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Application of Double Natural Decomposition Method for Solving
Singular One Dimensional Boussinesq Equation
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Abstract. In this work, a combined form of the double Natural transform method with the Adomian
decomposition method is developed for analytic treatment of the linear and nonlinear singular one dimen-
sional Boussinesq equations. Two examples are provided to illustrate the simplicity and reliability of this
method. Moreover, the results show that the proposed method is effective and is easy to implement for
certain problems in science and engineering.

1. introduction

The nonlinear one dimensional Boussinesq equation is used to model flows of water in unconfined aquifers.
Recently many researchers are interested in seeking analytical solutions of nonlinear ordinary and partial
differential equations. Many research works have adopted the method of integral transform in order to
solve certain of partial differential equations, for example in [16, 18, 19], double Sumudu transform is used
to an evolution equation of population dynamic. The powerful mathematical methods such as Adomian
decomposition method (ADM) [1-4], the modified double Laplace decomposition method [6-8] have been
suggested for obtaining the exact and approximate analytic solutions of nonlinear problems. Construction
of soliton solutions and periodic solution of Boussinesq equation by modified decomposition method are
given in [9, 10] and a solitary wave solution of the Boussinesq equation with power law nonlinearity
has been derived in [11]. Natural transform was first introduced by [5] and its properties were studied
by [13]. Natural Decomposition Method was used to solve coupled system of nonlinear pde’s [12]. In
[15] the Natural Homotopy Perturbation Method has been successfully applied to linear and nonlinear
Schrodinger equation. Recently double Natural transform has been applied to solve telegraph, wave and
partial integro-differential equations see [14]. The aim of this paper is to propose an analytic solution of the
singular one dimensional Boussinesq equation by using a modified double Natural decomposition method
(MDNDM). This analytical technique basically confirms how the double Natural transform can be used to
approximate the solutions of the nonlinear differential equations with the linearization of non-linear terms
by using Adomian polynomials. We now recall the following definition of the Natural transform given by
[5]. Over the set of functions
{ f(t): AM, 71,72 > 0, such that }

It

If(t)] < Me™i, ,if t € (-1)/ X [0,00), j=1,2.
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the Natural transform is defined by

N*[f(®)]=R(s;u) = % ]:o e f(t)dt Re(s),Re(u) >0, (1)

where the variables 1 and s are complex variables of the natural transform.

2. Properties of Double Natural Transform

In this section, we discuss the basic concepts and properties of double Natural transform used in the sequel.

N;, [f (x, 0] f f & ff(x £)dt dx,
Re(s),Re(p) > 0 Re (1) ,Re (v) > (2)

We can rewrite Eq.(2) in other form as

NG [f (o 0)] = fo ) fo ) e ¥t £ (ux, ot) dt dx. 3)

where N7, indicates double Natural transform and. Double inverse Natural transform is defined by

a—ico

(Z)a

—ico

euer N7, [f (x, ] dsdp,

Np Lo (N2, [ (6 0]) = £, 1) =

where N; 1. indicates double inverse Natural transform. The reader can read more about the Double

Natural transform in [14].

Example 1: [14] Double Natural transform of the function f(x, t) = ¢/@* is given by

; 1
+ i(ax+bt) —
Nt [e ] (p — aui) (s — boi)
ps — abuv + (aus + pbv) i

(p? + a?u?) (s% + b?v?)

Consequently,

ps — abuv
(p? + a2u?) (s% + b2v?)’

[cos(ax +bt)] =

and

aus + pbo
(p? + a?u?) (s? + b20?)

N7, [sin(ax + bt)] =

Example 2: [14] The double Natural transform of f(x,t) = (xt)" is given by

] = (’;')1—2”1

where n is a positive integer. If a(> —1) and b(> —1) are real numbers, then

a,.b
p1_ uwo T (@a+1)IT(b+1)
+f [xat ] - pa+1sb+1

7
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then it follows from the definition of double natural transform that

N ] = - ‘f j‘eﬁ Stdt dx
= —f e (lf _ttbdt) dx,
u Jo v Jo

by substituting £x = 7, and £t = g, one gets
1 ((u) 1 (™ (v \ o
+ b - s —r_ - st 2 -7
N7, [x”t ] ” f ( r) drv L e (sq) e qu
= o ) f f r“q e"e"drdg

Wo'T @+ 1)T (b +1)
pa+1sb+1

7

where, gamma functions of a and b are defined by the uniformly convergent integral as follows.

T(@)T ()= f e P dx f e“1g"dt, ,a >0, b > 0.
0 0

Example 3: The double natural transform for the following function
flx,t) =H(x)® H () InxInt,

is given by
N/, [Hx)®H () InxInt] = if f e~ i nx In tdt dx,

where the H(x, t) = H(t) ® H(x) is a Heaviside function and ® is a tensor product see [17] . let C = gx and

1 = Lt the integral becomes
1 e ln(zq)(f et ln(L—lC)dC) dn
PS 0 S 0 P

= pls(y—lnu+lnp)(y—lnv+lns), (4)

N:, [H(x) ® H (t) InxIn{]

where Euler constant defined by y = fooo e MIn(n)dn = 0.5772 - Also the Euler Mascheroni constant y is
defined by

=1
y = lim - —logn|.
lim [}Z 7 ~log ]
More detail about Euler constant see [20]. We can use the result of the above example to evaluate the natural
transform of the singular function P f[H(x) ® H (t) /xt]. Where

)
oxot

PFIH(x) @ H (t) /xt] = (H(x) ® H(t) InxInt)

we obtain, from Eq.(4)

N7, i (Hx)®H () InxInt)

NI, (Pf[H(x) ® H (t) /xt]) ot

%(y—lnu+lnp)(y—lnv+lns)
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Existence Condition for the double Natural transform:

If f(x,t) is an exponential order 4 and b as x — oo, t — oo, if there exists a positive constant K such
thatforallx > Xand t > T

|fGx B] < Ke™, (5)
it is easy to get,

f(x,t) = O@E™*) as x — oo, t — oo,

Or, equivalently,
lim e~ " t|fxt|—K11me(u (50 =,
Jt{::gg t—o0

where § > a and g > a. The function f(x,t) is called an exponential order as x — oo, — o0, and clearly, it
does not grow faster than K ¢""" as x — oo, t — co.

Theorem 2.1. Ifa function f(x, t) is a continuous function in every finite interval (0, X) and (0, T) and of exponential
order ¢, then the double natural transform of f(x,t) which is defined by N}, [f (x, t)] exists forall p > a,s > p

andu #0,0v#0.

Proof. From the definition of the double natural transform of f(x,t), we have

Ny [f (e 0] = uvf f ~ETE f(, )t dx
< f f e (E=x=(3-0)t g gy
uv
- (p- au) (s—bo) ©
From Eq.(6) we have
lim |N;t [f(x, t)]| =0or ;LrgloR((p, s); (u,v)) =0.
O

Theorem 2.2. [14] Let f(x, t), be a periodic function in A of the period T > 0 and K > 0. Then the double natural
transform of f(x, t) is given by,
L fOT fOK e Pt f(ux, vt)dt dx

N;r/t[f(x,t)]z (1_6_%)(1_6_%)
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The natural transform of the convolution product:

Theorem 2.3. Let f(x) and g(x) be integrable functions, if the convolution of f(x) and g(x) is given by

¢
(F0 0= [ F@g¢-0d @)
0
then Natural transform of the convolution product is defined as follow
N [f () g (H)] = uF (s;u) G (s;u). 8)
Where F (s; u) and G (s; u) are Natural transform of the functions f (t) and g (t) respectively.

Theorem 2.4. [14] Let f(x,t) and g(x, t) having double Natural transform. Then double Natural transform of the
double convolution of the f(x,t) and g(x, t),

X t
+xg) (x, 1) = , —{,t—n)dldn, 9
(P 0= [ [ FCng=C o=y ©)
denoted by
N7 [f (%, 1) 2g (x,1)] = uoF ((p,s); (1, 0)) G ((p,s); (u,0)). (10)

Where F ((p,s) ; (u,v)) and G ((p, s) ; (u,v)) are double Natural transform of the functions f (x,t) and g (x,t) respec-
tively. See [14].

The fundamental properties of double Natural transform of partial derivatives are given by the authors in
[14], as follows: If double Natural transform of the function f(x,t) is given by N}, [f (x,t)] = R((p,s); (v, 0))

2 2
then, the double Natural transform of of ;i’t), J g)(;,t), of gf’t) and 2 gg,t) are given by

af (x, 1) p 1
+ —_ . —_ .
Nx,t [ ax uR(p/ SI M, U) uf(oi S/ 0/ v)/ (11)
Pf (x,t) p? p 19f(0,s;0,v)
L7 = Je— . —_— . -
N7, [ 552 ] " R(p,s;u,v) " £(0,s;0,v) ” Ep ,
(12)
and
af (x,t) s 1
2552 - SResuo- e om0, )
f (x,t) 52 s 19f (p,0;u,0)
+ _ 2 . _ 2 . _ SN
Nx,t [ o2 ] - UZR(p'S/ u, U) sz(PfOf u, O) v ot ’
(14)
In the following theorem, we study double Natural transform of the functions x"g (x, t) , x" 2ful) g’t) and x" _azgg,t)

as follows:

Theorem 2.5. If double Natural transform of the partial derivatives % and % are given by Eqs.(13) and

Eq.(14), then double Natural transform of hgai x"% and x"g (x, t) are given by

at 7
vd (o [OFED] o [Laf b
(_u) @(Nx,t[ of ]) - Nx,t [x ot ] (15)
ad (o [Pf () | P (xb)
o o) - vl
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dp x,t 4 x,t 4

wheren=1,2,3,....

Proof. Using the definition of double Natural transform of the first order partial derivatives one gets

Nx/t[af(x t)]_wf f ;twdtdxl as)

by taking the "th derivative with respect to p for both sides of Eq.(34), we have

dan (., [9f (x,b) I Y A 7x_j8fxt)

Pl T) = L el

(- 1) 7x_7t8f(xt
f‘f ( u wd)

-1) pm—

By YA

D" | 9f (1)
u" N [ ot ]'

we obtain

n 0 , 0 ,
(—u)" dfo" (N;,t[ f((;tc t)]) =N, [x” f;ﬁtc t)].

Similarly, we can prove Egs.(16) and Eq.(17). O

3. Modified Double Natural Decomposition Method Applied to Singular One-dimensional Boussinesq
Equation

The main aim of this section is to discuss the use of modified double Natural decomposition method
(MDNDM) for solving linear and nonlinear Singular one-dimensional Boussinesq equation. In this section
we define double Natural transform of the function ¢ (x, t) by R (p, s; u, v) . We suggest here two important
problems.

First problem: We consider the following general linear singular one-dimensional boussinesq equation

82 a 8 84 4
1o [ e T b s = e, 19)
subject to initial condition
J 0)
Y0 =i, &—fz( ), (20)

where f (x,t), fi (x),a(x) and b (x) are known functions. First, we multiply both sides of Eq.(19) by x, and
using the property of partial derivative of the double Natural transform and single Natural transform for
Eq.(19) and Eq.(20) respectively and theorem 5.

d [s? s 1 1. .,
ap | R P51 = A - D ()| = - NG 0]+ 2 P(p,s u,0), @
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where

_d (.dY My My
D= e (xg) - xa(x)w - xb (x) ERETL

simplifying Eq.(21), we have

d 1d v d . v d
i [R(p,s;u,0)] = g@fl (p,u) + 5_2@][2 (p,u) - 2Nt [P] + 5_2%1‘" (v s;u,0), (22)

by integrating both sides of Eq.(22), from 0 to p with respect to p, we have

R(p,s;u,0) = fl(Z'u)+vf2(p’u)—i£pN;t[®]dP

52 us?
2
+s_2F (p,s;u,v), (23)

where F(p,s;u,v), F1(p,u) and F, (p,u) are Natural transform of the functions f(x,t), fi (x) and f; (x)
respectively and the double Natural transform with respect to x, t is defined by NY,. Operating with the
double Natural transform inverse on both sides of Eq.(23), we obtain

2 2 P
IP (x/ t) = f1 (X) + tfz (x) + N;:,l‘;u,v |:?S]_2F (pr s u, U)] - N;;,l;u,v l:% j()‘ N;,t [(D] dp] . (24)

The modified double Natural decomposition method (MDNDM) defines the solutions y(x, t) by the infinite
series as follows:

PO H =) gulxh). (25)
n=0

Substituting Eq.(25) into Eq.(24), we have

> 2
Z Inbn (xr t) = fl (x) + tf2 (x) + N;,i;u,v [Z_ZF (pr s u, U)]
n=0
I R PN N
_Np,i;u,v E 0 Nx, 5 [xg (; ¢n (xr t)]]l dpl
I - . [ > (&
+Np,§;u,v LI_SZ 0 Nx,t [xa(x)ﬁ [; lpn (xr t)J]:i dp}
[ 2 4 oo
v [’Cb(x)ﬁ (Z U (x, t)]]l dpl :

n=0

L

+
X,

+N !

psiuo

L.

us? Jg
(26)

By comparing both sides of the Eq.(24), we get

2
Vo (x, 1) fr) +tf (@) + N, G [7;—21-“ (p.siu, v)]
B B 02 P . 0 alllo
U (x, 1) —Nl,;;u,v [E j; N}, [E (xg)] dp]

2 P 34'71} 84#}
—1 (Y + 0 0
+Np,s;u,v [_usz fo N}, [(xa(x) En + xb(x) EET )] dp] .

(27)



H. E. Gadain / Filomat 32:12 (2018), 43894401 4396

In general, the recursive relation is given by

r ) ) .
Ype (X, 1) = —N;s - 552 f(; Ny % [x% [Z Yy (x, t)]]l dp}
L n=1
r , - -
+N;;s U, ;Sz j; N:, [xa(x) [Z ’7[)” (X f)]]} dp}
I . [ A
+Nps 00 MSZ L Nx, _[Xb(X)W [; ll)n (x, t)]]l dp} ’
(28)

where the double inverse Natural transform is denoted by N; 1. . Here we assume that double inverse
Natural transform exists for each term in the right hand side of Eqs. (27) and (28). To illustrate this
method for solving the singular one dimensional boussinesq equation, we assume a (x) = 1,b (x) = -1 and
f(x,t) = —x?sint — 2sint, in Eq.(19), we have the following example:

LN

LS

—

Example 4: Consider a singular one dimensional boussinesq equation

Y 19 P 84141 il 5 . .
ﬁ—ga( 8x)+ e gagr - Y sint — 2sint, (29)
subject to initial condition
I (x,0
po=0 HED_p (30)

by multiplying Eq.(29), by x and using the definition of partial derivatives of the double Natural transform,
single Natural transform for Eq.s (30) respectively, we obtain,

2 d o* o o3
d—R = —v—szt —IP —x—¢+x 4 + Shiv
dp us ax " ox oxt T ox2t2 | prs? (s? +v?)
20° 6u*v
+P252 (2 +02) pis?’ (31)
by integrating both sides of Eq.(31), from 0 to p with respect to p, we have
v (7 oY oty oty 2u%0°
R ; = —-—— —L —
(prsiw,0) us? fo‘ N [ax ( 8x) Yot T oxror ap p3s? (s? + v?)
20° 2%y
_psz (s2 + 02) + p3s2 (32)
On using the inverse double Natural transform to Eq.(32), we obtain
_ ? (7 oY MY My
Vo = Nt [N |5 050 -5 e
+x*sint + 2sint — 2¢, (33)

putting Eq.(25) into Eq.(33), we will get

gwn(x,t) = N;suv[;;f N+ [;x[x%i‘alpn(x,t)]
w2 [l

+x%sint +2sint — 2. (34)

°“|

e
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By using modified Natural decomposition method, we have
Yo = x*sint +2sint — 2t,
and

J 0w
dx [xﬁ Z Pu (x, t)]

n

(g

[
1;b1’1+1 (xl t) = psuv|:_2

+ 84
Npsuo uszfo N Y oxzor

now the components of the series solution are
I R PN = (S
lpl Nps U0 1/[82 fO Nx,t [g (xa Z‘ IPO (x, t)] - xw [; 1//0 (x, t)]} dpl
Lo "N .
Npsuv E 0 [ 828t (Z 0(x t)]l l

_ —2uv
1/’1 Npsuv uszf N 2XS1nt]dp} PSHU[ 252(52_’_7)2)]
= 2t-2sint

=N | (TN ordp | =
2 P,S;U,0 1s? 0 x,t P

Eventually, the approximate solution of the unknown functions given by

i Uy (x, 1)
n=0

00

o]

0
n=0

and

l#() +1101 +l,[12+

x%sint + 2sint — 2t + 2 — 2sint + 0.

Hence, the exact solution is given by

Y(x,t) = x%sin t.

Second problem: Consider the following general form of the nonlinear singular one dimensional boussi-
nesq equation:

1Ptt - T 50 (xl,bx) + a(x)ll)xxxx b (x) 1Pxxi.‘t +c (x) lybtl,bxx +d (X) ¢x¢xt =9 (X, t) s (35)
subject to initial condition
I (x,0
pe0=gw, 200 g, @6

where a(x), b(x), c(x) and d (x) are arbitrary function. The first step, the method consists of multiplying
both sides of Eq.(35) by x and applying double Natural transform, we have

N;',t Xy — % (Xthy) + X2(X)Psaxy — Xb (%) Yyt + XC (%) XP1hry + XA (X) XYy
= Ny [xf(x1)]. 37)
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Using the differentiation property of double Natural transform, theorem 5 and initial condition given in
Eq.(36), we get

R, s,0)] = L g1 (1) + 2L g0 (o) — 2= ” N 5w ]+ c( s;u,0), (38)
dp pr 7 Yy - Sdpgl Pr 52 dng pl u Pr
where,

0
\Ij = a (x¢x) - xa(x)lljxxxx + Xb (x) lpxxtt —Xc (x) xwtl]bxx - xd (x) x¢x¢xt,
By integrating both sides of Eq.(38), from 0 to p with respect to p, we have

Gi(p,u) vGa(p,u)
+
s 52

2 (7, )
R(p,s;u,v) = _Efo Ny [W]dp + S—ZG(p,s;u,v), (39)

The second step in the double Natural decomposition method is that we represent solution as an infinite
series as in Eq.(25). Using double inverse Natural transform for Eq.(39) we obtain

2 (7
Y (x,t) = gl(x)+tgz(x)+Npsuv[ 2g(p,suv)] psuv[ szf N;t[\lf]dp]. (40)
0
Moreover, the nonlinear terms ¢,y and 11y can be defined as follows:
l/’tﬂbxx =N; = ZAW lpxl,bxt =N, = Z By, (41)
n=0 n=0

We have a few terms of the Adomian polynomials for A, and B, that are given by

3l

A=0

and

e dfiE]

wheren =0, 1,2, .... By substituting Eq.(42), Eq.(43) and Eq.(41) into Eq.(40), we obtain:

s 2
Z 17l)‘rl (xr t) = fl (x) + tfz (.X) + N;;;u,v |::_2g (p/ S, u, v)]
n=0

. [ 2 P . EXReAt:
Nps U0 E 0 Nx’ a [xa (;6 llanH dpl
_ 02 p L

+N,;§ 14, u52 0 N, | xa(x) (Z l’bn] B [HZ::; lp"] tJ dp}

S .
+N;SM v i N7, xc(x)ZA +xd(x)Z . dp}, (44)

)
us
n=0

LS

where, A, and B, are given by

Ay = YorPoxx

A1 = YorPiae + V1roxx

A YorPoxx + Y1iP1xe + P2Poxy

As YorPsexr + Y11Poxy + YorPiey + Y3:oxy, (45)
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and

By = Yotou

Bi = YoPra + YraPou

By = Yoo + PraPiv + PortPox

By = 1/’0x1l’3xt + Eblx',[}th + EZJZxE[/lxt + Qbel/)Oxt-

Therefore, from Eq.(44) above, we have

2
Yo (x,t) = fi(x) +tfa(x) + Nf;,l;u,y [z—zg (p,siu,v ],

- 2 p [ 0o
I | s + i i
Yu (1) = =Npguo MSZL N ox [xax[ 0%]]} dpl

| = .
+Npé;u,v E L N;—,t xa(x) Z Hl’n] —xb (x) [Z Ebn] } dp
L L XXXX xxtt

and

n=0 n=0
1 [ vz p [ (o) (o)
+Np g0 Ejo‘ Ny, xc(x)ZAn+xd(x)ZBn dp|.
L | n=0 n=0

4399

(46)

(47)

To illustrate this method for nonlinear singular one dimensional boussinesq equation, we take the following

example.We let thata (x) =b(x) =1,c(x) = —4,d (x) = 2 and f (x,t) = —4t.
Example 5: Consider nonlinear singular one dimensional boussinesq equation
10
l,btt - ;a (xd/x) + bexxx - djxxtt - 4¢t¢xx + 2¢x¢xt = _4t/
subject to initial condition

¥ (x,0)=0, ¥ (x0)=2x%

The double Natural decomposition method leads to the following:

2
Yo (x, 1) = 2t — 5t3,

[ 2 P [ -
| s + i i
llbn+1 (xl t) = Np,s;u,v MSZ L Nx,t ax [x ax [Z ¢n]]} dpl

and

the first iteration is given by

(.2 (P d
_ Nl - + i ﬂ
Y1) = =Npguo | us? fo Nas [ax (x ox )] dp]

2

© [ us?

02

| us?

P
o N;,t [x (lzbo)xxxx - XIIDOXXff] dp]

P
f N;, [4xAg — 2xBo] dp],
0

(48)

(49)
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4xt, x(wo)xxxx =0, beOxxtt =0,

Yorthoxx = 2%t — 4t3, By = ¢oxipoxt = 4X2t1

| v
—_
=

NS}
<=
f=)
S—
Il

&
|

then,

— -1
Y1 (x ) = —N,,,sm,,, = f N?, [4xt] dp]

-1
_Np,s;u,'o uszf N [0 0 ]

+N;suv ;Szf [16xt3] p]

Y1 (2, f) = —t3 - §t5

In similar manner,

0
8x ( (;fcl) = 0’ x(lPl)xxxx = 0/ x¢1xxtt = O,

A = YorP1xx + P1eoxx = 4 — 8t5,
By = Yoxthix + Yrixthou =0,

then,
2 P
_ -1 4 3 5
() = -NL, [@ fo N?, [16xt® - 32xt ]dp]
3 v (P16 x3luv® 32 x 5luv® P
_Nﬂrs;urv a2 2.4 - 2.6 p
us? Jo p?s p?s
1 16 x 310° 32 % 5!uv7]
= Np,s;uv 6 - S
ps ps
_ 45 16,
Yalot) = £ -oof
Similarly,
r.2 (v ) P
_ -1 v
lzl]3 (X, t) - _Np,s;u,v E 0 N;t[a (xglh)] dp]
B [ 2 (7
_Np;;u,v E N;r,t [x (libz)xxxx - x¢2xxtt] dp]
-Nobio = f Ny, [4xA; - 2xB2]dp]
therefore,
o,
89(( (;fc ) =0 x(lpz)xxxx =0, Xt =0,
A = 5 32
2 = PorPoxx + P1P1xx + PorPoy, = 8t 3
By = tYoou + YratPiw + Potpoxr =0,

4400
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then, we have

I, 16,

£) = —f
Ys (o) =57t =55

The series solutions are therefore is given by

IP() +1101 +l702+

Y et
n=0

2 2 4 4 16 16 16
2, 23,43 F5 x5 107 107 10
x°t 3t +3t 5t +5t 21if +21t 27t +

and hence the exact solution become

¥ (x,t) = ¥°t.

Conclusion 3.1. In this article, we have successfully employed the Double Natural Decomposition Method (DNDM)
to obtain analytic solutions of singular linear and nonlinear Boussinesq equation. Moreover, two examples were given
to validate our method.
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