weak right H-ni-comodulelike algebra. Then

ago ® g1y = 110a ® Lquy; apo) ® aqiyy™ = aljo) ® Sa(luyan), ¥ €T, a € A. (16)
Proof. In fact, for any @ € mand a € A, we compute

a0 ® aqun' = apo) ® e(Liiaqy)laa = Ligapo) ® €1l paqiyn)laa @ 1gj101 ® €Ly 180110) Ly o

=109 ® Lupay

Similarly we can obtain the other. [J

Remark 1.7. Eq. (15) is equivalent to the first part of Eq. (16).
In fact, if ag) ® aq),’* = 1oja ® 1(1y), then we compute

5) (16) L
Tio1 ® L ppy18 ® L(uipyzy = Liotor ® lioyqurg ® iy = Liojo ® 1[01<[11,ﬁ?1§9 L
)

, , (3) , ;8 , ,
= Tjojg01 ® Loy p e (1 Lqu1n) ® 15, = Tioy @ L pupe (1 Lup) ® 1, = Loy ® 131y © 1,

Definition 1.8. Let H be a weak Hopf mi-coalgebra. A left (resp. right) m-integral for H is a family of k-linear
forms A = (An) e € [1aenHa™ such that

fAa = f¥Aga, (tesp. Aof = Aagf™), a,pEm, f € Hg, (17)

where f%, f'* € H*, fls(h) = f(h*), f's(h) = f(h'¢), h € H,.
In addition, if for all @ € 7T, S (An) = Ay, then we call A = (Ay) e @ S-fixed left (resp. right) integral for H.

Lemma 1.9. Let H be a weak Hopf m-coalgebra. Then the following assertions are satisfied for all « € , f €
Ha*, ge Hﬁ*:

erif" ® ey = floey; ® ey

(18)
E1i® &if = €1; ® f ey
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flgi® floy = e1if* ® eai;
feu® fy = eu®enif.
f1aS7HI") ® foa = fia ® frag"
fa'* ® fra = Sj(e1) ® exf;
fia ® foa™ = e1if ® 255
Fia"* ® fan = €1: ® feai;
fia ® o' = fe1i ® Si(e).
o fou = f;
flafZard = f

=1 qu ln — la .
S fru=1

*— *— T,
S = SN

- 1y
STy =ST(H

4102

(19)

(20)

(21)

(22)

(23)

Proof. The first parts of (18)-(21) are obtained in the following way. Applying x ® y € H; ® H; to both sides

of them, we get:

(18) LHS = e300 f (ua)eai(y) = eGery) fo) L f(ey)™) " ()™ = fla)e(ainy)
el f(Laa)e(Liixi)e(xaiy) = f(xii)eri(xa)eni(y) = RHS;

— Fla () fla (1) = Loy D NG TaY = oo (e ) Fla (ym Y em (1)) — .
(19) LHS = flej(x) fr(y) = f((xy)) "= f((xy")™) e(x1y) f(xai') = e1i(xni) f (x2i)eai(y) = RHS;

(20) LHS = flayg(s; ) " fenimg(57 i) T fctiiyg(izg)

14)011
e f(xy1)9(y2i*) = RHS;
8

S J;(x]“y) = e(11x) f(2ay) " (ST (1)) f (Y2a) = (S (1)) f(V2a)
= &(Si(X)y1i1) f(Y2a) = RHS,

by similar computations we can establish the rest of (18)-(21).

We end by proving the first parts of (22)-(23). Applying x € H; to both sides of (22) and (23), we get

(22) LHS = (fia" fra)(x) = f(x1ix25) = e(L1ix1;) f(1aaX2a) = f(x) = RHS;
(23) LHS = f(;1 (0" ™Y f(s1,(vir) = RHS,

the rest of (22)-(23) can be analogously checked. O

Lemma 1.10. Let H be a weak Hopf mi-coalgebra and A = (Ay) 4er a left integral for H (resp. C = (Ca)per @
integral). Then the following conclusions hold for all a,p € m, f € Hg", m € H,", g € Hy+" and h € H,g:

Cataf1p ® Cazafop = Caplap ® Cap2apf™-
(mAp), 45 ® (MAR)y s = M A ag1ap ® Aapaap-
Aagrap ® Ghaprap = S,1 (9)Ap1p ® Apop, (resp. Caraf ® Caop = Capiap @ CaprapSp-1(f))-
(81 (A1) (a) f(hop) = Sapy Napy! (h1ap) f(h2i),
that is, S*(A) = (S _, (/\a—l))aen is a right integral.

right

(24)
(25)
(26)
(27)
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Proof. Applying x ® y € Hug ® Hyp into two sides of (24)-(25), we have

(24) LHS = Ca(x1al1a) f( XZﬁyZﬁ) Caﬁ(xlaﬁylaﬁ F(( Xz:]/z:)ﬁ) o Cap(xyliap) f(Sp(12p-1))
[
UL L yiap) f(1ai") = RHS.

17) (7)1 o
(25) LHS = m(x1ay1a)Ap(x25Y28) = m((x1iy1)" Y Aap(X2apl2ap) = m((x1ivai) *)Aap(X2apY2ap)
®) [111
= e(riyri)m(ai®) Aap(Xaapy2ap) = mla(x1i)/\a[31aﬁ(x2aﬁ)/\a/52aﬁ(y):RHS-

(26) LHS = Eli/\aﬁlaﬁ ® gé2idapap @ Jra1"a Aaprap ® Joa-1 Aapoap = S’ (J1a-1)920-1 Aapiap ® G3a-1 Aapoap
(2 )

= S5 . (G1a- 1) aa1' Ap1p ® Apop = S ((@Ap1p ® Apop = RHS.
(27) LHS = Ay1(Sa-1 (1)) f (h2p) = Ag1(S (g (haﬂ) /3 Nf )(S (apy (hap)

16~ 1)
17) Th1¢ gl 17
- A (aB)” 1(5((1}9) 1(h1aﬁ )f B 1(5 (hzz)p ) (aﬁ) 1(5(045)*1 hlaﬁ))f(hZi *) = RHS.

O

Definition 1.11. Let H = @,e-H, be a weak Hopf algebra such that H is a mi-graded algebra and each component
(Ha, As, €4) is a coalgebra verifying Aup(hg) = Aa(h)Ap(g) for any h € H, and g € Hg. An algebra A is called
a left H-n-module algebra if A is a left H-module with a module structure decomposition H,-module via
o, :H,®A — A, h®a he,a for all @ € 7, such that the following assertions are satisfied:

hey(ab) = (H14000)(hageab), h € Hy, a,b € A. (28)
he,1 = H'“e,1, h € H,,. (29)

Example 1.12. (1) Let H bea finitely dimensional weak Hopf ri-coalgebra. Then it is easy to prove that H* = @uenHa"
is a weak Hopf algbra such that each component (Hy", 1a*,14") is a coalgebra verifying uag*(fg) = (ta”f)(ug"g) for
any f € Hy," and g € Hg".

(2) Let H be a finitely dimensional weak Hopf m-coalgebra. Then it is easy to show that an algebra A is a left
H*-mt-module algebra if and only if it is a right H-n-comodulelike algebra. In fact, if A is a left H*-m-module algebra,
as in the weak Hopf case, A becomes a right weak H-1t-comdulelike algebra via p = {p,(a) = u,8,a ® Uy} ..., where
u', and u, are dual basis in H," and H,. Firstly we have the fact u;ﬁ ® Uapia @ Uapp = u;u; ® U, ® ug and

Wy, ® Unpy ® Ug = Uy ® Uy, ® Uglly. Now we show that A is a right weak H-rt-comdulelike algebra. Indeed, for any
a,beA, a,p € n, wehave

apo] @ A(1],ap)1a @ A(1],ap2p = Uog®apl @ Uapia ® Uapap = 1y ®a(11;05a) ® e @ Ug = afojo] @ Ao)(1],) ® A1)
e(aqyiagp) = u;eae(u;) = coa = a;
(@b)o; ® (ab)11,0) = Up®alab) ® uy = (uyy,® aﬂ)(“az(x ab) ® Uy = (U 0,a)(1;,0,b) ® Ugtty = ajorbo) ® aq1y,a)b((11,a);

* (2 * * * *
L2 ® L)) = (U0 a@u, = (ualf*oal)a ® 1y = (slaual“oal)(emoaa) ® Uy = () 0 1) (1), ,0) ® Uy

@ Lo NA
= AR Uy = u LAY u, = aj0] D 411, *,

where the last equlity comes from the fact that % ® u, = u; @ ui for all a € m. In fact, applying h® f € H;® Hy'
into the two sides we have LHS = w3 (h) f (uy) = w’, (W) f(u,) = f(H'*) = RHS.
Conwversely, if A is a right weak H-mi-comdulelike algebra, then A becomes a left H*-mt-module algebra via

o= {f.aa = f(a([llra))a[o], f € Ha*, ae A}aen'
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In fact, forany f € H,", g € Hg", a,b € A, &, € 1t we have,

©)
fea(gepa) = glaqup) f (@)l = 9@qapep)i@quapiaan = (fP@qLap)ao = (f)0ap;
ce;a = e(aquy,i)agp) = 4;
19
fealab) = f((ab)qy,a)@b)o; =" faqiaobamaobo = fia@q,w)apo f2a(bgam)ap = (fra®ad)(f2a®ab);

(16)
foal = fqa)lio] = fqn™) o = fleal.

Proposition 1.13.  Let H be a weak Hopf mt-coalgebra and A a right weak H-mi-comdulelike algebra. Then Ay H*
@acr(Ally +H,") is an associative algebra with the unit 1#e, where the multiplication defined by (af)(blg)
a(fra®ab)l frag and A is a right H,*-module via the action given by a — fla' = Slf*l(f’a)oia, abeA, feH,, ge€
H *

ﬁ .

Proof. Firstly we have the following identity
g — flr = ST fyen B (ST, o) (ST () 0i1) B (erio)(eaiSTT () 0i)

28) gl

Th N
2 s (Met) " E afhen),

Now we prove that the multiplication is reasonable. In fact, for any f € H,", g € Hy", [ € H,", a,b €
A, a,p € mwehave,

(@ Flil)(big) = a(fo:1)(I1y o b)layg = a(eri fo1)(exilry o b)layg ‘= a(fley 01)(foyil1y 0, b)ny g

2 a1y, )ty g = (i f-D(bhg);
@O fg) = allyy o, b, fg = ally, S (F)e D)z 2 ally, S () o, D)l g

28 Y 1 — v 1 19 $— r.-1

2 0, ST o0y SR 0 Dy g Z allyeriob)(layenSTHF) T 0 Dilsyg
r 1 29

= a(li, &, 0)(12, S () o, Ditlsyg B alliy e, )Ly flr0, Dty g = @b — fl4g).

Next we have to show that AH" is a unital associative algebra. In fact, for any f € H,", g € Hg', 1 €
H), a,b,ce A, a,pem,

[ F)OEDI(CHD = a(fia®ab) (fradipoasOt fradogl = a(fraoalbyises)fragas! = @hAGROCAD];
(@hF)(1e) = afiaoaDifon = atfio” fou = abf;
(He)(af) = erieiateni f o eveiaer! f = (evoa)(exoDif 2 atf.

Thus we complete the proof. [

For simplicity we denoteafif by af foranya € Aand f € H,", and hence we have the following assertions.

Lemma 1.14. Let H be a weak Hopf m-coalgebra and A a right weak H-m-comdulelike algebra. Then for all
a€A, be A" and f e H,',

fﬂ = (fla.aa)fh)u (31)
b=1bf, (32)
foa(S 1 (fia)eaa) = af. (33)
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Proof. In fact, foranya€ A, b e A and f € H,", we have
f&l = (Wf)(ﬂﬁé) = (fla.aa)ﬁfZa = (fla.aa)fZa;

£b = (fra®ab) fan = Fa)bonfn = fia" Gauibonfan = (o o) fan 2 (Sier)ob)esifon F (e1itob)enifan
= (e1;0:b)&2i fou = bSi(e1j)é2if = bf;
FalS (fia)owi8) = (faS (i) o) o = (ST (Fia) ™" #0) foo = afia fou 2 af.
0
Let H be a weak Hopf m-coalgebra and A a right weak H-m-comdulelike algebra. Then A“H is a

subalgebra of A and so A is both a left A“-module and right A°!’-module via the multiplication. Directly
from Lemma 1.6 it is clear that 1 € A“H. In fact, for any a,b € A°H,

I, (1) I I L
(ab)jo) ® (@b) 11,0 = Ar01b1o] ® A1 by = agorbpor ® @y 5 bann) = aoibior ® @qu1pbyuyn)
l(’(
= (ab)(g) ® (@)1,

thus ab € A®H,

Lemma 1.15. Let H be a weak Hopf m-coalgebra and A a right weak H-mt-comdulelike algebra. Then
(1) Ais a left and right m-graded AH*-module under the graded action given by for alla,b € A, f € H,",

(a8f) > b =a(fe,b), b<(af)=S(f)e, (ba).
(2) Ais both A“H-A$H*-bimodule and ARH*-A"-bimodule, where A is A°-module via the multiplication.

Proof. To prove the statement (1) we firstly claim that the above actions are reasonable. In fact, for any
a,be A, feH,", geHg, wehave

(@ — flig) b= (a — fl)(gosh) D a(flre1)(goph) = a(erifo1)(exgosh) = a(fe,0i1)(Fpg0sb)
D a(Fgegh) = (aliflg) > b;

b (@ — fltg) = 95, (b pnaqus Lo ) Ay ™ broapor Loy

B o , la _ : la
= 9% Oqupnaquen L Lyp ) Ly Doy Loy = 9(S54 Baypnaaue Ly f (L broyaro)

(15)[11] _ _ ~
= g(55}1((b([l],ﬁ-l)a([l],ﬁ-l))1571))f (Sa}l ((b([l],ﬁ-l)a([l],ﬁ‘l))Ziy“ "Nbojaro;

(Thagil 4 lo
= 965 Gy, ) fSp bangHaqey),, ool

= (f9)(S . Oqupnaqupn)bodio) = b < (@hf'g).

Secondly we prove that A exactly is a left and right AfH*-module. In fact, foranya,b,c€ A, f € H,", g €
Hg", we have

[t f)(bHg)] > ¢ = (a(fra®ab)Bf2ag) > ¢ = afia(biw) f2a(Cay,apia)F(C1,apzp))ProlCI0]

@)

= afia(bq11) faa Cloyi11,0)9(cqurp)brojcronor = (@hf) > (big)] > c);

(1e) > ¢ = ecquyp)er = ¢

¢ < [@)O8] = foa (S €y ap) 1201110y 200 Pi0l11ap) 201 fra Baen)

XG(S 3 a1 apy 115311 150 Pl0N 1Ly 1)) 001010 O)

(©) -1 I 1\e-1 -1
= f(5,5 OS5 (C([l],(aﬁ)’lza‘l)a([l],(ozﬁ)’12a‘1)))g(sﬁ—l (C([l],(aﬁ)’l1/3-1)‘1([1],(&[3)’1)1[5‘1 by g-y15-1))C019101b10)

(141 1 1 -1
= fS A Q2a)S 5y apy 20 Aty 2a-)I S 5= (Cqay apy 158 i Lig D g))Cro1 101 broy
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= f(S 1 (Cupapyr2a A apy 20 IS 5 Capaprapn B apyg aig-))Ciodiorbrol
= (Crojpo)) < (bﬁg)f(s;}l (Cqupanaqilan)) = (c < (aflf)) < (big);
¢ < (1e) = e(S; (cquip))eror = e(cquip)eror = ¢

To prove the statement (2) we only need to show that A is a bimodule. In fact, for any a,b € A, f €
H,*, x € A°H we have
(Th.1.8)11 1 roe1 p
(xa) < (bﬁf) f(s O (x([l]a HA([1], l)b( [1],a- 1)))95[0111[015[0 = f(Saq (82" (e “)a([ll,afl)b([ll,a*)))x[Ola[()]bIOI

(15)
= f(S L panaqanbaran)XLodobio = (S 4 (@, a*l)b([l «1y))xago1bjo) = x(a < (bf1));

(bBf) > (ax) = bagoyxjo; f(aq1y,e) X q11,0)) = bagorXjor f(@qiy,m Xir,i hy @ b”[O Tiopxf (@quy,e L)
= bajoyxf(a(110) = (bRf) > a)x.

Thus we complete the proof. [

Lemma 1.16. Let H be a weak Hopf m-coalgebra with S-fixed left integral A = (Ay)per, and A a right weak H-m-
comdulelike algebra and A a right weak H-n-comdulelike algebra. Then foranya € A, f € Hg’,

Agaf = )\a(s*—l( f)eg-a). (34)
Proof. Firstly by (26) and S;,(A,) = A,-1, we have
S1p(Aa-ipaa-1p) ® fS 1 s(Aaipra-ip) = Sp(f)S, 1 (Aa-12a1) @ S (Aar1at),

applying S*} ;@ §*~1 to both sides of the above equality we get

Aa1g20-15 ® Agrigian ﬁsgl( )= Agigar f ® Agaqg. (35)

Foranya € A, f € Hg", we compute

(33) . G1) - —
aaf = AafZﬁ(S 1(flﬁ).ﬁa) = (AalafZﬁS 1(f1ﬂ).aa a2af3ﬁ - (Aalas 1(f1ﬂ).aﬁ 1a)AaZ(xf2ﬁ
35) — » 23) o
(/\alas 1(fZﬁ ﬁ)S (flﬁ).aﬁ 1“)Aa2a (— (Aalas 1(f25)ﬁ S (flﬁ aﬁ*la)/\aZa
19) (31)

= (S 1(fap) ), St (fip)®ap1@)(AaSymi( (fop)"™ ), = Aa 5* H(fap) (S (fip)ega) = Aa(STH(f)ega),

Thus we complete the proof. [
After these preparations we can give the main result.

Theorem 1.17. Let H be a weak Hopf m-coalgebra with S-fixed left integral A = (Ay),er, and A a right weak
H-mt-comdulelike algebra. Then [A“H, 4on A AdHerAgH: Apert, T, X] forms a Morita context, where

T: A®unA — AH", t(a ® b) = (aAab) perrs
X 1 AB A = A, x(a®Db) = (Aa®a(@h)) ey

Proof. From Lemmal.15 we know that A is both an A“-A#H*-bimodules and an AfH*-A“H-bimodules. To
verify the conditions for a Morita context we have to show that 7 is an AfH*-bimodule map which is middle
A®H_linear, x is an A°H-bimodule map which is middle A§H*-linear and associativity holds.

Firstly we claim that 7 is an AH*-bimodule map which is middle A®-linear. In fact, for any 4,b,c €
A, x € A°" and f € Hg" we have

(ctf)r@®b) = cfarab L c(figopn) fophab 2 c(figop) fos Aub E c(fopa)dab = T((ctf) > a @ b);
T@a®b < (chf)) = t(a® S;;ll(f)oﬁfl (be)) = al, S*‘l(f)o 1(bc)) Do Jbef = (@@ b)(chf);
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T(ax ® b) = axA,b @ ar,xb = t(a ® xb).

Secondly we prove that x is an A“H-bimodule map which is middle AfH"*-linear. In fact, for any
a,b,ce A, x € A" and f € Hg" we have

X(a@b) = Ay (xab) E (Aa10000)(20®2(@h)) = (Aa1a" 0 (Aara®a(@b)) 2 (S:(e1)0ix)(E2i1 s 0a(ab))
= (e1®:7)(e2i Ao ®a(ab)) = (e10:%) (€210 ®a(ab)) B eoi(x(Aaoa(@b))) = X(Aq °a(ab)) = xx(a®b);
(@@ DY) = 1404(ab%) Z (Aa109a(ah)(Ma2a®aX) = (a1 ®a(@))(Ag2a0:%) B (€140 00 (ab))(e2r0:%)

D coi((Aaal@h)x) = (Agoa(ab))x = x(a @ b)x;

)((Ll < (bﬁf) ® C) = *_1(f). 1(ﬂb) ® C) Aa.a( S (f). 1(ab))c) - (/\atla(sae 1(f).aﬁ ab))(AaZa ac)

2 (Ma109a(@) Moz foase) E Aawa(ab(fop0) = <ﬂ®b fep0) = x(@® (bhf) > ).

Finally we claim that the associativity holds, thatis, y(a®b)c =a<t(b®c) and t(@a®b) > c = ax(b ®c)
for any a,b,c € A. Indeed, we have

(31

28
a<dt(b®c) =a<(bAsc) = S 71(/\11201)' -1(ab(Aa149a0)) (:) (S;tl(Aa4a).a*1a)(S;tl(/\a?aa).a*b)(s;j(/\ah)/\ala.ic)

(5*_ (Aaza)®,-1a)(S *tl(AaZa). —15)(5*_1()\0420/ ‘1)olc) @ (5*_1(7\04204)' -1a)(5*_1(/\a1a521). —1b)(5*_1(81i)°ic)
= (S (Maz) 0o @)(€1:S" Aara) o 1) (e29i0) B (5771 (Maza) 001 )(S' - (Aara)oqib)e = (S (M) oo (ab))e

(/\ -1e,-1(ab))c = x(a ® b)c;
T@@b) > ¢ = (@Ah) > ¢ = A(Ax1a®ab)Aa2a®ac) = a(Az0a(bc)) = ax(b @ c).
This concludes the proof. [

Let Hbe a weak Hopf t-coalgebra, then there exists a weak Hopf 1-coalgebra (Hil“Hi’“ s Har N Daps €, Sa)
denoted by H'H'. In fact, for anya,b,c,d € H;and a, € 1, we have

a,pen

(al(. br")(cl“dr“) (1:3) (al“C]“)(br“dr‘*) (1=1) (al,-c)la(bdr,)ra c HilaHim/.

16)111] , , 13
Aa,ﬁ(alwﬁ bmp) — al(vﬁ 1abi’a/§ 1« ® alaﬂzﬁbraﬁzﬁ ( ; hallaala ® 12512ﬁbrﬁ (=) al"lla ® 12‘3b7ﬁ

1™ 1 7, Is1r, 1 7, 1 7
= a“lli”‘®12{ﬁb/3 € Hi'*H;"* @ H;*H;"*;

Sa(@e bty = Sy )Sa@=t) ™ S.(b) S (a) € HiHy.
Forany a € m, B = H;"* is a weak right H'H"- n-comodulelike algebra via the coaction p = {pg = Ay} per

Directly from the equity (11) B is an algebra and from Eq. (16) in [11] it is also a weak right H'H'-
ni-comodulelike algebra.

Example 1.18. Let H ba a weak Hopf m-coalgebra, then there exists S-fixed left integral A = (Ay) er for U = H'HR,
hence we have a Morita context [B®Y, geu By siu- Bpeou, T, X1

We define A, : U, = H“Hi" — k, Ay(ab"*) = e(a)e(b), then we claim that A = (Aa)aer is a S-fixed left integral.
Indeed, for any f € U,", a,b € H;, (Si(Ay))(@1be1) = e(a)e(b) = Ay (ala1b'a), it means that Si(Ay) = Agr.
Also we compute

r r (16) AN ’ ’ la BT
f((@b "‘)11 )Aap((@+b “*)20p) f((llill,ﬂl’) Map(laaply,b™) = F(Lyial) )Aaﬁ(lzil ')

= f((Lia) )e(lo' ")) = fa)e(B) = F(@ b)) Ag(@ b)), 50 A= (Aa)yer is a left integral.
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2. The Morita Contexts for Weak m-Galois Extensions

In this section we will construct a Morita context for a weak 1t-Galois extension which extends the results
in [6].

Definition 2.1. Let H be a weak Hopf mt-coalgebra and A a weak right H-ni-comodulelike algebra. A right A-module
M is called a weak right (H, A)-n-Hopf module if M is also a weak right H---comodulelike object such that the
following compatibility condition holds for any ¢ € 1, a € Aand m € M,

(m - @) ® (- @) g3,y = Mpo] - Aj0] @ M([1],0)([1]0)- (36)

Example 2.2. Let H be a weak Hopf m-coalgebra and A a weak right H-1i-comodulelike algebra via p = {pa}
Then

(1) A®qenA is a weak right (H, A)-ri-Hopf module via the right action and coaction given by (a®b) o c = a® bc
and (@ ® b);o;® (@ ® b)(11,0) = a®bjo) ®b(11,0) for any a, b, ¢ € A respectively. Obviously AQawnA is a right A-module
, in what follows we only show that the coaction is reasonable, the other proof is tirvial. Indeed, for any a,b,c € A and
x € AH we have

aEeT”

(@ ® xb);g) ® (4 ® xb) (1)) = @ ® X[01D10] ® X((11,0)D(111,0) = @ ® X[01b1o] ® X(111)*b(r110)

Th.1.8M -1 r 4 (16)
= a®xpb ® S5 (X )be = a®xLigbpo) ® Ly,mbile) = 4% ® bjo) ® byay,e)

= (ax ® b)) ® (aX ® b) 111,)-

(2) AHH = ((A® H,)/ker6y,),c,, is a weak right (H, A)-ri-Hopf module where H = @uexH,, 0, : A® H, —
A®H,, a®h w aly) ® hlqw), and the right action and coaction are defined by (afh) - b = ayhb(),) and
(aﬂg)[o] ® (aﬁg)([l],a) = (afg1a) ® g2p, a,b € A, h € Hy, g € Heg respectively. Obviously 6% = 0,,.

Here we only show that the right action and coaction on A§H are well-defined, the other proof is easy and obvious.
In fact, forany a,b € A, h € H,, g € Hug we have
(@il 1) - b = alibohl b = abolhbqe = @th) - b;

(15) / /
(@091 11100)10) © @089 1 (111.0p) (11,5 = L1110 (110p10g26 T (110p12p = AL 10110 L1, (11100 © G2pT0g
= alpg1al(.0 ® 925 = aligra ® 925 = (a89) ) ® (@hg) 1) 5)-
Definition 2.3. ([8]) Let H be a weak Hopf m-coalgebra and A a weak right H-r-comodulelike algebra. We say that

A®H < Aisaweak right - Galois extension (or weak right group Galois extension) if can = @,ercan, is bijective as
aleft A-linear and weak right H-rt-colinear map, where can, : A®«onA — AfH,, a®b — abyg®b(1),q),a,b € A.

Let H be a weak Hopf m-coalgebra and A be a weak right H-t-comodulelike algebra. Set Hom(H, A) =
BuenHom(H,, A), where Hom(H,, A) = Hom(Hy, A)/kerw,, wq : Hom(H,, A) — Hom(H,, A),
@a(f)(h) = f(h) = f(hLquym)Lio), f € Hom(Hy, A), h € Ha.
Clearly @2 = w,.

Lemma 2.4. Let H be a weak Hopf m-coalgebra and A a weak right H-rt-comodulelike algebra. Then Hom(H, A)

is a unital r-graded algebra, where the multiplication is defined by for any f € Hom(H,, A), g € @(Hﬁ,A), X €
Hﬁa, (fg)(X) = f(xZa)[Olg(xM;f(Xza)([l]/ﬁ)) and the unit is given by ?lA : Hi el A, @A)(l’l) = 6(]’11([1],{))1[0].

Proof. Firstwe show that the multiplication is reasonable. In fact, forany f € ﬁo?i(Ha,A), g€ @(Hﬁ,A), X €
Hga, we have

(15) / / ,
(@a()9)(x) = Ljonorf (2a L1, X1 101011,8).f (2a L) qay.p) = Tiolf (2aTlpn) 1 9(1p1 15 a1 8 f (¥2a150) 115
(14)

= f(x2a)[O]Q(xlﬁf(xhk1,2a)([1],ﬁ)) = (fg)(x)/

(fa)ﬁ(g))(x) = f(XZa)[()]1[0]g(x1ﬁf(x2a)([1],ﬁ)1([1],,8)) (1:4) f(xZa)[o]g(xlﬁf(xz(x)(m,ﬁ)) = (fo)().
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Next we prove that Hom(H, A) is a unital m-graded algebra. In fact, for any f € Hom(H,,A), g €
@(Hﬁ,A), le @(Hy,A), y € Hyg,, x € Hy, we have

(fDDW) = f(Y2pa20) )09 (Y2parpf (yZﬁaZa)([lLﬁ))[O]l(yl)/f (Y2pazad o)y, 9 Yapars f (yzﬁ‘ﬂ"‘)([llrﬁ))([1],y))

3
= [(Y2pa20) 9 (Y2pa18f (]/ZﬁaZa)([l]’Vﬁ)zﬁ)[O]l(]/ly FWapaza) 11,1, 9 Y2pa1p f (Y2p020) (1) 1 512) ([1]/)/))

(O]
= f(yZa)[o]g(ylyﬂZﬁf(yZa)([1],)//5)25)[0]l(ylyﬁlyf(ym)([1],y[myg(ylyﬁZﬁf(yZa)([1],},[3)2/3)([1],7/))
= f(]/Za)[o](gl)(l/l)/ﬁf(yZa)([l],yﬁ)) = (f(gD)(v);
. (15)
(FELA)X) = f (o) oy Lion€ Cri f (2 qup L) = fX2a) o€ Caif (20 qay) Cof (x2)e(x1iL(q11,0))

(g . (16)
= Lofelan") = Lof&lq) = f&)

(15) , ,
(€1af)(x) = e(xailqu) Lol f ralponrne) = eGaily)lonf (¥1al), Lae) = Lo f(@lqe) = f(x).
Therefore we complete the proof. [

Lemma 2.5. Let H be a weak Hopf mi-coalgebra and A a weak right H-ri-comodulelike algebra. Then A is an A“H-
Hom(H, A)-bimodule via the left multiplication and the right Hom(H, A)-module given by a < f = a) f (), a €
A, f € Hom(H,, A).

Proof. Clearly A is a left A°H-module. Firstly we show the right Hom(H, A)-action is reasonable. Indeed,
foranyac A, f e ITO?!(H&,A),
a2 f = ap flaqw) = aolof@qelme) = aof@ae) =a< f.

Secondly we claim that A is not only a right I%?H(H, A)-module, but also an A®H —@(H, A)-bimodule.
In fact, forany a € A, b € A“H, f € Hom(H,,A), g € ﬁ(;rl(Hﬁ,A) we have

®
(@< f) < g = apyo) f @10 09@01008.f @1 = %01 @ a2) 0@ gap f@q1pa2) (1 5) = 4 S (F9)

a < (ela) = ap L@y lqup) = aoe@qy) = @

Th1.8M _ - (16)
(ba) < f = bojago f(buaaaw) = bo@o (S by ) = bloao fq1aaqa))

= bap f(a(11,0) = b(a < f).
Thus we complete the proof. [

Let Q be the subset of @(H,A) consisting of maps f = (fua),c, € I—To?n(H, A) satisfying fa(hm)[ol ®
g fa(haa) 1) 5) = foa()110) ® 111 p) for any a, p € 7. The a-th component of Q is denoted by Q..

Lemma 2.6. Let H be a weak Hopf m-coalgebra and A a weak right H-m-comodulelike algebra. Then Q is a
Hom(H, A)-A®H-bimodule via the left multiplication and the right A°H-module given by g = a = gj(a), where
j: A — Hom(H;, A), j(b)(h) = 1oibe(M ), a € A°F, be A, he H;, q € Qa.

Proof. Firstly we claim that the left and right actions are well-defined. Indeed, for any g3 € Qg, fu €
Hom(H,, A), x € Hyga, y € Hyp, a € A" we have
(faq,/ﬁ)(xm)[o] ® xly(fa%)(xza)([llfy) = fa(x3a)[o][o]qﬁ(xZﬁfa(x?,a)([”“g))[O] ® xlyfa(x3a)[o]([1]ly)%(xZﬁf(x3a)([1],5))([1]/},)
3)
= fa(x3a)[0]‘]{3(XZﬁfa(xBa)([l],yﬁzﬁ))[O] ® xlyfa(x3a)([1],),[5)1),%(XZﬁfa(xSa)([l],y[;)zﬁ)([lw)
= fa(2a)io) 4y (X18 fa(X20) (1) 1101 © L11y) = (fadyp) () 110 ® 11,5

(a5 * 2)(y2p)107 ® Y1y (@ * A)(Y2) 1))
= 4p(Y3p) oy Liononro1 € (W2i8p (Y3p) 111, 2L 1110) © Y1y Ap(Wap) 1, L0011 A1)

(15)
= p(Y2p) 0101 © Y1yp(Y2p) 11,1, 40110 = Dp(W 014101 ® 1111y = 9yp(H)a10 ® Ay
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Th.1.8011 _ 4y (16
= D @ STL(aquy ") = dyp(W)alio ® Ly = Gyp(Yyp)in € Waithyp(Y2rp) y,)7 1101 ® L)

= %/ﬁ(yZ)’ﬁ)[o]1/[01E(yli%ﬁ(yZVﬁ)([u,i)1;[1],1‘))”1[0] ® 11y = @y * D)W1) © (1)
Hence the above actions are well;d\eﬁned. -
Next we prove that Q is an Hom(H, A)-A®H_bimodule. In fact, for any gz € Qp, fo € Hom(Hy, A), u €
Hﬁa, S H}g, ﬂ,b € ACDH,
((gp *a) * b)(z) = %(ZB/%)[O]1[0][0]11[0]1i0]b5 (Zziqﬁ(23;%)([1],,-)21»1([1],1‘))5(211‘11;%(23/;)([1],,-)1,-1[0]([1],i)11([1],i)1;[1],,-))
3) (16)
= qp(z2p)g t01be (21iqp(226) (1) 5 00110) = qp(22) ) L1o13be (211 (228) ) 5 L) = (G * (@b))(2);

(@p = 1)(2) = qp(228) ) L1016 (2108 (228) 1)y Lit11)) = Gp(228) 1€ (21i98(228) 1) = Ap@ 1101 (L) = qp(2),

so Q is a right A%-module. Also we compute

((fagp) * a)(u) = fa(”3a)[0][01%(UZﬁfa(um)([u,ﬁ))[O]1[Olaf(ulifa(usa)[o]([u,,‘)%(”2ﬁfa(”3a)([1],ﬁ))([1]/1.)1([1],1'))
©)]
= fa(”Ba)[o]% (u2ﬁfa (uSa)([1],ﬁ)zﬁ)[0]a5(u1iﬁx (“301)([1],}5)11'% (MZﬁfa (MS“)([llfﬁ)zﬁ)([l],z’))
= fa(um)[()]q}g(ulﬁfa(um)([lw))1[0]ae(1([1],,')) = fa(u2a)[0]q,5(uwﬁy(um)([l]ﬁ))a
= fa(”3a)[o]’/7/5(uZﬁfa(”30:)([1]“5))[0]5(”11’%(uZ;Sfa(”3&)([1][@)([1],1.))a = (fa(% *a))(u),
Therefore Q is a Hom(H, A)-A“H-bimodule. [J

In what follows we will compute a Morita context associated to a weak Hopf group Galois extension.
Theorem 2.7. Let H be a weak Hopf m-coalgebra and A a weak right H-1i-comodulelike algebra. Then
(A®", Hom(H, A), A, Q, T, 1)
is a Morita context, where T : A®@(H/ A)Q — A gnd p: Q®penA — FT(FH(H, A) are given by the formulas
T(@a® %) = a[O]’]a(u([ll,a)); ‘U(lh ®a) = Qaj(a)/ a€A, Ga € Qa-
Proof. From Lemma 2.5 and 2.6 we only need to show the following assertions hold.
(1) 7 is an A”H-bimodule map which is middle Hom(H, A)-linear.
Firstly we claim that 7 is well-defined. Indeed, for any a € A, g, € Q., a,p € ©, we compute
@019a(@10)))0) ® (@10192 (1)) (11,5 = A010019(@(111,0)) (0] B 011115 (A(1110)) (11,5
(©))
= 0102 (1] pa)2a) ) ® 4111 p)1pqa (A1 0120) (1,5 = H1019pa @111 o)) L10] @ L1 p)
(16)
= a1 ga (a1 60) 110 ® L™ € A,
Next we prove that 7 is an A%H_bimodule map. In fact, foranya € A, g, € Qq, b € A we have

Th.1.8011 _ B
©(ba ® qa) = b b)) - = boaoda(S L Gqyagi )

(16)

= blowapoda(lqymaqe) = bapda(aqy) = b1(@ @ 4a);

(@ ® 4o * b) = agojo9a(@(110)) 10 @01011,) 90 (@ 11,0)11,9))b

©)

= a1019a(a(11,020)10) € @(111,011a @10020 (17,))0 = 210190 (@110) 101 (L(1110)0 = A1019a(@(110))0 = T(@ ® ).

Finally we show that 7 is middle I%?n(H,A)—linear. Foranyae€ A, g, € Qa, f € %(Hﬁ,A), we have

@
(@ < f ® qa) = ajojiorf (@18 0y @t010110) f@1118) (11,09) = F101S @111,08128) 0190 (@11,08)10f (@111,08)28) 17 0))
= a10(f9a)A(11,0p) = T(@ ® fqa).
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(2) pisan @(H, A)-bimodule map which is middle A®-linear.
Firstly we claim that isa%(H, A)-bimodule map. Indeed, foranya € A, g, € Qq, f € Ho?z(Hﬁ,A), he
Hag, x € Hp,, we compute

H(f% ® ﬂ)(l’l) = f(h3ﬁ)[0][0]qa(hZQf(hL’vﬁ)([l],a))[O]1[Olae(hlif(h:;ﬁ)[0]([1],1')%!(h2af(h3ﬁ)([1],a))([1]/i)1([1],i))

(©)]
= f(h?)ﬁ)[Olqa(h2af(h3ﬁ)([1],a)za)[o]1[0]a€(h1if(h3ﬁ)([1]/a)1iqa(hZaf(hISﬁ)([1],a)2a)([1]ll.)1([1],i))

= f(h2p) g (qa j(@)) (M1a f (H2p) (1,0) = (f(Ga @ @)(R);
1(Gpa ®a 2 £)(x) = Gpa(¥2pa) o; Liosaio) f (@118 € (X1ipa(X2pa) 17, Li1110) = Gpa(Xpa) Lo1at01 f (@110 € (L gar)
= pa(Xpa) 101 f(@(118)) = GpaXapa)io 101 f (X150 X2pa) 17 gy A111)

15)
= qp(xap)yg) Lionarore (xaidp (¥3p) gy gy La11.0120) f (18 (¥36) g1y 511 L1 p184111 )
= (95@) 20y f (D2 1) = (1G5 D 0) ().

Next we show that u is middle A%H_linear. In fact, for anya €A, qo€Qy be ACH, y € H, we have

H(Ga * b ®a)(Y) = Ga(Ysa)o Lionorbro1 L gj0€ (yzfqa(ysa)([l]mil([1],i))S(yliqa(]/3a)([1],,-)11'1[0]([1],1’)5([1],1)1'([1]/1-))
(15)
= Ga(V2a) 0 b1018€ (V1iGa(YV2a) 119 b1110) = Ga(W)1o1bo1ae (L1 bl )

= Qa(y)ba = Qa(ym)[o]1[O]bag(yliQa(yZa)([l],i)1([1],i)) = (%](bﬂ))(]/) = #(% ® bll)(]/)

(3) We prove that the associativity holds, that is, for any a,b € A, g = (q,g)ﬁen € QP = (Pa)yer €
Q, t(a®qgp)b =a < u(qe®b) and u(qp ® a)pa = qap * T(a ® pa). In fact, for any h € Hyp we have

®
a < u(qp ® b) = aojo19p(@q11,6) 0y Liorbe (@011, @11 0) gy, Lanl) = 10198 (@18128)107b€ @010 0 9p @) g1y 1)
= apoygp@qu.p)liobe(l) = aoigp@qp)b = ©(@ @ gp)b;

(u(ap ® )pa)(h) = qp(hap) oy Lionorai01€ (H2ip (138) (17 gyi L (11.0)PaPraq(13p) (1) ay1 L1ONO1L) (111 ))

(15)

= p(h2p) gy a101Pa(Madp(ag) (1) A1) = Gap(Mao1Pala(ira)

= ap(h2ap) gy 0101€ (MiGap (h2ap) 11 1) )Pal@(111,00) = (apj(@r01Pa(@u1a)))R) = (Gap * T(a @ pa))(h),
This concludes the proof. O

Lemma 2.8. Let H be a weak Hopf mt-coalgebra and A a weak right H-ni-comodulelike algebra. Then the left dual of
AfH, aHom(A§H, A) = @qcxaHom(A#H,, A) denoted by *(A4H) is isomorphic to Hom(H, A) as an algebra under
the multiplication given by for any h € Hp,, f €4 Hom(A#H,, A), g €4 Hom(A§Hp, A),

(fg)(ath) = “f((lﬂhzfr)[0])9(1ﬁhlﬁ(lﬂhm)(m,ﬁ))‘

Proof. We define the two maps x = (K4)4er = (AfH) — %(H,A) and & = (&4)pen © @(H, A) - (AfH),
where forany h € H,, a € A, f €4 Hom(AfH,, A), 1 € ﬁo?rz(Ha,A),

Ka(f)(h) = f(Liohlqye), Sa()(alih) = al(h).

Now we have to show that for any a € 1, &, is well-defined. Indeed, foranya € A, | € ﬁ(?n(Ha,A), he
H,, Ea(D)(@liofhluy,a) = aliol(hlq1y,) = al(h) = Ea()(ath).
Next we claim that « is the inverse of &. In fact, forany a € @, h € Hy, a € A, f €4 Hom(AffH,, A), | €
@(HQ,A), we have
(Eaka)()ah) = axo(f)(h) = af (Lo hl ) = f(afh);

(ka&a)()(h) = Ea(DAoh1(11,0) = Lio)l(MLqa1,) = I(h).
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And we prove that « is an algebra morphism. In fact, for any a € 7, h € Hp,, f €a Hom(AfH,, A), g €a
Hom(AfHg, A), we compute

©ga(f)(1) = (F) ol u10) = f (1) 1019 (g f (1BH20) g1y )
= f(l[0]ﬁhZal([l],a))[o]g(l[o] ﬁhlﬁf(l[o] ﬁhml([l],a))([1],[3)1([1115)) = Kut(f)(hZa)[o]Kﬁ(g)(hlﬁKa(f)(h2a)([1],f;))
= (a(f)ep(@)) ()

Thus we complete the proof. [

The dual of the canonical map *can, :* (AfH,) —a Hom(A®,«nA,A) is given by *can,(f)(a ® b) =
flcany(a ® b)) = f(abp) ® b(11,a))- It follows from Theorem 2.7 that 7 is surjective if and only if there exists
9 = (9a) e, € Q such that 11g1ga(11},0)) = 1. With the above notations, we immediately obtain the following
result.

Corollary 2.9. Let H be a weak Hopf mt-coalgebra and A a weak right H-rt-comodulelike algebra. Then the following
assertions are equivalent.

(1) A®H s A is Galois;

(2) *can is an isomorphism;

(3) The Morita context (A”H,@(H,A),A, Q, T, 1) is strict.
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