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Improving some Operator Inequalities for Positive Linear Maps
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Abstract. Let 0 < mI < A <m’I < M'I < B< Ml and p > 1. Then for every positive unital linear map @,

DY (AV,B) < (55— 2—— )" D¥(Af,B)
477 (1+Q(H(log 47)2)

and

D¥(AVB) < (A — ¥ (D(A)D(B)),
477 (1+Q(t)(log 47)2)

where t € [0,1], h = M, K(1,2) = &2 @) = %(%)2' and Q(0) = Q(1) = 0. Moreover, we give an

m an
improvement for the operator version of Wielandt inequality.

1. Introduction

Throughout this paper, let m,m’, M, M’ be scalars and I be the identity operator. Other capital letters
are used to denote the general elements of the C* algebra B(H) of all bounded linear operators acting on a
Hilbert space (H,{-,-)). We write A > 0 to mean that the operator A is positive. f A—B >0(A—-B <0),
then we say that A > B (A < B). If A, B € B(H) are two positive operators, then the weighted arithmetic and
geometric mean are respectively defined as:

AV,B=(1-wA+uB, Af,B=Ai(A"1BA I)FA3,

where p € [0,1]. When u = 1, we write AVB and A}B for brevity, respectively, see [1] for more details. The

Kantorovich constant is defined by K(¢,2) = (tfl})z fort > 0.

A linear map @ : B(H) — B(H) is called positive (strictly positive) if ®(A) > 0 (P(A) > 0) whenever
A >0(A > 0), and D is said to be unital if (1) = I.

It is well known that for any two positive operators A, B,
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A>B= AV > B

forp > 1.

Lin [10] showed that a reverse version of the operator AM-GM inequality can be squared: for 0 < mI <
A,B<MI,

P? (AT) < K?(h,2)®*(A#B) (1.1)
and

DX(44F) < K2(h, 2)(P(A)D(B))?, (1.2)
where @ is a unital positive linear map and K(h,2) = (h+1 with h =

Zhang [14] generalized (1.1) and (1.2) when p > 2:

O (448 < SO o2 (A4B) (1.3)
and
@ (A28 < KODOEL)Y (g3 A)iap(B)). (1.4)

Moradi et. al. [13] obtained a better bound than (1.1) and (1.2) as follows: forO <ml <A <m'I < M'I <
B <M,

K2(h2
PA(ALE) < 1(l%qﬂ(mcm) (1.5)
o8 "
and
02(44F) < %(@(A)WB))Z (1.6)
a+
where @ is a unital positive linear map and K(h,2) = (h+1 with h =

Let 0 < ml < A < MI and @ be a positive unital linear map. Lin [11] proved the following operator
inequalities:

D(AT)D(A) + DA)YDA)| < Yl (1.7)
and
D(A)D(A) + D(A)D(A) < iy (1.8)

Fu [6] generalized (1.7) and (1.8) when p > 1:

P (A~1)DP(A) + DP(A)DP(A™T)| < Ghem (1.9)
and
DP(AT)DP(A) + DP(A)DP(AT) < GLmT p (1.10)

Bhatia and Davis [3] gave an operator version of Wielandt inequality and proved thatif 0 <m <A <M
and X, Y are two partial isometries on HH whose final spaces are orthogonal to each other. Then for every
2-positive linear map @,
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DX AV (Y AY)D(YAX) < (M=)2q(X*AX).

Lin [11] conjectured that the following inequality could be true:

[D(X*AY)D (Y AY)D(Y AX)D (X AX)||< (M= )2,

Gumus [7] obtained a close upper bound to approximate the right side of (1.11) as follows:

[PCCANE (FANDAX)D (XAl Jralrf

Moradi et. al. [13] refined (1.12) as follows: for 0 < mI < m’A™' < A <Ml and m’ > 1,

DXAY)D (Y AY)D(Y AX)D (X AX)||< Momp
l1D( )P )D( )P i< Vot

where X and Y are two isometries such that X*Y = 0, @ is an arbitrary 2-positive linear map.

Liao et. al. [12] also gave a close upper bound to approximate the right side of (1.11) below:

I(@XAY)D (Y AY)D(Y AX)) 1D~ 2 (X" AX)||< w
2 +2(Mm)4 (M+m)2

forl <a <2andp > 2a.

Recently, Kérus [9] gave a scalar inequality as follows:

(1+Q(t)(loga —logb)»)a'b'™ < ta+ (1 —t)b,

where t € [0,1],4,b > 0, Q(t) = £ (1£)% and Q(0) = Q(1) =

In this paper, we shall give some improvements of the inequalities mentioned above.

2. Main Results

Before we give the main results, let us present the following lemmas that will be useful later.

Lemma 2.1.( Choi inequality.) [4, p. 41] Let ® be a unital positive linear map, then

(1)IfA>0and -1 < p <0, then ®(A) < D(AP), in particular, D(A)~! < P(A™Y);
(2)If A>0and 0 <p <1, then O(A) > D(AP);
B)IfA>0and 1 <p <2, then DAY < D(AP).

4335

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

Lemma 2.2. [2] Let @ be a unital positive linear map and A, B be positive operators. Then for a € [0, 1]

D(AR.B) < D(A)R.D(B).

Lemma 2.3. [5] Let A, B > 0. Then the following norm inequality holds:
IABII< 7IIA + BIP.
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Lemma 2.4. [4, p. 28] Let A,B > 0. Then for 1 < r < +oo,
lA" + B"lI< [I(A + B)'ll.

Lemma 2.5. Let A, B € B(H) be two positive operators such 1 < m < M with the property mA < B < MA.
Then

(1+ Q(t)(logm)*)AthB < AV,B
for t € [0,1] and Q(¢) is from (1.15).

Proof. From the inequality (1.15), we know that for each a,b > 0 and t € [0,1],
(1+ Q(t)(loga —logb)»)a'b'™" < ta + (1 — t)b.
Note thatif 0 < mb < a < Mbwith 1 < m < M, then by the monotonicity of logarithm function we obtain
(1+ Q(t)(logm)*a'b'™" < ta + (1 — t)b.
Taking b = 1 in the above inequality, we have
(1+ Q(t(logm)?)a' < ta+ (1 —1).

Asml < A"1BA™: < MI, on choosing a with the positive operator A"1BA"1 in the above inequality, we
obtain

(1 + Q(t)(log m)®)(A"2BA"2)! < A 2BA™z) + (1 — H)L.

Multiplying both side by A? yields the desired result. []
Lemma2.6. Let0 <ml < A<m'[<MI<B<Mlandt € [0,1]. Then
AVB + Mm(1 + Q(H)(log 22)?)(Af;B)~! < (M + m)],
where Q(¢) is from (1.15).
Proof. It is easy to see that
(1= H)(MI - A)(ml — A)A™ <0,
which is equivalent to

(1=HA+ (1 - HMmA™ < (1 = (M + m)L. .1)

Similarly, we have
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tB + tMmB™! < t(M + m)L. (2.2)

Summing up (2.1) and (2.2), we have
AV;B + MmA='V;B~! < (M + m)L.

By (A#;B)™! = A7'{;B~! and Lemma 2.5, we have

AV;B + Mm(1 + Q(t)(log %)z)mﬂtB) !'= AV;B + Mm(1 + Q) (log > M P)ATB)
< AV,B + MmA~'V,B!
<M+ m)l,
completing the proof. O
Theorem 2.7. Let 0 <ml < A <m'l < M'I < B <Ml and p > 1. Then for every positive unital linear
map @,

D¥(AVB) < (—D g (A4,B
AVB) < oo ) 0 #B) @3

and
D¥(AV;B) < (L2 y0(@(A)f,D(B))¥, 2.4)

1

477 (1+Q(0(log 147 )?)
wheret €[0,1],h = Y4 o and Q(#) is from (1.15).

Proof. By computation, we can obtain

|DP(AV,B)MPm (1 + Q()(log 4% )P O F (A B)|
< i 1lPP(AV,B) + MPmP(1 + Q(t)(log M)z)pq)_p(AﬁtB)Hz (by Lemma 2.3)
< 1IO(AV;B) + Mm(1 + Q()(log & ) YO L(AH};B)I[*?  (by Lemma 2.4)
< 1|IP(AV;B) + Mm(1 + Q(t)(log L y)O((A#}B) ™H)I# (by Lemma 2.1)
<iM+m)?. (by Lemma 2.6)

Thus we obtain
K(h,2) .

IPP(AV,B)DP (Al B)II< (— = —,
(1+Q(t(l0g 4)?)

which is equivalent to (2.3).

Next we prove (2.4). Compute

197 (AV B)MPm? (1 + Q(t) (log 45) ) (D(A),D(B)) 7|
IO (AVB) + MPmP (1 + Q(t)(log 357 (D(A),D(B)) I
< z”q)(AVtB) + Mim(1 + Q(f)(log J-)*)(@(A)D(B) I
< HI®(AV;B) + Mm(1 + Q(t)(log X ?)(®(Af;B))!I¥  (by Lemma 2.2)
F[IO(AV;B) + Mm(1 + Q(t)(log 7)) (A, B) I
< T(M+my¥.

A
1=

IA

Thus we obtain
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0P (AVB)(@(A)§:D(B)) " ||< (#)p,

477 (1+Q()(log 37)%)
which completes the proof. [

Remark 2.8. Lettingp = 1and t = % in Theorem 2.7, we thus get (1.5) and (1.6) by (2.3) and (2.4),
respectively.

Lemma 2.9. [8] For any bounded operator X,

tI X

X <tlo | Xt [X* i

]zo (t > 0)

Theorem 2.10. Let 0 < ml <A <m’'] < M'I < B < Ml and p > 1. Then for every positive unital linear
map O,
(97 (AV:B)P ((A§B) ™) + OF (A B) PP (AViB)| < 25— 8 —— )] (2.5)
'(1+Q(t)log 47)2) ’
and

P (AVBYD (ARB) ™) + D (AB) D (AVB) < 2 Y, (2.6)
P +Q(t)(log

where t € [0,1], 7 = ¥ and Q(t) is from (1.15).
Proof. By computation, one can have

|DP(AVB)MPmP (1 + Q(t)(log )2 )P 0 (AfB) )|
< L|oP(AV,B) + MPmP (1 + Q(t)(log )2y 0P ((Af;B) )I*  (by Lemma 2.3)
< LI®(AV;B) + Mm(1 + Q(t)(log M 2)d((Af;B)™)I¥ (by Lemma 2.4)

< %(M +m)?, (by Lemma 2.6)

which is equivalent to

1DP(AV BYDP (A§B) 1< (LD, 2.7)

477 (1+Q(D(log )%
By (2.7) and Lemma 2.9 we obtain

KDy gr(AV,B)or((AHB) )
477 (1+Q(t)(log 447)2) >0
O ((AfiB) )DP(AV,B) (LA |~
477 (1+Q(t)(log 27 )?)
and
(K2 VI  DP((Af;B)~1)D’(AV,B)

477 (1+Q(B)10g 4 2) >0
DP(AV,B)DP(AB) ) (1 | T
477 (1+Q(t)(log 27)2)

Summing up the two operator matrices above, we get

(0D K2) Y1 X
477 (1+Q(t)(log 247)2) >0
X+ ) K(h,2) pr| =

497 (14Q(b)(log 25 2)



C. Yang, F. Lu / Filomat 32:12 (2018), 4333-4340 4339

where we denote that X = ®P(AV;B)DF((AhB)™!) + DF((Af}:B)")DP(AV;B). It is easy to see that X is self-
adjoint. Utilizing Lemma 2.9 again, we thus obtain (2.5) and (2.6). O

Remark 2.11. Putting t = 0 in Theorem 2.10, we obtain (1.9) and (1.10) by (2.5) and (2.6), respectively.
Next, we give improvements of (1.3) and (1.4).

Theorem 2.12. Let 0 <ml < A <m'l < M'l <B < MI and p > 2. Then for every positive unital linear
map P,

(KM 4m2)
O (AV1B) 1+ atiog T O AR (28)

and

(K1 2P +m?))
PHAVE) < s aniog T PAHPENY, (29)

where t € [0,1], h = % and Q(t) is from (1.15).
Proof. It is easy to to verify that
ml < ®(AV,B) < ML

Thus we obtain
m?I < ®*(AV,;B) < M?I.

Therefore
(M?] — ®*(AV,B))(m?* — ®*(AV,B))d%(AV,B) < 0.

That is equivalent to
M2m*®2(AV,B) + ®*(AV;B) < (M? + m?)L. (2.10)

Taking p = 1in (2.3), we have
2 K(h,2) 2?2
PAAVB) < (rgmicamy " PA#B),
which is equivalent to

-2 K(h2) 22
O*(A#B) < (W) D7(AV,B). (2.11)

Thus we compute
(|OF (AV;:B)MP mP &P (AH;B)||

(1+Q(t)(log 25 2) s M

14
< —20D__ qrav,B) + O P(A4,B)|?
- 4”(1+Q<t>(log%>2>% (A4V:B) K2 (2) (A#BI
= 4”(1+Q(t)(log %ﬁ)z)q) (AV:B) + K(5,2) D2 (A#:B)||

IA

1 K(h,2) 2 K(,2)M*m? ) v
4I|(1+Q(t)(log%)z)cb (AVtB)+—(1+QMOg%)2)q> (AV:B)|P  (by (2.11))

K(h,2 —
= gy (P (AVB) + M0 (A, B) P

1 (K2 M+
i 00iog ey (Y (210))

IN
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which is equivalent to (2.8). The proof of (2.9) is similar, we omit the details. [

Theorem 2.13. Let 0 < mI < m’A™' < A < MI and m’ > 1 and let X and Y be two isometries such that
XY = 0. For every 2-positive linear map @, we have

[43 a g
[(@(X*AY)D- (Y AY)D(Y* AX))s 5 (X AX)||< Sl LA (2.12)

P 3 P ’ P
223 (Mm) T (M+m) 2 (1+ 182077

forl<a<2andp > 2a.

Proof. By (1.13), we obtain

2
2 VMim(Mem)(1+ 282

(@XAY)D (Y AY)D(Y*AX))? < ( (M)’ ))Z(IDZ(X"AX),

By L-H inequality [4, p. 112], we have

DX AY)D (Y AY)D(Y AX))* < Mo ya@e(X*AX).
XAV AVSAX) S (I g (X AX)

Thus we get

|8 M5 (X AY)D ™ (Y AY)D(Y AX)) 2 05 (X" AX))|
23 (M+m) 7 (1+ 28275

— )2
< H@XAY)D (Y AV)D(Y'AX))E + (— 2 "?bgm,)z) VMmd-L(X*AX)):|]?

2(M+m)(1+ =g

< H@X A)D (Y AY)D(Y AX))® + — YT 3 s omo(X AX))||

20 (Mo (14+ 10822 o
<1 (o (X AX) + —— s S e (X AX)) ¢
< et e PO XAX) + (X AN
= (M= D (X AX) + MEme D (X AX))||

por 72
22 M2 2 (Mamr (1+ 282 yp

(M=m) (M@ +m) &
220 M5 m's (M+myp (14 872 7

<

which completes the proof. [

Based on (2.12), we thus get an improvement of (1.14).
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