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Abstract. In this paper, we introduce a new certain subclass N(a, A, t) of Non-Bazilevi¢ analytic functions
of type (1 — a) by using the Chebyshev polynomials expansions. We investigated some basic useful
characteristics for this class, also we obtain coefficient bounds and Fekete-Szegt inequalities for functions
belong to this class. This class is considered a general case for some of the previously studied classes.
Further we discuss its consequences.

1. Introduction and Definitions
Let A denote the class of all functions f(z) of the form
f@)=z+) @z, (1)
n=2

which are analytic and univalent in the open unit disk U = {z: z € C : |z| < 1}. Let S be the class of
analytic functions f(z) € A and normalized with the following conditions

f0)=0 and f'(0)=1.

Let f(z) and g(z) are analytic functions in U, we say that the function f(z) is a subordinate to g(z) in
U, written as f(z) < g(z), if there exists a Schwarz function w(z), which is analytic in U with w(0) = 0 and
lw(z)| < 1, (z € U) such that f(z) = g(w(z)).

Furthermore, if g(z) is univalent in U, then we have the following equivalent

f(2) < 9(2),(ze U) = f(0)=g(0) and f(U) C g(U). (see[7])
The Fekete-Szegd functional |a; — ua3| for normalized Taylor-Mclaurin series

f(2) =z +mz* +a32° + ...
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is famous for its rich history in the geometric functions theory. Its source was in the disproof by Fekete and
Szego of the 1933 guess of Littlewood and Paley that the coefficients of odd univalent functions are limited
by unity (see [9], has since received great attention, especially in many subclasses of the family of univalent
functions). For that reason Fekete-Szeg6 functional was studied by many authors and a some assessments
were found in a many subclasses of normalized univalent functions (see [3], [8], [12], [13] and [16]).

The significance of Chebyshev polynomials have progressed toward becoming progressively important
in numerical analysis, in the both field theoretical and practical points of view. There are four sorts of
Chebyshev polynomials.

The greater part of books and research papers dealing with orthogonal polynomials of Chebysheyv,
contain chiefly results of first and second kinds of Chebyshev polynomials T,(t) and U,(t) respectively and
their numerous uses in different applications. Additionally, one can see those given by the papers in ([1],
[2], [4], [5], [6] and [10]). The first and second kinds of the Chebyshev polynomials are well known in the
case of a genuine variable f on (-1, 1), which are defined as follows

T, (t) = cosno.

sin(n + 1)0

Unlt) = sin O

7

where n means degree of polynomial and t = cos 0.

Definition 1.1. A function f(z) € A given by (1), is in the aforementioned class N'(a, A, t), if it satisfies the following
subordination:

(f( )) +/\Zf/(z)(@

PO <t = i) @

N, A, B ={f(z) e A: (1= 1) 1- 26z + 22

where0 < @ <1,A>0,t € (3,1]andz € U.
The function f(z) in this class is said to be Non-Bazilevic¢ of type (1 — a).

We note thatif t = cosa, a € (-1t/3,7/3), then

1
1-2cosaz + z?

H(z,t) :=

(e8]

= Z n((n + 1)0c) , (zel).

sina
n=1

Thus

2 2

H(z,t) =1 +2cosaz + (3cos® @ — sin +.. (zel.

a)z

Furthermore, from [17], we can write
Hiz ) =1+Ui()z+ U(DZ2 +... (zeU,te(-1,1)),

where ]
sin(n arccos t)

vi-g

denotes the second kind of the Chebyshev polynomials. It is known that

Uy = meN={1,23.})

U, (t) = 2tUp—1 — Upa(t),

and
U (t) = 2t
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Us(t) =4 -1, 3)

Us(t) = 8t — 4t.

The ordinary generating function for Chebyshev polynomials T,(t),t € [-1,1], of the first kind have the
following form

tz

(o) 1_
TH)Z" = ——— .
; )z 1-2tz+ 22 e)

The Chebyshev polynomials of the first and second kinds which they symbolized T,(t) and U,(t)
respectively are connected by the following relations:

dT, (¢
T() = nU, 1 (8),

Tn(t) = Un(t) - tUn—l(t)/

2T,(t) = Un(t) — Un—2a(b).

Remark 1.2. We must be remarked that the class N(a, A, t) is a generalization of many classes considered earlier.
By giving specific values to the parameters « and A in the class N(a, A, t). We acquire numerous essential subclass
examined by various authors. Let us see a portion of the cases:

() Ifa =1and A = 1in the class N(a, A, t), then we get

2f(2) R
fo “HED= T

it reduces to the special case from the class B;(/\, t), which introduced by Bulut, Magesh and Abirami [4].
(ii) If a = 0in the class N(a, A, t), then we get

f(z) 1

(1 - /\)7 + Af’(Z) < H(Z, f) = m,

it reduces to the class Byx(A, t), which introduced by Bulut , Magesh and Balaji [5].
(iii) Ifa = 0and A = 1 in the class N(a, A, t), then we get

1

! H(z,t) = ————,
f@ <Heb 1-2tz + 22

it reduces to the special case from the class By.(A, t), which introduced by Bulut , Magesh and Abirami [4].

The aim in the present paper, we investigate the geometric properties of a new subclass N(a, A,t) by
applying the Chebyshev polynomial, to provide estimates for initial coefficients of Non-Bazilevi¢ functions
in N(a, A, t). In addition to that, the problem of Fekete- Szeg6 in this class is additionally explained.
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2. Preliminaries

We need the following Lemmas to prove our main results:

Lemma 2.1. [11]. Ifw € S, then for any complex number u
wy — pw?| < max({L;|ul).
The result is sharp for the functions w(z) = z% or w(z) = z.

Lemma 2.2. [14]Let -1 < B; < By < Ay <Ay <1. Then

1+ Az 1+Az
1+ Byz 1+Blz'

Lemma 2.3. [15] Let F(z) be analytic and convex in U, f(z) € A, g(z) € A. If

f(z) <F(z), g(z)<F(z), 0<A<1,
then
Af(z) + (1 — N)g(z) < F(z).
3. Main Results
Theorem 3.1. Let f(z) € A belong to the N(a, A, t). Then

2t
lap| £ ———
1+A-a

and
2at? 42 42t -1

< + .
S T il ey g

Proof. Let the function f(z) € N(a, A, t). From (2), we get

f(2) )1*“ + Azf'(z) (f(z) )1*‘*

z folz) = 1+ Ui(Dw(z) + Us(D)w?(2) + ...

(1=

Replacing the value of f(z) and f’(z) with their equivalent series expressions in (4), we have

T b LU S S LYo P RS
n=2

Z z+ 2:10:2 anzn

=1+ Ui(Hw(z) + Us(Hw?(z) + ...

By using the binomial expansion on the left-hand side of (5) subject to the condition

< a.

(o]
o

n=2

Upon simplification, we obtain

. n— 1 . n—
1- A)(l + ;LIV,Z 1)(W) + A(l + ; na,z 1)(

Z4 Y o Ay 2"

1+ Y00, aa,z" !

4146
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=1+ Ui(Dwz) + Uo(O)w?(2) + ... (6)
(1-A)1+ i 4,2 + A1 + i na,2"") = [1+ Ur(hw() + Ua(Ow?() + .. ] 0 + i aa,z" ™). )
n=2 n=2 =2
Using the series expansion of 1 + }”, aa,z""!, also for some analytic function w such that w(0) = 0 and
w@) =lciz+ 0+ +..0<1, (el (8)
where
o<1, jeN=1,23.. . (9)

From the equalities (8) and (9), we obtain that

1+ az' + @322 + a2’ + ..+ Aapz! + 20327 + ... = [1 + Us(t)c1z + (Ui (f)cx + Uz(i‘)c%)z2 + ]
-1
x(1 + ampz! + (aas + a(a2' )ag)z2 +..),
1+ a2t + 1322 + 42 + .+ Ampz! + 20032 + ... = 1+ Ui (Heaz' + (Ui (t)er + Uz(t)c%)z2 + aapz!
2 2y, 3 a@=1) , ,
+aay Uy (t)e1z” + aax(Uq(t)ep + Us(t)ey)z” + (aas + o a3)z" + .. (10)

It follows from (10), we get
ap + Aaz = aa + Ul(t)Cl,

_ Ui(H)
G P )
From (3) and (11), we have
2t
< —. 12
oo < o= (12)
Now, in order to find the bound on |as|, from (10), we have
-1
a3(1 4+ 21 — @) = aU; (Hagc; + "‘(”‘2, )2 4+ Uy(t)es + Us(He2. (13)
By using (11) in (13), we get
aU%(t)  a(a—1)U%(H)
1 1 2
_ - 14
m = {Uie+ [ 5+ 2T+ A—a) V0| (19
Ra(l+ A —a) + ala - 1)]UL(E) ) 1
= {Ul(t)62+[ 2(1+A—0{)2 +U2(t):|C1}—1+2A_a.
Furthermore, by applying (3) in (14), we obtain
2t 4at? — 40212 + BaAt? 442 -1
las| < (15)

+ + ,
“1+20—a 20+A-aP(l+2l-a) 1+21-a

. 2af? +4t2+2t—1
S (1+A-a)? 1+20-a’

The proof is complete. o
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Theorem 3.2. Let f(z) given by (1) belongs to the class N(a, A, t) and for any u € C. Then

L/ € [ ’ ]/
oz — a2l <4 | RS 202 ap vt (16)
Mo T Tidar [“l(1+/\ —ay wé [, o,
where
(L4 A - )2 (4 -2t - 1) + Qat? - 2012 + 4aAr?)
= 42(1+ 24 — a) '
(14 A - )24 + 2t - 1) + Qat? - 2012 + 4aAr?)
H2 = 42(1+ 21 — a) '
All of the inequalities are sharp.
Proof:
From (11) and (14), we have
1 aU(t)  afa — 1)U(H) U?(t)c?
a2l = ¢ 1 ha |
a5 = | h+2A—aﬁh0Q+[1+A—a+2ﬂ+A )2 +Ua(b)]e} - (1+A—@J
Ui () Ux(b) alUq(t) ala — 1)Uq(b) Ui(H)(1 +2A —a)
—_ 2 — 1 2 —_
a5 = | 1+2A—ab [UKD+1+A—a+2ﬂ+A—aF K0+ A—ap ]'
Then, in view of Lemma 2.1 for all p € C, we conclude that
Ui (¥) aU(t)  a(@-1U()  UA(H(A+24-a)
- )+ - 17
s~ sl < o m U{ﬂwx) Ttdi-a 20+i-ap M @+i-ap H 17
Finally, by using equalities (3), we get
5 t 412 -1 2at af@=1t  2(1+2A-a)t
3 = | < g max{L|—; "0t A-a) d+i-ay ”(1+A—m2” (18)

2t 42 -1 2a(1+A-at+afa—-1t  2(1+2A - a)t?
ax{l, + - |}
1420 -« 2t 1+A-a)? (1+A-a)?
_ 2t max{l 42 -1 +a(1+2/\—a)t_ 2(1+2/\—a)t“
“1+21-a dwT A+i-ap "d+r-ap

Because t > 0, we have

42 -1 a(l+2 A —a)t  2(1+2A—a)t
| + — U — ‘Sl
2t 1+A-a) 1+A-a)

(1+A—a)? (482 =2t-1)+(at> 202 2 +4aAt?) (1+A—a)? (48242t -1)+(at?> 202 P +4at?)
= { 1(1+21-a) sps 1 (1+21—-a)
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& {m < p < o). Moreover, in this case

s — | = 42 -1 N 2a 412
STHRIE T o) T Ui a—ar Hara—ap

The proof is complete m|
If we taking A = 0 in Theorem 3.2, we get the next Corollary.
Corollary 3.3. Let f(z) which defined by (1) belongs to the class N(a, t). Then

2t
laz| <
1-«a

and
2at? N 42 +2t -1
(1-a)? 1-a

las| <

and for any u € C,

| 2| < ZTta’ "l € [‘Ul, ”2]/
a3 — Ud,| < 2_ 2 2
TR zlltTal) + (12?502 - lu(lﬁxﬁ p & [y, u2l,
where
_(1-aP@r -2t —1) + Qat® - 2a%2)
= 12(1-a) /
u (1 - a)* (4t + 2t — 1) + 2at* — 2a*#?)
2 = .

4£2(1 — a)
All of the inequalities are sharp.

If @ = 0 in Theorem 3.2, we get the next Corollary.

Corollary 3.4. Let f(z) which defined by (1) belongs to the class N (A, t). Then

|ll | < i
22142
and
0] < 42 + 2t —1
=T 1422
and for any u € C,
las — H“2| < %’1 42 b Lin, gl
2 1+21) - [um 1% ¢ [#1/ MZ]/

4149

(19)

(20)
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where
(1 +A)E2-2t-1)
M= pa 2
1+ A)*@A2 +2t-1)
Ha = :

42(1 + 27)
All of the inequalities are sharp.

Taking A = 1 in Theorem 3.2, we get the next Corollary.

Corollary 3.5. Let f(z) which defined by (1) belongs to the class N(a, t). Then

" 2t
il S

and
2at? 422 + 2t -1

< +
sl < ot T3

and for any u € C,

2
|a Hﬂzl < S;Dtl 2 2 He [,Ul/[JZ]/
3~ = 471 2 4
2 (gf_a) + (zf;)z - #(Z_ta)z 1% ¢ [[Jl/ [12]/

where
(22— )@ -2t - 1) + (6at? — 20%2)

42(3 — o)

H

(2 — a)?(4t? + 2t — 1) + (6at? — 2a%t?)
2= .

42(3 — )
All of the inequalities are sharp.

Taking a = 1 in Theorem 3.2, we get the next Corollary.

Corollary 3.6. Let f(z) which defined by (1) belongs to the class N(A,t). Then

2t
|az| < T

and
03] < Z_tz N 4t2+2t—1.
A2 27
and for any u € C,
las — a3l < { 1 e lins el
2T HmE 1%%”%‘#%2 ué [p, pel,

4150

(21)

(22)
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where
_AR(47 -2t - 1) + 48
= SAL2 ’
A4 42t — 1) + 4AF
H2 = 8AL2

All of the inequalities are sharp.

Taking @ = 1 and A = 1 in Theorem 3.2, we get the next Corollary.

Corollary 3.7. Let f(z) which defined by (1) belongs to the class N (t). Then

las| < 2t

and

1
las| < 4% + ¢ — 5

and for any u € C,

t, H € [Hll [’12]’
2
las — pa;| < { W1 492 4up? p & [, 2l ~

where
8t2 -2t -1

M=

82 +2t—1
o8

Theorem 3.8. A function f(z) be defined by (1) belong to the class N(a, A, t) if there exists a function g € N(a, A, t),
q(z) < H(z, t), and o = 1 such that

: A-1
F2) = exp fo %du. (24)

Proof: If f € N(a, A, t), then there exists a function w(z) with w(0) = 0 and |w(z)| < 1, for all z € U such that

H2

- A)(@)H i ,(Z)(@)l_“ = Hw(2), t) := 4(2).

fx) \ z
Since @ = 1, we have
A=+ 229 - pe), b = g, (25)
f(2)
PRSP (26)

f@@)
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Now, g(z) < H(z, t) and the equality (26) can be easily obtained

g = 1941

4152

Then, we get the integration in the equation (24). Thus, it is complete the proof of Theorem.

Corollary 3.9. Let A € C,0 < a # 1 and Re{A} > 0. Then
N(a, A t) c N(a,0,t).

Proof: Let f(z) € N(a, A, t). Then

f@) 2f'(2) (f(2)\1- - 1
(1- m( ) +Af@( ) <H(z )= ———
If we impose the value of A = 0, we have
f(z)\1-a a 1
(T) <H@ = 1—2tz+ 22

Thus mean that f(z) € N(a,0, t). Therefore, we get N(a, A, t) C N(«,0, t).

Theorem 3.10. Let 0 < Ay < Ay, # 1,and 3 <t; < t, <1.Then
N(a, Ay, t2) € N(a, Ay, t).

Proof: Suppose that f(z) € N(a, Ay, t2), we get f(z) € A and

(f(z)) Il Zf (Z)(f(z)) i 1

(1 A ) f(z H(Z, t) = m

Since % <t < tp < 1. Therefore, it follows form Lemma 2.2 we get

(f(z)> i zJj:((z)(f(z)) <H )= ;JFZZ’(Z ca,

1-A
(1-12) 1-2tz
That is f(z) € N(a, A, t1). Furthermore, Theorem 3.10 is proved when we impose A4

When A; > A > 0, then we can see form Corollary 3.9, that f(z) € N(«,0, 1),

then
f@)y-e 1
(5 <Hen =g
But
f@)\1 f'(2) f(2) Ar  f(2)\1-a
a-a(7) MR () T = ae ()

(27)

(28)

=A, >0.

(29)
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f@\1e . 2f'(@)  f@)\i-a
7) - A2 f(2) (_) ]

z

—%[(1 + )

Clearly that h(z) = ;= is analytic and convex in U, therefore, from

1-2Hz+

Lemma 2.3 and differential subordination (28) and (29), we get

f@

z

zf'(z) ( f(2)\1-a 1
(1_/\1)( f(z) (T) = 1-2tz+ 2%
We conclude that f(z) € N(a, A1, t1). Thus we get

)17“ + /\1

N(O{, /\2/ tZ) C N(ar Al/ tl)
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