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Multiplicity of Positive Solutions for Critical Fractional Kirchhoff Type
Problem with Concave-convex Nonlinearity

Chang-Mu Chu?, Zhi-Peng Cai®, Hong-Min Suo?

#School of Data Science and Information Engineering, Guizhou Minzu University, Guiyang Guizhou 550025, China

Abstract. This paper is devoted to study a class of Kirchhoff type problem with critical fractional exponent
and concave nonlinearity. By means of variational methods, the multiplicity of the positive solutions to this
problem is obtained.

1. Introduction and Main Results
This paper is concerned with the multiplicity of positive solutions for the following problem:
‘x_y‘I\HZs

u>0, in Q, 1)
1,[:0, ln RN\Q,

M( [y Mt dxdy) (—=AYu = AuTt +u%1,  in Q,

where 0 € Q) is a regular bounded domain in RN, M(t) = a + bt* and the parametersa, b, A >0,0<s<1<
q<2,N>250<k< 5,2 = 7 is the fractional Sobolev exponent. Here (—A)’ is the fractional Laplace
operator(see [11]) defined, up to a normalization factor, by

—(=A)u(x) = fRN ulx + y) + ulx ~ y) - 2u(x) dy, xeRN.

|y|N+25

In recent years, more and more attention have been paid to nonlocal diffusion problems, in particular
to the ones driven by the fractional Laplace operator. This type of operator seems to have a dislocations in
mechanical systems or in crystals. In addition, these operators arise in modelling diffusion and transport
in a prevalent role in physical situations such as combustion and highly heterogeneous medium. As to the
concave-convex nonlinearity, this type of problems has been studied by many authors [2, 3,4, 10,12, 16] and
the references therein. In the case k = 0, the authors in [3] have investigated the following equation:

(=AYu = AuTt +u%="1,  in Q,

u>0, in Q, (2)
u= 0, ln RN \ Q,
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where A > 0,0 <s <1, N >2sand 1 < q < 2. They found that there exists A > 0 such that the equation
(2) admits at least two positive solutions for 0 < A < A, has a positive solution for A = A and no positive
solution exists for A > A. However, we may not find A such that problem (1) have the same result. In fact,
this problem is still unsolved for the semilinear elliptic equation(the case s = 1), see the Remark 6.4 in [9].

The main purpose of this paper is to generalize the partial results of [3]. Using the variational method,
we prove that the equation (1) has at least two positive solutions for A sufficiently small when the weight
functions satisfy some conditions. The main results of this paper are as follows.

2s
N -2s’

Theorem 1.1 Let0<s<1,N >2sand 1 < g < 2. Suppose that M(t) =a +bt",a, b> 0,0 < k <
then there exists A9 > 0 such that problem (1) for all A € (0, A) has at least one positive solution.

2
Theorem 1.2 Let0<s<1,N>2sand 125 <¢ < 2. Suppose that M(t) =a +bt",a> 0,0 <k < %25,

b > 0 is small enough, then there exists A* > 0 such that problem (1) for all A € (0,A*) has at least two
positive solutions.

This paper is organized as follows. In section 2 we give the functional framework necessary to work
with the fractional Laplacian operator and we will give some auxiliary results. The proof of Theorem 1.1
and Theorem 1.2 is provided in section 3.

2. Some Auxiliary Results

We will denote by H*(RN) the usual fractional Sobolev space endowed with the Gagliardo norm

[u(x) — u(y)P 2
[eell s rvy = Neallpzryy + (f dedy) )
R

N y|N+2$

We consider the function space

XO:{ueHS(RN):uan.e.inRN\Q},

ju(x) — u(y)P f
ully, = 20T I dxdy)|
lllx ( fR o ey

We also recall that (X, || - |Ix,) is @ Hilbert space(see [3] or [13]), with scalar product

(u,0) = fR - (u(x) — u(y))(v(x) — v(y))

|x _ y|N+25

with the norm

dxdy.

Let u* = max{+u, 0}, the corresponding functional of problem (1) is

a b A 1 .
1) = SR, + sl = 5 [ yde— 5 [ @, wex,

It is well known that the critical points of the functional I in X; are positive solutions of problem (1). By the
definition of weak solution u of problem (1), it means that u € X, satisfies

I'(w),vy = (a +b||u||§<ko)f (ulr) - u(y))lo(x) _v(y))dxdy—AL(u+)‘i‘1vdx— fQ(u’r)Z;—lvdx

RNXRN [x — y|N+2s

for any v € X,.
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Define the best Sobolev constant

IIMII2
S = inf ———— 3)

ueHs(RN)\{0 (fRN s dx)

From [7], we know that S is attained by functions

£
vl’(x)_ sz'

(2 +1x?) =

Now we give some definitions, and show that the corresponding functional of problem (1) satisfies the
(PS). condition.

Definition 2.1 A sequence {u,} C Xy is called a (PS), sequence of [ if I(u,) — cand I’(u,) = 0asn — oo.
We say that [ satisfies the (PS). condition if any (PS). sequence {u,} C Xy of [ has a convergent subsequence.

2s

Lemma 2.2 Let0<s<1,N>2sand 1 < g < 2. Suppose that M(t) =a+btf,a, b>0,0<k< N2 If
{u,} € Xo is a (PS). sequence of I, then {u,} is bounded in Xp.
Proof. By the Holder inequality and the Young inequality, it follows from (3) that
A [ ey < 257400 I, < il + Copa @
7 Ja =79 x, = Tty n

2 (2-q)N+2g5

for any u € Xy, where C(1)) = 27:72_2*4 |Q C-N (r]S)H 2. Let {u,} be a (PS). sequence of I. Note that k < 25
it follows from (4) that

2as 2 25 — (N — 25)k

* T _ (k+1) _ (2 Q)N + 2515 f q
2 0(un) = (I'(un), un) = N—ZS”un”XO + (k+ 1)(N —2s) bllu "”X q(N 25) (uyy)"dx
2as (2-9)N +2gs (2—-9)N + 2gs Z
- (N— e v L Vi
which implies
(2-9q)N +2¢gs

( 2as (2—-q)N +2gs

N-2s N —2s CAZT + o(llunllx,)-

2 *
T])”unHXU 525C+ N — 25

Setn < , we obtain {u,} is bounded in X,. O

(2- q)N +2qgs

2
Lemma23 Let0<s<1, N>2sand1 <g < 2. Suppose that M(t) = a+bt,a,b>00<k< Nfss’
then there exists a positive constant A depending on N, g, s, S and a such that I satisfies the (PS). condition
withc < ¢* = §(aS)¥ - AAT7,
Proof. Let {u,} C Xy bea (PS). sequence of I with ¢ < ¢*. By Lemma 2.2, we know that {u,} is bounded. Up to

a subsequence, there exists u € Xy such that u, converges u weakly in Xy, strongly in L'(Q) with 1 <r < 2}
and a.e. in Q). By the Dominated Convergence Theorem, we have

-1, _ 21, 0.
A fQ(un) (uy, — w)dx + L(un) (uy, —u)dx - 0
Thus, by using also the fact that (I(u,), u, — u) — 0, we get
(a N b||u||§(’;)f (1 (x) = un () ((Un(x) = un(y)) — (u(x) - M(y)))
RNXRN

|x y|N+2s

-0,
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from which it follows that 1, — 1 in Xy. Since I is C', we obtain I’(1) = 0. In particular, we have (I’(u), u) = 0,
which implies that

allulfy, + bl = A | utydx+ | (ut)dx.
It follows from (4) that ? ¢
Setn = gna A = 2»1;Nq (%) 5 QI T (5aS)77, we have
(1) > —~AATS. )

By the Dominated Convergence Theorem, we obtain

fo(u;)qu:fg(u*)qu+o(l).

Let w, = u, — u, by the Brezis-Lieb lemma(see [5]), one has

2(k+1 +1
o BV = (1onli, + el +01)) ™,

L(u;)zzdxzjg;(w;)zgdx+L(u+)23dx+o(1).

Since I(u,,) = ¢ + o(1), we obtain

a 2 L( 2 2 kel 2(k+1 ) 1 f e

o, + gy (o, + i, + o(1))"™" = 3 | @hFax

=c—1I(u)+o(1). (6)
According to I'(u,) = o(1) and (I"(u), u) = 0, we get

2 2 2
llunllx, = llwnllx, + llullx, +o(1),

and

allw, 3, + b((nwnnio +lul, +o(0) ™ — flu ||2<k*1 - fQ (wy)*dx = o(1). (7)
Assume that ||w,||x, — /1, we have
(wulf2, + i, +oD) ™ = M2 = (2 + 1l )™ = 1P = 1, > 0.
it follows from (7) that
fo(w;)zgdx — al + bl.
From (3), we have

2; z 2* zx 2"
lwally, =87 | |wul>dx>S7 | (wy)>dx.
R® Q

As n — oo, we have Ziz > Sg(al% + bly) > S%zlf. Therefore, one has I; > a'% S&. Note that 2(k + 1) < 27, it
follows from (5), (6) and (7) that

_ S 1 l s
C_Nall+(2(k+1) 2*)blz+1(u)> (aS)2 +I(u) > ¢,

which contradicts the fact ¢ < ¢*. Therefore, we have /; = 0, which implies that u, — u in Xy. Hence I
satisfies the (PS). condition withc < ¢*. O
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3. The Proof of Main Results

In this section, we complete the proof of our Theorems 1.1 and 1.2. Before the proof of Theorem 1.1, we
first recall the following Lemma in [6].

Lemma3.1 Let r, p>1,¢(x) € L’(Q) and ¢* = max{y, 0} # 0. Then there exists wy € C7’(Q2) such that
I, p @)@y ydx > 0.
Proof of Theorem 1.1. It follows from (3) and (4) that
I(u) > (g ~ ) IR, — COpATS - 2125*§||u||§§0.
Letn = §, we can find p > 0 and A; > 0 such that for all A € (0, A1)
Iw) >0 if |lull=p and I(u) >-C; if |jull<p, (8)

2-, (2—-q)N+2gs %
where C; = qq (A])Z Q| e (azs)z 1.

From Lemma 3.1, we obtain that there exists ¢o € C;’(Q2) C X, such that

[[wirax>o ©)
Q

Therefore, one has

a A
I(Kgo) < §K2||¢0||§0 - EKq fg (p3)tdx — —1<2 f (p)>dx.

Fix A € (0, A1), noticing that 1 < g < 2, it implies from (9) that there exists Ky = K(A) > 0 small enough such
that I(Kogpo) < 0. Thus we deduce that

c) = uelzg},f()) Iu) <0< uempf I(u).

By applying the Ekeland’s variational principle in B,(0)(see [8]), we obtain that there exists a (PS)., sequence
{un} € By(0) of I.

By the expression of ¢*, we can choose 0 < Ay < A; such that ¢* > 0 for all A € (0, Ag). It follows from
cy < 0 and Lemma 2.3 that I satisfies the (PS)., condition. Therefore, one has a subsequence still denoted
by {u,} and u, € X such that u, — u, in Xy and

I(up) =cy, I'(up) =

which implies that u, is a solution of problem (1). After a direct calculation, we derive that [[u}|lx, =
(I'(up), —u; ) = 0, which implies u, > 0. Since I(up) = ¢y < 0 = I(0), we have u, # 0. Applying the Strong
Maximum Principle(see [14]), we obtain u, is a positive solution of problem (1). The proof of Theorem 1.1
is completed. O

2s
Lemma3.2 Let0 <s < 1,N > 2sand %5 < ¢ < 2. Suppose that M(f) = a+bt*,a > 0,0 <k < N0

is small enough, then there exists A" > 0, for any A € (0, A*), we can find i1, € X; such that sup I(t& A) <c.
>0

Proof. For convenience, we consider the functional J, : Xo — R defined by

a, n 2041y 1 o
= — R 5 .
Jow) = S, + 50 1)II ully > fg(u )%dx, ue X
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For the constant 6y > 0, we can choose such a cut-off function ¢(x) € Cy(Q) that ¢(x) = 1 for x € B(0, &),
¢(x) = 0 for x € R" \ B(0,200) and 0 < ¢(x) < 1. Define u,(x) = M Similar to the calculation of [15],

=
(e2+[x2) 2

we have the following estimate(as ¢ — 0)

U(x) — U(y)]2
||u£||§(0 — f dedy+ O(gN—2S),
RNXRN

|x — |N+25

[ e = U o + 0 (10)

a1,

(o)

N-2s

where U(x) = (1 + |x|2)_ ? satisfies

=S+ O(SN_25>,

[U(x)-U(y)l?
Jesrn “ger—dxdy _ luli2,
P =5 o -
€Hs >
L3(RN) MO (o P dx) ®

Define
2(k+1)

_ ) 2 bt 201y _ 1 2;f 2
hb(t) - ]b(tut') - zt HueHXO 2(k T 1)” i”X Z;t 0 |1/l5| dx
for all t > 0. According to 2(k + 1) < 2; and (10), we have tlnp h(t) = —oo. Note that /1,(0) = 0 and hy(t) > 0

for t — 0%, so sup hy(t) attains for some f;, . > 0. By
>0

0 = hy(to,e) = to.e (a”us”XO - tog f Jue | dx)

one has :

[l )
(Ve .
Joy i

sup Jy(tite) = hy(tyette) < ho(tyette) < ho(toette) = —(aS)Zs +0(eN%) = "+ AATT + O (M), (11)

t>0

Therefore, we deduce from (10) that

By the expression of c¢*, we can choose A, > 0 such that ¢* > 0 for all A € (0, Az). Using the definitions of I

and u,, we have
2(k+

2(k+1)
forallt > 0and A > 0. It follows from (10) that there exist T € (0,1), b; > 0 and &1 > 0 such that

sup I(tue) < c* (12)
0<t<T

a 2(k+1
I(tue) < 5Pl + nm(”

forall0 <A <Ay, 0<b<biand0 < € < ¢1. Moreover, it implies from (11) that

sup I(tu,) sup(]b(tug)——tqfluglqu)
t>T t>T

C 4+ ANTT + O(eN2) - A f |, 7dx.
B(0,¢)

IA
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Lete = ATa7 € (0,5), It follows that

(N-25)

q
e 2 1 2N—-(N=2s)
f |u€|qu = f (—2 2) dx > f —N—Zs)q dx = Cse zfq.
B(0,¢) B(0,e) \ € + [X] B(Oe) (2e) 2

2-g(N-25)
By the above two inequalities, forany 0 <A <6, * , we have

2 CiT N—5)-2(N=25)
supl(fu,) < ¢ +O(A77)- 37)\ =T (13)
=T
Note that 5 N - <g<2,wehave %#35)‘1 ﬁ Hence, we can choose Az > 0 such that
q —5)—2(N-2s
0(177) - GV ™ < o
q
for all 0 < A < Az. Therefore, we have
sup I(tu,) < c'.
pI(tue) <c (14)

t>T
(2-q)(N-2s)

Set A* = min {Az,Ag, e } Let A € (0, A*), € = A& e and i, = u,, we deduce from (12) and (14) that

supI(ti)) <c' forall0 <A <A*and0<b<b;. O
£20

Proof of Theorem 1.2. Choose A* = min{Ay, A*}, from the proof of Theorem 1.1, we have already obtained
that problem (1) for any A € (0, A*) has a positive solution u, with I(1;) < 0. Now we only need to find that
the second positive solution of problem (1). It follows from Lemma 3.1 that there exists ¢o € C;’(€2) such

that fo(¢g )%dx > 0. According to (4), we have

1090) < (3 + 1) Plgol, ——t2 f (@0 Vi + CATS,

which implies that I(t¢9) — —c0 as t — +oo. Hence, there exists a positive number t( such that [[togoll > p
and I(tp¢o) < 0 for any A € (0, A*). It implies from (8) that the functional I has the mountain pass geometry.
Define
={y € C([0,1], Xo)| y(0) = 0, y(1) = tocpo}, &1 = mg max ICy(8)).

From Lemma 3.2, we have &, < ¢". Applying Lemma 2.3, we know that I satisfies the (PS);, condition. By
the mountain pass theorem(see [1]), we obtain that problem (1) has the second solution iy with I(i7,) > 0.
After a direct calculation, we derive that ||ﬁ;||§(0 = (I'(#13), —i}) = 0, which implies that #; = 0. Hence,
iy > 0. Since I(i)) > 0 = I(0), we have iiy # 0. By the Strong Maximum Principle, we obtain i, is the second
positive solution of problem (1). O
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