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Abstract. The aim of this article is to study the existence of coincidences and fixed points of generalized
hybrid contractions involving single-valued mappings and left total relations in the context of complete
metric spaces. Some special cases are also discussed to derive some well known results of the literature.
Finally, some examples and applications are also presented to verify the effectiveness and applicability of
our main results.

1. Introduction and Preliminaries

One of the simplest and most useful results in fixed point theory is the Banach contraction principle [9],
a powerful tool in analysis for establishing existence and uniqueness of solution of problems in different
fields. Over the years, this principle has been generalized in numerous directions in different spaces. These
generalizations have been obtained either by extending the domain of the mapping or by considering a
more general contractive condition on the mappings.

Very recently, Jleli and Samet [24] introduced a new type of contraction and established some new fixed
point theorems for such contraction in the context of generalized metric spaces.

Definition 1.1. Let ¢ : (0, 00) — (1, 00) be a function satisfying:
(1) ¢ is nondecreasing;

(o) for each sequence {a,} € R", lim,_,0 Y(r,) = 1 if and only if lim, e (avn) = 0;

(13) there exists 0 < k <1 and [ € (0, oo] such that lim,_,¢- lp(ai_l =1L

o

A mapping F : X — X is said to be JS-contraction if there exist the function 1 satisfying (i1)-(13) and a
constant & € (0, 1) such that for all x, y € X,

d(Fx, Fy) # 0 = y(d(Fx, Fy)) < [ (d(x, y)]*. (L.1)
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Theorem 1.2. [24] Let (X, d) be a complete metric space and F : X — X be a |S-contraction, then F has a unique
fixed point.

To be consistent with Samet et al. [24], we denote by W the set of all functions ¢ : (0,00) — (1, )
satisfying the above conditions.

Hussain et al. [18] modified and extended the above result and proved the following fixed point theorem
for 1-contractive condition in the setting of complete metric spaces.

Theorem 1.3. [18] Let (X, d) be a complete metric space and F : X — X be a self-mapping. If there exist a function
Y € W and positive real numbers a, B,y,0 with0 < a + B+ + 26 < 1 such that

Y(d(Fx, Fy)) < [9(d(x, y)I* - [dCx, PO - [y, Fy)T - [p((@(x, Fy) +d(y, Fx)l° (1.2)
forall x,y € X, then F has a unique fixed point.

Hybrid fixed point theory is a recent growth in the scope of fixed point theorems for contracting single-
valued and multivalued mappings in metric spaces. Indeed, the study of such mappings was initiated
during 1980-90 by Beg et al. [10], Hadzic [15], Kaneko [25], Kubiak [26], Azam [8] and Hussain et al.[16].
Functional inclusions, optimization theory, fractal graphics and discrete dynamics for set-valued operators
are the fields in which hybrid fixed point theory has potential applications. For more details in this direction,
we refer the reader to (see [3, 4, 6, 11-14, 17, 20-23, 27]).

Let A and B be arbitrary nonempty sets. A relation R from A to B is a subset of A X B and is denoted
by R : A ~» B. The statement (x,y) € R is read "x is R-related to y”, and is denoted by xRy. A relation
R : A ~» B is called left-total if for all x € A there exists a y € B such that xRy that is R is a multivalued
function. A relation R : A ~»» B is called right-total if for all y € B there exists an x € A such that xRy. A
relation R : A ~» B is known as functional, if xRy, xRz implies that y = z, for x € A and v,z € B. A mapping
F: A — Bis arelation from A to B which is both functional and left-total.

ForR: A ~ B, E C A we define

R(E) ={y € B : xRy for some x € E}.

dom (R) = {x € A: R({x}) # ¢},
Range (R) = {y € B: y € R({x}) for some x € dom (R)}.

For convenience, we denote R ({x}) by R {x}. The class of relations from A to B is denoted by R (A, B). Thus
the collection M (A, B)of all mappings from A to B is a proper sub collection of R (A, B). An element w € A
is called coincidence point of F : A — Band R : A ~» B if Fw € R{w}. In the following we always suppose
that X is nonempty set and (Y, d) is a metric space. For R : X ~» Y and u, v € dom (R), we define

D (R{u},R{v}) = uRixr;]fRyd(x, Y-

The aim of this paper is to prove coincidence fixed point results of a pair of self mappings and left total
relation satisfying a generalized y-contractive condition in the framework of complete metric spaces.
2. Main Results

Now we state and prove our main results of this section.

Theorem 2.1. Let X be a nonempty set and (Y,d) be a metric space. Let F : X — Y be single-valued mapping,
R : X ~>Y be such that R is left-total, Range(F) € Range(R) and Range(F) or Range(R) is complete. If there exist a
mapping P € W and a constant k € (0,1) such that

Y(d(Fx, Fy)) < [$(DR{x}, Ry)I* (2.1)
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for all x, y € X. Then there exists w € X such that Fw € R{w}.

Proof. Let xy € X be an arbitrary, but fixed element. We define the sequences {x,} € X and {y,} C Range(R).
Let y1 = Fxo, since Range(F) € Range(R). We may choose x; € X such that xRy, since R is left-total. Let
Y2 = Fx1, since Range(F) € Range(R). If Fxyo = Fx;, then we have x1Ry,. This implies that x; is the required
point that is Fx; € R{x1}. So we assume that Fx; # Fx;, then from (2.1) we get

1 < ¥(d(y1, y2)) = Y(d(Fxo, Fx1)) < [P(D(R{xo}, Rix1 1)) (2.2)

We may choose x, € X such that xRy, since R is left-total. Let y3 = Fx», since Range(F) € Range(R). If
Fx1 = Fx,, then we have x,Ry3. This implies that Fx, € R{x,} and x; is the coincidence point. So Fx; # Fx,
then from (2.1), we get

1< Y(d(y2, y3)) = Y(d(Fx1, Fx2)) < [P(D(R{x1}, Rixa )] (2.3)
By induction, we can construct sequences {x,} C X and {y,} C Range(R) such that
Yn = Fx,—1 and x, Ry, (2.4)

for all n € IN. If there exists 19 € IN for which Fx;,,-1 = Fx,,,. Then x,,, Ry, +1. Thus Fx,, € R{x,,} and the proof
is finished. So we suppose now that Fx,_1 # Fx, for every n € IN. Then from (2.2),(2.3) and (2.4), we deduce
that

1< Y(Ad(Yn, Yur1)) = PA(Fxn1, Fx) < [PIDR{x,-1), Rl )] 2.5)

for all n € IN. Since x,Ry, and x,4+1RYy,+1, therefore by the definition of D, we get D(R{x,-1}, R{x,}) <
d(Yn-1, yn).-Thus from (2.5), we have

1 <dyn, Yni1)) < [PAYn-1, yn))]k (2.6)

which further implies that

1< Y@y, Y1) < [P@Y-1, y )T < P2yt DI < o < [0,y 27)
From (2.7), we obtain

Tim Y(d(yn, Y1) = 1. (2.8)
Then from (12), we get

Lim d(yu, Y1) = 0. 2.9)

From the condition (i3), there exist 0 < k < 1 and I € (0, o] such that

lim l,b(d(yn/ yn+1)) -1 —
n—eo d(ynr yn+1)k

Suppose that I < co. In this case, let B = > 0. From the definition of the limit, there exists n; € N such that

YAd(Yn, Yns1)) —
d(ym ]/n+l)k

1
-I<B

for all n > n;. This implies that

¢(d(yn, yn+1)) -1 S]_B= 1
d(yn/ yn+1)k B 2
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for all n > n;. Then

”(d(}/n, yn+1))k < A”W(ﬂ}/m yn+1)) - 1]

for all n > ny, where A = £. Now we suppose that [ = co. Let B > 0 be an arbitrary positive number. From
the definition of the limit, there exists 117 € IN such that

< Hb(d(ynr yn+1)) -1
B (d(ynr yn+1))k

for all #n > n;. This implies that

n(d(yn/ ]/n+1))k < An[lp(d(ym ]/n+1)) -1]

for all n > ny, where A = %. Thus, in all cases, there exist A > 0 and n; € IN such that

1(Ad(Yn, Yns1))* < A[YEAYr, Yns1)) = 1]
for all n > n;. Thus by (2.7), we get

1(d(Yn, Yne1)F < An([(d(yo, y1))IF - 1).

Letting n — oo in the above inequality, we obtain
Lim n(d(yn, Y1) = 0.
Thus, there exists 11, € IN such that
1
d(Yn, Yn+1) < =y (2.10)

for all n > n,. Now we prove that {y,} is a Cauchy sequence. For m > n > n, we have,

m—=1 m—1
1
Ay y) < ) A Yis) € ) 7 @.11)
i=n i=n

Since, 0 < k <1, then Y. 7°; ﬂ% converges. Therefore, d(y,, y,) — 0 as m,n — oo. Thus we proved that {y,} is
a Cauchy sequence in Range(R). Completeness of Range(R) ensures that there exist z € Range(R) such that,
Yn — z as n — oo. Now since R is left-total, so wRz for some w € X. Now

1 < (d(yn Fw)) = YA(Fx,1, Fw)) < [WDR{x,-1}, Riw)))]*
< WY1, 2

Since limy,—,co d(Ys-1,2) = 0,50 by (¢2), wehavelim,,_,co Y(d(yn-1,2)) = 1. Thisimplies thatlim,, .o Y(d(y,, Fw)) =
1, which further implies that lim,_, d(y,, Fw) = 0. Hence d(z, Fw) = 0. It follows that z = Fw. Hence
Fw € R{w}. In the case when Range(F) is complete. Since Range(F) € Range(R), so there exists an element
z* € Range(R) such that y, — z*. The remaining part of the proof is same as in previous case. [J

Example 2.2. Let X =Y =R, d(x,y) = |x - y| .DefineF : R = R, R: R ~» Ras follows:

[0 ifrxeq
Fx‘{1 fxeQ

R =(Qx[0,3) U (@Q"x[7,9])
Then Range (F) = {0,1} ¢ Range (R) = [0,3] U [7,9]. Let y(t) = eVt
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For x € Q, y € Q' or either y € Q, x € (¥, we have d(Fx, Fy) # 0 implies
Y(d(Fx, Fy)) < [W(D(R{x}, Ry

with k = 3. Thus all conditions of the above theorem are satisfied and 1 is the coincidence point of F and R.
From Theorem 2.1, we deduce the following result immediately.

Theorem 2.3. Let X be a nonempty set and (Y, d) be a metric space. Let F,R : X — Y be two mappings such that
Range(F) € Range(R) and Range(F) or Range(R) is complete. If there exist a mapping € Y and a constant k € (0,1)
such that

Y(d(Fx, Fy)) < [Y(d(Rx, Ry))I*

forall x,y € X. Then F and R have a coincidence point in X. Moreover, if either F or R is injective, then R and F have
a unique coincidence point in X.

Proof. By Theorem 2.1, we obtain that there exists w € X such that Fw = Rw, where,

Rw = limRx,, = limFx,,_1,xy € X.
n—o00

n—o0

For uniqueness, assume that wy, w, € X, w; # w,, Fw; = Rw; and Fw, = Rw,. Then
1 < g(d(Fun, Fwp)) < [(d(Ruwy, Rw))]*

for any k € (0, 1). If R or F is injective, then
d (Rwq, Rw,) > 0

and
1 < ¢ (Rwy, Rwy)) = P(d(Fwr, Fw,)) < [P(d(Rwy, Rw,))[F < P(d(Rwy, Rw,)),

a contradiction. Thus proved. 0O

Corollary 2.4. [24] Let (X, d) be a complete metric space and F : X — X be a self mapping. If there exist a function
Y and a constant k € (0,1) such that forall x,y € X, ,

d(Fx, Fy) # 0 = Y(d(Fx, Fy)) < [{d(x, y)I.
then F has a unique fixed point.
Proof. Choosing X = Y and R = I (the identity mapping on X). [

Corollary 2.5. Let F: X = Y, R : X ~» Y be such that R is left-total, Range (F) € Range (R) and Range (F) or
Range (R) is complete. If there exists some k € [0, 1) such that for all x,y € X

d(Fx, Fy) < kD(R {x}, R {y}).
Then there exists w € X such that Fw € R {w} .

Proof. Consider the mapping y(t) = eVt for t > 0. Then obviously 1) satisfies (11)-(1’3). From Theorem 2.1,
we obtain the desired conclusion. [

Corollary 2.6. Let X be nonempty set and (Y,d) be a metric space. F,R : X — Y be two mappings such that
Range (F) € Range (R) and Range (F) or Range (R) is complete. If there exists some k € [0,1) such that for all
x,yeX

d(Fx, Fy) < kd(Rx, Ry).

Then R and F have a coincidence point in X. Moreover, if either F or R is injective, then R and F have a unique
coincidence point in X .



N. Hussain et al. / Filomat 32:12 (2018), 4341-4350 4346

Proof. Consider the mapping ¢ (t) = eV, fort > 0. Then obviously F satisfies ({1)-(y’3). From Theorem 2.3,
we obtain the desired conclusion. [J

Remark 2.7. If in the above Corollary we choose X =Y, and R = I (the identity mapping on X), we obtain the
Banach contraction theorem.

Note that the family W consists of a large class of functions. For example, if we take
2 1
t) =2 — — arctan(—
P(t) - arc an(tﬁ)

where 0 < < 1and t > 0, we can obtain the following result from our main Theorem.

Theorem 2.8. Let X be a nonempty set and (Y,d) be a metric space. Let F : X — Y be single-valued mapping,
R : X ~>Y be such that R is left-total, Range(F) C Range(R) and Range(F) or Range(R) is complete. If there exist a
mapping Y € WV and a constant B,k € (0,1) such that

)¢

Y<[2- 2 arctan(

NSRS I 1
n arcan d(Fx, Fy) s D(R{x}, R{y})

for all x, y € X. Then there exists w € X such that Fw € R{w}.

Theorem 2.9. Let X be a nonempty set and (Y,d) be a metric space. Let FF R : X — Y be two mappings such
that Range(F) C Range(R) and Range(F) or Range(R) is complete. If there exist a mapping ¢ € WV and a constant
B,k € (0,1) such that

)¢

2 2
2 — — arctan( ) < [2 — — arctan(
T e

1 1
d(Fx, Fy)f d(Rx, Ry)#

forall x,y € X. Then F and R have a coincidence point in X. Moreover, if either F or R is injective, then R and F have
a unigue coincidence point in X.

Corollary 2.10. Let (X, d) be a complete metric space. Let F : X — X be a self mapping. If there exist a mapping
Y € VY and a constant B,k € (0,1) such that

1
d(x, y)P

forall x,y € X. Then F has a unique fixed point in X.

2 2
2 — — arctan( ) < [2 — = arctan( N
T T

1
d(Fx, Fy)p

Example 2.11. Consider the sequence

S51=1x%x2

S =1Xx2+3x4

S3=1%Xx2+3%X4+5%x6

Sp=1X2+3x4+...+(@2n—1)2n) = LD

Let X ={S,:neN}and d(x,y) = |x— y). Then (X, d) is a complete metric space. Define the mapping
F:X — Xby,

F(51)=8Sy, F(S,)=S,.1, foralln>2.
Clearly, the Banach contraction is not satisfied. In fact, we can check easily that

lim d(F(S,),F(S1)) _
n—e  d(S,,S1)
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Let us consider the mapping 1 : (0, 00) — (1, o0) defined by
Y() = e Vie'

We can easily show that i) € W. Now we shall prove that F satisfies the conditions of Corollary 2.4, that is
A(F(S,), E (Si)) # 0 implies that

A(F(S,), F(Sp)) # 0 = ¢ VAFEGEGMEDTENT VS, 5)elcnsn

for some k € (0, 1). The above condition is equivalent to
A(F(S,), F () EEEE) < 124(8,,, S, )e S
So, we have to check that

A(F(Sy), F (Sy))eFSnEEm) 3
d(snl Sm)ed(sﬂ/sm) =

for some k € (0, 1). We consider two cases,

Case 01. For 1 = nand m > 2, we have
A(F(S1), F (S,,))edFE)FSum)=d(S1,5m)
d(S1,Sn)
4m> — 9m? + 5m — 6 -2@n-tym

4mP +3m?2 —m -6
< ¢!

Case 02. For m > n > 1, we have

A(F(Sy), E (S,,))etESm)FSn)=d(Sm,Sn)
d(Sm, Sn)
@2m-3)2m-2)+ (2n - 1)(2n)62(2n_1)n_2(2m_1)m
2m—-1)(2m) + (2n +1)(2n + 2)
< et

with k = ¢72. Thus all the conditions of Corollary 2.4 are satisfied and F has a unique fixed point. In this
example S is a unique fixed point of F.

Now we discuss the existence and uniqueness of solution of a general class of the following Volterra
type integral equation under various assumptions on the functions involved. Let C[0, ®] denote the space
of all continuous functions on [0, 8], where ® > 0 and for an arbitrary ||x||; = Supte[()/@]{ |x(t)] e=M}, where
A > 0 is taken arbitrary . Note that || - || is a norm equivalent to supremum norm and (C([0, ®], R), || - |I1)
endowed with the metric d, defined by

di(x,y) = sup {|x(t) - y(t)| e M)
t€[0,0]

for all x, y € C([0, ©], R) is a Banach space.
Consider the integral equation:

(fy)t) = fo‘ K(t,s, hx(s))ds + g(t) (2.12)

where x : [0,0] — R is unknown, g : [0,0] = Rand &, f : R — R are given functions. The kernel K of the
integral equation is defined on [0, ©] x [0, ®] X R.
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Theorem 2.12. Assume that the following conditions are satisfied:

(i) K:[0,0]x[0,0] xR —R,g:[0,0] - Rand f : R — R are continuous

(i) fot K(t,s,.) : R — Ris increasing, for all t,s € [0, ®],
(iii) there exists A € (0, +00) such that

IK(t, s, hx(s)) = K(t, 8, hy(s))| < Alhx(s) = hy(s)l

forallt,s € [0,0] and hx, hy € R.
(iv) If f is injective, there exists k € (0, 1) such that for all x, y € R;

|hx = hy| < I? |fx = fy|
and {fx : x € R} is complete. Then there exist w € C([0, ©], R) such that for x; € R,
t
fw(t) = im fx,(t) = lim [g(t) + f K(t, s, hx,—1(s))ds]
n—oo n—0oo 0
and w is the unique solution of (2.12).
Proof. Let X =Y = C([0,0], R) and
dy(x,y) = sup {|x(t) - y(B)|e™)
t€[0,0]
forallx,y € X. Let F,R : X — X be defined as follows:

¢
(Fx)(t) = g(t) + f K(t, s, hx(s))ds and Rx = fx.
0

Then by assumptions RX = {Rx : x € X} is complete. Let x* € FX, then x* = Fx for x € X and x*(t) = Fx(t). By
assumptions there exists y € X such that Fx(t) = fy(t), hence RX € FX. Since

|(Ex)(£) = (Fy)(®)|

f f
‘ f [K(t, s, hx(s))]ds — f [K(t, s, hy(s))1ds
0 0

IA

t
f |K(t, 5, hx(s)) = K(t, s, hy(s))| ds
0

IA

¢
f A (hx(s) - hy(s)‘ ds
0

IA

t
fo AR? |fx(s) = fy(s)|ds

f AR?|(Rx)(s) — (Ry)(s)| e ™e™ds
0

IA

¢
/\k2||Rx—Ry) lAf e"ds
0

At

IN

AR?| |Rx - Ry

|/\67
K| )Rx - Ry| [re.
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This implies that

(Ex)(t) - (Fy)(t)le™ < k¥ |(Rx = Ry|Ix

or equivalently,

d,(Fx, Fy) < k*d,(Rx, Ry).

Taking exponential, we have

EXFY) < KPdi(RY,RY)

Now, we observe that mapping ¢ : (0, 00) — (1, o0) defined by

u(t) = eV,

for each t € [0,0] and k € (0,1). Thus all conditions of Theorem 2.1 are satisfied. Hence, there exists a
unique w € X such that

fro(t) = lim R, () = lim Fx,o1(t) = F@)(®), 2 € X

for all t, which is the unique solution of (2.12). [
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