Filomat 32:12 (2018), 4375-4387
https://doi.org/10.2298/FIL1812375G

Published by Faculty of Sciences and Mathematics,
University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

On the Characteristic Polynomial of Power Graphs
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Abstract. The power graph P(G) of finite group G is a graph whose vertex set is G and two distinct vertices
are adjacent if one is a power of the other. In this paper, we determine the characteristic polynomial of the
power graphs of groups of order a product of three primes.

1. Introduction

There are many connections between graph spectra and other aspects of graphs such as diameter,
automorphis group, hamiltonicity, etc. Artur Cayley was the first mathematician who defined a graph
associated to a finite group. The concept of the directed power graph a semigroup is introduced by Kelarev
and Quinnn see [9] as well as [10-12, 14]. The power graph P(G) of a finite group G is a simple graph where
V(P(G)) = G and two vertices are adjacent if and only if one of them is a power of the other. A survey
containing new results of this topic can be found in [1]. The complete power graphs considered first by
Chakrabarty et al. in [4] and a formula for the number of edges in a power graph is proposed. Cameron
and Ghosh in [2] showed that non-isomorphic finite groups may have isomorphic power graphs, but if G
and H are two finite abelian groups, where $(G) = P(H), then G = H. Many properties concerning with
power graphs are studied in [3-5]. Let I' be a finite undirected graph without loops or multiple edges with
vertices {v1, vy, - -+, v,}. If two vertices v; and v; are joined by an edge, we say that v; and v; are adjacent and
write v; ~ v;. The adjacency matrix A of graph I' is a n X n square matrix A(I') = a;;, where

1 ifUi ~ U]'
lli]‘ =

0 otherwise *

Hence, A is a symmetric real matrix with zero diagonal and the roots of the characteristic polynomial
Pg(x) = det(xI — A) are called the eigenvalues of I'. The spectrum of I' which consists of the 1 eigenvalues of
I' is denoted by spec(I').

In the next section, we introduce some results that we use in this paper. Section three contains the
main results of this paper. This section has two subsections. In the first subsection, we determine the
characteristic polynomial of power graph of groups of order p, where p is a prime number, and in the
second subsection we do this for groups of order a product of three distinct primes .
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2. Definitions and Preliminaries

Here, our notation is standard and mainly taken from [6]. For the sake of completeness, we mention
here some results which are crucial throughout this paper.

Theorem 2.1. [4] Let G be a finite group. Then P(G) is complete graph if and only if G is a cyclic group of order 1
or p™, for some prime number p and m € N.

Theorem 2.2. [6] The characteristic polynomial of the disjoint union of two graphs I't and I'; is
Pryur,(x) = Pr, (¥)Pr, (x).
It follows that if I'1, T, ..., T are the components of the graph T, then
Pr(x) = Pr,(Pr, (). Pr.(x).

Suppose ¥ = {I';, I, ..., I} is a family of graphs. Define I' = I'y + I'; + --- + I'; to be the join graph of
{['1,Ty,..., T} with vertex set V(I') = U, V(I';) and edge set

ET) = U_ ET) U {(u,0)lu e V(I),ve V(I)), (1<i,j<s)h

Theorem 2.3. [6] Let I'1, T' be two graphs on respectively ny, n, vertices. The characteristic polynomial of the join
graph Ty + T is

Pran(®) = (=1)"Pr(@)Pr,(~x = 1)+ (<1)" Pr,(0Pr, (-x = 1)
— (1" Py (<x = Py, (<x — D).

Suppose p; are the distinct eigenvalues of I', then for fixed i, if eigenspaces V(u;) has an orthonormal
basis {x1,...,x;} then P; = xlxlT +ee 4 xdxg, otherwise P; represents the orthogonal projection of R" onto
V(ui) with respect to the standard orthonormal basis {ey, ..., e,} of R". On the other hand, j is the all-1
vector in R"” and the numbers 8; = %,
the angles between eigenspaces and j, see [6]. Note that X" g7 = 1, because I P;j = j. Then we have the

following proposition.

(i=1,...,m) are the main angles of graph I'; they are the cosines of

Proposition 2.4. [6] For a given graph I, we have

np?
X — Ui

PK1+F(X) = Pr(x)(x - Z;il )-

Theorem 2.5. [13] The characteristic polynomial of the power graph of the cyclic group Z., is
Ppz,)(x) = Pr(x)(x +1)" ",

where d;’s (1 < i < t), are all non-trivial divisors of n,

p(n) @(dr) pld2) ... pdy)

§0(1’l) +1 (p(d1) -1 a4, d, e ag,d,

T = go(n) +1 Ad,d, (p(dz) -1 ... Adyd,
pn)+1 Xd,d, Ad,d, cee@(dy) -1

and
_ (p(d]) d; |dj Oi’dj |d,’
Adid; = { 0 otherwise
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The coalescence graph I';.I'; of two graphs I'; and I'; obtained from disjoint union I'y UT; by identifying
a vertex u of I'y with a vertex v of I';. In [6] it is proved that

Pr, r,(x) = Pr,(x)Pr,—,(x) + Pr,_,(x)Pr,(x) — xPr,_,(x)Pr,—o(x).

Now, suppose I'; and I'; have respectively subgraphs K, K" where K = K’ and suppose I';(I';) has a
vertex 1(v) adjacent to all vertices of K(K’). We can define the generelized coalescence I'; ©I'; of two graphs
I't, I'; by identifying the vertices of subgraph K with the vertices of subgraph K’. Hence, one can see that
the adjacency matrix I'1 © I, is

A C 0
ct 0 DT,
0 D B
A C 0 DT . . . .
where cT o and D p|are the adjacency matrices of the graphs I'y and I';, respectively. Also C(D) is

the adjacency matrix of subgraph K(K’). Now

x[-A" -C 0
-cT x1 -DT
0 -D xI-B

x[-A" -C 0
-CT xI -DT
0 0 xI-B

x[-A" 0 0
-CT  xI -DT
0 -D xI-B

x[-A" 0 0
-CT «x1 -DT
0 0 xI-PB

Pryer,(x) = +

Thus, we proved the following theorem.

Theorem 2.6. The characteristic polynomial of generelized coalescence Ty © I'; is

Pr,er,(x) = Pr, (x)Pr,-k(x) + Pr,—x(x)Pr, (x) — Px(x)Pr, -k (%) Pr,-k (x).

3. Main Results

Suppose G(p, g, r) is the class of all groups of order pgr, where p, g and r are three prime numbers. Holder
in [8] investigated the structure of a group in G(p, g, ). By this notation, in [7] it is shown thatifp =g =1,
then there are five groups of order p> as follows:

° Zy,

o 7Z,X sz,

o ZyXZyX 2y,

o ZyxZp,

o Zyx(ZyX7Zp).

If p > g > r, then all groups of order pqr are
* Zygy,

Z; X Fyq (qlp = 1),

ZyXFp, (rlp-1),

Zy X Fyy (rlg — 1),

Fp,qr (‘VV’ - 1)/

Giss = {a,b,c:aP = b1 =" =1,ab = ba,c"'bc = b*,clac = a”), where rlp — 1,4 — 1,0(u) = r in Z; and
ow)=rinZ,(1<i<r-1).
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3.1. The power graph of groups of order p3

Here, we determine the power graphs of groups of order p>. In what follows, we determine the
characteristic polynomial of (G). By using Theorem 2.1, P(Z,) is a complete graph of order p°.

Theorem 3.1. Suppose G = Z, X Zp = x,y : xF = y”’ =1,xy = yx). Then
P(G) = Ky + (U Kp1 U (U Koy + Kp1)).

Proof. We have to partite the vertices of P(G) to the following subsets:

Subsets A,B. According to Theorem 2.1, the vertices correspond to the elements x' (1 <i < p — 1) and
y/ (1 <j<p?-1) form two cliques of orders p — 1 and p? — 1, respectively.

Subset C. By Theorem 2.1, the elements correspond to vertices x'y/ (1 <i<p-1, 1< j < p*—1) are of
order p?. Since G is abelian, we can consider two following cases:

Case 1. If j # kp, then we have p — 1 cliques of order p> — p and (x'y/)? =y (1 <t < p — 1) verify that
these vertices are adjacent with vertices of subset B.

Case 2. If j = kp, then (x'y**)? = 1 (1 < k < p — 1) implies we have p — 1 cliques of order p — 1. These new
vertices are distinct from the other vertices.

The power graph P(Z, X Z,) is depicted in Figure 1. A bold line between two subsets X and Y of
vertices denotes the join operator, namely X + Y, which means that all vertices of X are adjacent with all
verticesof Y. [

Figure 1: The power graph P(Z, X Z,).

Corollary 3.2. The characteristic polynomial of T = P(Z, X Z,2) is

(x+ 1) 2(x — p+ 2 Y x—p? +p+ 1y = (p? +p - 5)X°
(p* = 3p> + 6p” +2p — 9)x* + (p° — 4p* + 8p° — 11p* + 7)x
+ p=3p° +3pt +pP -5 +p+2).

Pr(x)
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Proof. By Theorem 2.3, it is sufficent to consider I'1 = K; and I'; = UleKp_l U (Ulesz_p + K,-1) and then
we have Pr,(x) = (x + 1)/ 2(x — (p = 2\ (x — (p? —p — D' (2% = (p* = 3)x — (p(p — 1)* + p? — 2)) and
I = Kp—l,m,rl—l + (sz_p pr-p Y Kp—l)- Thus

.....

Pr) = & 2tp -1 w4 plp - DY TR - (0 - D= D = 20°(p - DPx + PR - 1)Y).
This completes the proof. [J

Suppose G = Z,, X Z,, X Z,, then by using the structure of G and Theorem 2.1, the elements correspond
to a’, bl and ¢ (1 < i,j,k < p — 1) form three cliques of order p — 1, respectively. For elements a'b/, since
o(a'bl) = p, we can derive p — 1 cliques of order p — 1. Assume these elements are adjacent with a'’s, then
we can see that there exist an integer 1 < m < p — 1 such that (a'b/)" = a” and so p | jm, a contradiction. By a
similar way, we can conclude these vertices are not adjacent with the other vertices. Knowing the elements
a'c® (1 <i,k <p—1)are of order p, we achieve p — 1 new cliques of order p — 1. In continuing, the elements
bick (1 < j, k < p—1) verify a similar result with the last cases. Finally, for the elements a’b/c* (1 < i, j,k < p-1),
we know o(a'b/c*) = p which introduce (p — 1)? cliques of order p — 1. By a similar argument, these vertices
are not adjacent with the others. The related graph is depicted in Figure 2. We summarize the above results
in the following theorem.

Theorem 3.3. Let G = (a,b,c:a” = b’ =c” = 1,ab = ba,ac = ca, bc = cb). Then P(G) = K, + Uf’:p“Kp_l.

Figure 2: The power graph P(Z, X Z,, X Z.,).

Corollary 3.4. The characteristic polynomial of T = P(Z,, X Z,, X Z,) is
Pr(x) = (@ + PV - (p - 27 - (p = 2Dx = (p - (7 +2) +2).

Proof. Apply Theorem 2.3 to calculate the characteristic polynomial of I' as follows. Suppose I'; = K; and
I = Uf:Ip +1I<,g_1, so we have
Pry() = (v = (p = 2)(x + 1y 2y

,,,,,

Theorem 3.5. Suppose G = (x,y : ¥ =y’ = 1,y 'xy = ¥*). Then P(G) = P(Z, X Zz) forp # 2. If p = 2,
then P(G) = Ky + (Ks U (UL, Ky)).
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Proof. By the presentation of the group G, we can divide the elements of G to the following three subsets:

First, the vertices correspond to the elements x’s (1 < i < p? —=1) and y/’s (1 < j < p — 1) form two
cliques of order p?> — 1 and p — 1, respectively. We now apply the relation y~'xy = x’*! to conclude that
(yixiym = yimyi+ )" D44+ +]) [ et s, distinguish two cases:

Case 1. Assume p # 2 and i # kp, then o(y/x") = p?, therefore there are p — 1 cliques of order p* — p. The
relation (y/x')? = x*” implies that the correspond vertices are adjacent with x'’s. On the other hand, if i = kp,
then o(y/x**) = p that yields p — 1 cliques of order p — 1.

Case 2. Suppose p = 2, thus o(y/x’) = p which means that there are p + 1 cliques of order p — 1. This
graph is depicted in Figure 3. O

x
X X
v @ e
yx? y
yx

Figure 3: The power graph P(Z, < Z;).

Corollary 3.6. The characteristic polynomial of I' = P(Zp = Z4) is
Pr(x) = x*(x + 1)?(x® — 2x* — 7x + 8).

Proof. Suppose I't = Ky and I, = K3 U (UL K1), then Pr,(x) = (x - 2)(x + 1)%x* and T, = U} K + Ky. So,
Pr,(x) = x*(x + 1)3(x* — 3x — 12). This yeilds that Pr,.r,(x) = x3(x + 1)*(x® - 2x> — 7x + 8) and we obtain our
required. [J

Theorem 3.7. Suppose
Gxyz: X =y =2 =1,xy = yx,zy = yz,xz = zxy).
Then P(G) = P(Zy X Zy X Zy) if p # 2 and P(G) = P(Zy < Zy), if p = 2.

Proof. At first note that each elements of group G is correspond to a vertex of P(G). If p # 2, then the
elements of group G can be divided to seven subsets as follows:

Subsets A-C. The elements x'’s, y/’s and zF's (1 < i, j,k < p — 1) which form three cliques of order p — 1.

Subset D,E. Consider the elements x'y/" (1 <i,j < p—1) and y/z¥s (1 < j,k < p — 1) that are of order p.
These vertices construct 2(p — 1) new disjoint cliques of order p — 1.

Subset F. The elements zfx'’s (1 < i,k < p — 1) are those lying in (p — 1)? new cliques of order p — 1 and
are distinct from the other vertices.

Subset H. The elements z*x'y/’s (1 < i, j,k < p — 1), which are of order p, introduce p — 1 cliques of order
p — 1. By a similar argument, these vertices are distinct from the other vertices. Finally, assume p = 2, then
P(G) is as depicted in Figure 4. [
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x
x® x
v @ e
yx? y
yx

Figure 4: The power graph P(Z; = (Zy x Z5)).

3.2. The power graph of groups of order pgr

In this section, we apply similar methods as as given in the last section to determine the structure and
the characteristic polynomial of P(G), where |G| = pgr and p > g > r are three prime numbers. Suppose
I'i,..., T’y are n connected graphs. The graph C,[I'y,...,I,] is a graph constructed by UL, liin which every
vertex of I'; is adjacent with every vertex of I'iy1 (mod n) for 1 <i < n.

Theorem 3.8. Let G = Z,,;, = (a). Then the power graph P(G) is isomorphic with
K(p(pqr)+1 + Cé [qu—ll Kp—lr Kpr—lz K-, qu—lz Kq—l]-

Proof. We can consider the elements of G as seven subsets which is reported in Table 1. By using the
definition of C,[I'y, ..., I’s] the proof is complete.

Table 1. The structure of power graph of Group Z,,.

Elements # Elements Adjacent with

a (t,pgr) =1 o(pgr) All vertices
a"(1<i<pg-1) |pg—p—q+1 | a7 (1<i<p-1),a" (1<j<g-1)
AdT(1<j<pr=1) | pr—p-r+1| a7 (1<i<p-1),dP(1<k<r-1)
AP (A<k<qgr=1)| gr—gq-r+1 [ d"(1<k<r-1),a"m(1<j<q-1)

a7’ (1<i<p-1) p—1 a" (1<i<pg-1),a7(1<j<pr-1)
am(1<j<g-1) g-1 a"(1<i<pg—1),d7 (1<k<gqr-1)
AT (1<k<r-1) r—1 P (1<k<qr-1),a"(1<j<pr-1)

Corollary 3.9. The characteristic polynomial of P(Z,,) is

Pr(x) = Pr(x)(x + 1",

where
apy Y p a Py ay ap
apy+1 y-1 0 0 By ay 0
afy +1 0 p-1 0 By 0 ap
T=]apy+1 0 0 a-1 0 ay ap
apy+1 vy B 0 py-1 0 0
apy+1 vy 0 a 0 ay -1 0
afy +1 0 B a 0 0 ap -1
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Figure 5: The power graph P(Z,,,).

a=p-1,B=q-landy =r—-1.
Proof. Use Theorem 2.4. [J

Theorem 3.10. Suposse G = {a,b,c :a’ = bT =" =1,ac = ca,bc = cb, b~lab = a*), where u1 = 1 (mod p). Then
P(G) =~ Ki+ (F1 @rz), whereT'; = 1”1 QFEQ' . '@I—‘;’, 1“1’ = qu,q,,ur] + (qul UKr,l)) and Ty = pr,p,,url + (Kpfl UKr,]).

Proof. Consider the vertices of P(G) as following seven subsets: The vertices correspond to the elements
as(1<i<p-1),b's(1<j<qg-1) and ¥s (1 <k <r-1) compose three cliques of order respectively,
p—1,q—1andr—1. For elements bia’s (1 <i<p—1, 1 < j < q—1), by using the relations b~'ab = a" and
(blaty" = pimgi@" 4+ e obtain o(b/a’) = g which yields p — 1 cliques of order g — 1. Also these vertices
are distinct from the other vertices. Consider now the elements a'ct’s (1 <i<p-1, 1 <k <r-1). The
relation ac = ca, yields o(a'c) = pr and then we achieve a clique of order pr —p —r+ 1. On the other hand, we
know (a'cF)P = a? = ¥ and (a'c")" = a"c*" = a'" that imply these vertices are adjacent with a”’s and cfs. By
the structure of group G, the elements b/c"’s (1 < j<q—1,1 <k <r-1) form a clique of order gr —g —r + 1
and two relations (b/c¥)" = bi'c?" = bi" and (bIcF)T = bk = ¥ verify that these vertices are adjacent with
element b/’s and c*’s. The elements ¢*bia’s (1 <i<p-1,1<j<g-1, 1 <k <r—1)are of order gr and by
using an induction we get that
(Ckbjai)m — Ckmbjmai(uf(””l)+~-+uf+1)‘

Thus, we have p—1 new cliques of order gr—g—r+1. Also the relations (c*b/a’)? = ¢* and (c*b/a’)" = (b/a’y’
yield either these vertices are adjacent only with b/a"’s and ¢*’s, or one of the following cases hold:
Case 1. There exists an integer 1 < m < gr — 1 such that (c*b/a’)" = 4" and then

’

Ckmbjmai(u/("”1)+--~+u/+1) — {Ili
which we can conclude q | jm, r | km, a contradiction.
Case 2. There exists an integer 1 < m < gr — 1 such that (c*b/a’)" = b/’ and then
Ckmbjmai(uf('”’”+~'~+u/+1) =y

This means 7 | m, p | /™Y +--- + u/ + 1 and therefore q | jm, a contradiction.
Case 3. There exists an integer 1 < m < qr — 1 such that (c*b/a’)" = ¥'a” and then

’

i (=1 oo qqy] g
Ckmb]mal(u ot/ +1) Ck a
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which yields g | jm, a contradiction. . '
Case 4. There exists an integer 1 < m < gr — 1 such that (¢*b/a’)" = ¢*'b/ and then

Ckmbjmai(uf“”‘l)+-~+u/'+1) — Ck’ b]’
which implies that p | i(w/~D + --- + 1/ + 1), a contradiction. The power graph P(G) is depicted in Figure
6. O
Corollary 3.11. The characteristic polynomial of I'1 ©I'; is
Proor,(x) = (x + 1Y D4 (x — (gr — r = 1)) (x* — ax® — bx® + cx — d)

wherea = r(p+q—1)-5,b = p(q—l)(r—1)2+(p+1)(r+l)—7—(qr—r—1)(pr—4),c = (gr—r=1)(pr+p+r—6)+((p—
D2 +p(pr-r+q-3)g-1))r—1)~p=r+3andd = p(pr—r-1)q-2)(q=1)r=1?+@gr-r-1)((p-12(r~1)2~p-r+3),

Proof. Firstassume ' =T ©I, ©--- © T} then by using Theorem 2.5. we have

Pr(x) = pPr: (x)(Pr—k,) ()" = (p = 1)Px,_, () (Prr—k, ) (%)) -

We know

Pr(x) = (x+ DI —(gr-4) - (@ + D)+ 1) =7x+(@-1D*(r—1)*-q—r+3)
and I/ — K,—; = Kg—,. Hence

Pr(x) = (x+ 1T S (qr—r = 1Y~ (gr - 42
(P=D@-Dr=17+@+1D)(r+1)-7)x
P~ 2~ 1)~ 1P + (r = 2)(gr —  — D).
On the other hand, we can see that

Pr,(x) = (+1) P -(pr-H - (p+Dr+1)-7)x

+ (=D =Dpr-p-n+{p-2)-2),

and I'; = Ki—1 = Kgpy, [ OT, 0+ O F;,) -K,_1 = UleKq,_r which completes the proof. [

+

The characteristic polynomial of K; +(I'; ©I'2) follows immediately from the Proposition 2.1 and Corollary
2.5.

Apply Theorem 2.1 to determine the structure of power graphs of groups G = Z; x F,,(r[p — 1) and
G = Z, X F;,(rlg — 1) as given in Theorem 3.5.

Theorem 3.12. Let G = F,, 5, (qrlp — 1). Then one of the following occurs:
i) Ifr =3 or q =3, then P(G) = Ky + (I'1 ©T2), where Ty = U_ Ky + Kyoy and Ty = Kpyp_p_yi1 + (Kpm1 UK).
ll) If?’,q # 3, then P(G) =Ky + (Ulequ,l U Kp,l).

Proof. i) In this case we can partite the vertices of P(G) to three subsets as follows: The vertices corresponding
to the elements x'’s (1 <i < p—1), y/’s (1 < j < gr—1) form two cliques of orders p—1 and gr— 1, respectively.
Now, consider the element yix' (1 < j < gr—1, 1 <i < p—1) in which (y/xi)" = yimy@" ™ +-+0+1) - We
distinguish two cases:

Case 1. Assume j # kg, then o(y/x’) = gr which implies there are p — 1 cliques of order gr — . We can
obtain (y/x)7 = y/ that yields these vertices are adjacent with the elements y/’s.

Case 2. If j = kg, then o(y/x') = pr, (y/x')" = x" and (y/x')? = y" (1 <t < r —1). Therefore, we have a
clique of order pr — p — r + 1 whose vertices are adjacent with the elements x'’s and y/’s (j = kg).

ii) In this case, by a similar discussion as given in the last case, we have o(y/x') = gr where (1 < j < gr—1)
and these vertices form p —1 cliques of order qr— 1. On the other hand, the structure of the group G indicates
that these vertices are distinct from the other vertices. The power graph P(G) is depicted in Figures 7, §,
respectively. [
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Figure 6: The power graph P(Z, x F, ;).

Figure 7: The power graph P(F,,) r =3 orq = 3.

Corollary 3.13. Suppose r = 3 or q = 3, then the characteristic polynomial of graph P(F,q,) is
= @A) qr-r- DY@ - (rp+g-1) - 7

Pp,,)

I+ + + + +

+ + +

(g —1)(p—6) +pr(g —3) +13)x° + (p - (r - V)(pr —p — 1)
(q =D = D(pr(pr—r-1)-3)

g —1)((p — 1)(5—pr) +r—5) — pr — qr + 3q + 10)x*

((p = Dr(g = D(pr(r=3) = (p - D(r-1) +3)
(p+r=3)(Q2r-1)(q-1)-2)

(=1 =12(qr—q—=2) + (g = D)(r = D(pr(pr —r=2) = 3)x
(-1’ -1°0(p-D@Gg-1)+1) - (@p-Drig-1)(pr-1)
priq=D(r—-D)pr-r=-1)+@r-r-1)p+r-3)
p-D@r-1)+1).

4384
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Figure 8: The power graph P(F, ).

In addition, if r,q # 3, then

Ppe,)(x) = (x+ D2 (x - (qr =2 (- (qr+p - 4x°
- (2p+2gr-5)x+ pz(qr -1 —gqr(p+1)+2).

Proof. 1f r = 3 or q = 3, then we apply Theorem 2.3 to conclude that

(e + DPTT D2 — (gr —r — 1)) H(x® — (g7 - 3)x
g =D =D =1)—qr+2)

PF1 (x)

and

(x+ 1P = (pr =4 — (p+ 1)(r +1) = 7)x
p-Dr-Dpr-p-n+{p-2)(r-2).

On the other hand,

Prz (X)

+

Pr,_k.,(x) = (x + P D(x = (gr—r = 1))

and
Prk_,(x) = (x+ D" x = (pr —r = 1)).

Now from Theorem 2.5, we can see that

e+ PR — (gr—r =Yt - (rp+q - 1) = 5)X°
(prig—2)—4@qr—r -1 +((p-1*(r-1)*+ (- 1)(r—1)
(pripr—r—-1)=3)+ (p+r-3)gr—qg—n)x+pr@@-1(r-1)
(pr—r=D+@-r=1)(p+r-3) = (p-1*r-1?%).

Pryer, (x)

X X +

qr—r + (Kpr—p—H—l U Kp—l) and

,,,,,

I, = Ky-1,-1. Hence, by using Theorem 2.3, we can see
Pr/(x) = "7 P x4 gr = P70 = r(p = 1)(g = Dx = pri(p = 1)(q - 1))

and
Pr, g, ,(x) = X" (x 4+ gr = r)P 7 (0 = r(p = (g — Dx = pr(p = D(r = 1)(q - 1))



M. Ghorbani, F. Abbasi-Barfaraz / Filomat 32:12 (2018), 4375-4387 4386

Also, Pry(x) = ¥*"*(x* = (p - 1)(r — 1)) and Pr, g, ,(x) = x". We now substituate these results in Theorem
2.5 to get

Prx) = &Pk gr— @ = (p - 1) - D5+ (o~ D(prg +pr b - D2
+ r(p— 12(r—1)(q - Dx + pr(p — 1)*(r — 1)*(q - 1)).

Finally, suppose that g, # 3and I = U,_ K;,1 U K,_1, then we have
Pr(x) = (x + PP (x = (qr = )Y (x = (p - 2)),

Pr(x) = PP (x 4+ gr = 1)/ = (p = 1)(gr = 1)(x +p)).
0

Theorem 3.14. Let G = Giys = {(a,b,c 1 aP = V1 = ¢" = 1,ab = ba, ¢ 'bc = b, c"lac = a”i), where vlp — 1,9 - 1,
o(u) = rinZ; and o(v) = rin Z, (1 < i <7 —1). Then P(G) = Ky + (U K1 U (Kpgp—g41 + (Kpo1 U K1)

Proof. We cliam that P(G) has pg + 3 cliques. First, we prove that different cliques have at most one vertex
in common. We can partite the vertices of £(G) to seven subsets:

Subsets A-C. The vertices correspond to the elements a'’s (1 <t <p-1),b’s (1 < j < g—1) and *'s
(1 £k <£r—1)introduce three cliques of orders p — 1, 4 — 1 and r — 1 respectively.

Subset D. We can see that the vertex a'b/ (1 <t <p—1, 1 < j < g— 1) is of order pg which yields a clique
of order pg — p — q + 1. Apply the relations (a'b/)P = b/? and (a'b/)7 = 4" to determine their adjacency with
the vertices of Subsets 1,2.

Subset E. Consider the vertex c¢’a' (1 <i < p-1, 1 < k < r—1). The relation c'ac = a”, where
v" = 1 (mod p) yields o(c*a’) = r. Hence, we achieve p — 1 cliques of order r — 1 that are distinct from the other
vertices.

Subset F. We know the vertices ¢*b/’s (1 < j < g—1, 1 < k < r—1) are of order r and form g — 1 cliques of
orderr —1.

Subset H. Finally, by the presentation of the group G, the vertices c*b/a'’s (1 <t <p-1,1<j<g-1,1<
k <r—1) form (p — 1)(g — 1) cliques of order r — 1. The power graph P(G) is dipected in Figure 9. [

Figure 9: The power graph P(Gi.s).
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Corollary 3.15. For 1 <i <r — 1, the characteristic polynomial of P(Gi,s) is

(x + 1P (x — r + 2P (x® — (pg + 7 — 6)x*

— Gpa+p+g+4r—15°+((p -1’ -1’ +(p-2)g-2)

(r = Dpq(pq = 3) + (r =3)((p + 1)(g + 1) — 8) — (pq — 8))x*
((r=D(pg =1 =3(p = Vg = 1) + pa(p + 9) +4)

- (=3 -1*(q-1+(@p-5)(-5)—10r-5)x

+ (-1’ =Dpg-1)+1)+ @ =1)(-pgp +q-3) +1)
- P-2@-29r-2)-1

Pp(G,,5)(%)

+ o+

Proof. AssumeI'; = Ufle,_l U (Kpg—p—g+1 + (Kp-1 U K;-1)), then by applying Theorem 2.3, we have:

Pr,(x) = (x+1774° = (pg -4 - (p+1)(g+1) - 7)x
+ -D@-Dpg-p-9+@p-2)0(q-2),

where I'; = Kpgp—g41 + (Kp-1 U K1) and

Pr(x) = (+ )P0 (=290 ~ (pg — 4 = (p+ V(g + 1) — 7)x
+ (p-D@-Dpg-p-9)+{F-2)q-2)

In continuing, suppose I't = K,_1,. ,-1 + (Kpg—p—g+1 U Ky—14-1), then by using Theorem 2.3, we have

Pr,(x) = xPI D=4 4 — 1P (o — (pg — 1)(r - 1)x® — (papq - D(r-1)
(p-1g-1))x* = (p—1)(q -1 —1)(pg + x
pa(r — D((p - D*(q - 1)* - 2(p + 9 - 3))).

+
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