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Abstract. Let A = I - PQY, where P and Q are two 1 X 2 complex matrices of full column rank such that
det(QTP) = 0. We find all the commuting solutions of the quadratic matrix equation AXA = XAX.

1. Introduction
We consider the solutions of the following quadratic matrix equation
AXA = XAX, (1)

where both the given A and the unknown X are n xn complex matrices. The above equation has been called
the Yang-Baxter-like matrix equation[4, 6-8]. The equation (1) has its origin in the classical Yang-Baxter
equation obtained from Yang [19], which is used to study the many-body problem in 1967, and then by
Baxter [2] independently for a lattice model in 1972, which is related to the quantum Yang-Baxter equation.
In the past decades, the Yang-Baxter equation has been extensively investigated by mathematicians in knot
theory, braid group theory and quantum group theory as well as physicists (see, e.g., [1, 10-12, 18, 25—
27,29] and the references therein). The quadratic matrix equation (1) has been studied using linear algebra
techniques in the past few years; see, e.g., [3, 4, 6-8, 28] for more details.

The Yang-Baxter-like matrix equation has two trivial solutions X = 0 and X = A, but finding nontrivial
solutions of (1) is not easy for an arbitrary matrix A. Since solving this equation is equivalent to solving
a polynomial system of n? quadratic equations with n? variables. We limit the task to only finding the
solutions that commute with A. Some solutions can be obtained in [6] when the matrix A is a special class
of Jordan forms, and a more general result was proved in [9] when the matrix A is a class of diagonalizable
matrices, but the general solution has still never been obtained for arbitrary matrices A. In a recent paper
[20], the author have found all the solutions of (1), where the given n X n complex matrix A = PQT, with
two 1 X 2 matrices P and Q, with the assumption that QTP is singular. However, in this paper we intend to
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find all the commuting solutions of (1), where A = I — PQT and QTP is singular. We would like to find all
the solutions X of (1) satisfying AX = XA, and such solutions are called the commuting solutions.

In the paper [6], it was proved that solving the Yang-Baxter-like matrix equation for any given matrix
A is equivalent to solving the same equation, where the matrix A in the equation is replaced by a matrix
similar to A, and all the solutions of the two equations are similar with the same similarity matrix. Because
any matrix is similar to its Jordan form matrix, solving equation (1) for the given A can be reduced to solving
the same equation with the Jordan form of A. We denote the Jordan form of the matrix as J. We shall solve
the following simpler Yang-Baxter-like matrix equation

JY]=Y]JY. (2)
From [20] we can get it in a similar way
] = diag(I, A), 3)

such that A is one of the following three matrices

110 11 0 (1)188
A=l 0 1 1 |,A=[01 0 |,A£0A3= 11| 4)
001 00 1-2 00
0001

and the diagonal block I in (3) is either (n — 3) X (1 — 3) or (n —4) X (n — 4) accordingly. For each of the three
cases of |, there is a corresponding nonsingular matrix W = [wy, - - - , w,], which makes

A=1-PQ"=WJW™.

This paper is organized as follows. Our main result will be presented in the next three sections. We
present three examples of our solution result in Section 5.

2. Solutions of equation in the case of A = A;

In this and subsequent sections we assume that the known matrix A in equation (1) is I — PQT, where
P and Q are two n X 2 complex matrices of full column rank such that det(Q™P) = 0, and P = [p1,p2],
Q =[q1,92]. Let ] be the Jordan form of A given by (3), where the diagonal block I is either (n — 3) X (n — 3)
and A = A or A, defined by (4), or the diagonal block I is (1 —4) X (n —4) and A = Az in (4). In the current
section, we will research all the commuting solutions of (1) when | = diag(I, A1), and the other two cases
that | = diag(I, A») and | = diag(l, Az) will be investigated in section 3 and 4, respectively.

As indicated in section 1, it is well known that solving the quadratic matrix equation (1) is equivalent
to solving the equation (2) with | the Jordan form of A, so we just focus on solving (2). To solve the
corresponding simplified Yang-Baxter-like matrix equation

JY] = YJY.

Let Y be partitioned into the 2 x 2 block matrix in the same way as |

)

where M is (n — 3) X (n — 3), Z = [z1, 22, z3] and W = [wq, w,, w3] are (n — 3) X 3,and T is 3 X 3. Let
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Then (5) becomes
M Z1 Z Z3
wi ti b s
Y = , 6
w; fn tn t3 6)
w, t31 fxm a3
and ] can be written as
I3
1 1
J= 1 1
1

Theorem 2.1 Suppose A = [ — PQ' is such that A = A; in its Jordan form (3) with det(QTP) = 0. Then
all the commuting solutions of (1) are X = WYW~! with Y partition as (6), such that M is an arbitrary
(n — 3) X (n — 3) projection matrix.

(i)When t11 = 0, then t;; = 0, the vectors z3 and w¥ belong to the range space of M, and t13 = wTZ}

(ii)When t11 = 1, then t;; = 1, the vectors z3 and w{ belong to the null space of M, and t13 = —w¥23.

Proof: All the commuting solutions of (2) must satisfy

JY =Y].
Then the above matrix equation equivalent to the system

Zy =21 + 2o,
Z3 = Zp + z3,

w{+w§:wi,
T
w, +w! =w,,

f11 + t21 = t11,
tip + tn = f11 + t12,
ta3 + t13 = t12 + t3,
a1 + t31 = t21,
f + t3p = 21 + t2,
fo3 + t33 =t + tog,
t3p = f31 + t32,
f33 = t3p + t33.

From the first four equations above, we can solve z; = 0,2z, =0, wg =0, wg = 0, respectively. We can obtain
ty1 = t3; = 0 from the fifth, the twelfth and the ninth equations. We can solve t3; = 0 from ty; + t3; = t2;. We
can get t11 = fyp = t33 from the two equations of the sixth and the tenth. Then t1; = fp3 from fo3 + 13 = t12 + 13-
Substituting them into Y, then

M 0 0 Z3

Y = wi t1 to ks
0 0 ti t2

0 0 0 tn

Thus, the matrix equation (2) is equivalent to

M? =M,

Mzs = (1 - t11)z3,
wIM = (1~ ),
£, = tn, )
tl + 2t11t1p = 2t11 + to,

w,z3 = t11 + 2t + t13 — 2t11t13 — 2H11t10 — t%

2’
t%l + 2t11t12 = tp + 2117
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From the above fourth equation we can know either #;; = 0 or f;; = 1. Therefore we have the following
result.

(i) When t1; = 0, from the fifth equation above we can solve t;, = 0, then we obtain the following system
from (7)

M? =M,
MZ3 = Z3,
wiM = wy,
w;z3 = ti3,

which is the first statement of Theorem 2.1.
(ii) When t11 = 1, then t1; = 1, and (7) is reduced to

M? =M,
MZ3 = 0,
wIM =0,
w,z3 = —t3,

where w; and z3 are two (1 —3)—dimensional complex vectors and the second case of Theorem 2.1 is proved.

3. Solutions of equation in the case of A = A,

We now consider the second case that the Jordan form of the matrix A is | = diag(I, A;). That is to say, |
can be written as

and Y is partitioned as (6). We solve the equation (2).

Theorem 3.1 Suppose A = [ — PQT is such that A = A; in its Jordan form (3) with det(QTP) = 0. Then
all the commuting solutions of (1) are X = WYW™! with Y partition as (6), such that M is an arbitrary
(n = 3) X (n — 3) projection matrix, t33 is either 0 or 1 — A.

(i) When t17 = 0, then the vectors z; and w{ belong to the range space of M, and t1» = w{
(ii) When t1; = 1, then the vectors z; and w? belong to the null space of M, and t1 =1 —w

2.
T

122.

Proof: All the commuting solutions of (2) must satisfy
JY =Y].
Then the above matrix equation is equivalent to the following system

Z1 + 22 = 2y,
(1= ANz = z3,
w] +w, =w],
(1-Mw; =w},
f11 + f21 = 11,

t11 + t1p = t1p + too,
(1 =Mtz = tiz + to3,
f21 + tn =,

(1= M)ty = to3,

(1= Mtr = ta1,

(1= Mtsp = t31 + t3p.
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From the first equation above, z; = 0. Since A # 0, from the second equation, z3 = 0. Similarly, from the
two equations of the third and the fourth, we can obtain wg =0, wg = 0, respectively. The two equations
(1 - A)tlg = i’13 + t23 and (1 — /\)i’23 = l’23 1mply f23 = t13 = 0. The two equations (1 — /\)t31 = l’31 and
(1 - /\)i’gz =t31 + i3 1mply t31 =tz = 0. So tr1 =0 from t11 + 1t =t and t11 = typ since ty1 + t1p = t1p + .
Substituting them into Y, then

ZUT t11 i’12 0

— 1
Y= 0 0 t1 O
0 0 0 ts

Thus, the matrix equation JY] = YJY becomes

M2 =M,
Mz = (1 - t11)z2,
ZU;FM = (1 - tn)w{,
f% = t11,
Wz = tp + 2611 — 2ty — 12,
(1=, = (1= A)’tss.
The fourth equation of (8) indicates that either t1; =0 or t11 =1. The equation of (1—A)t2, = (1—A)*t33 implies
either tzz3 =0 or t33 =1 — A.

(i) When t1; = 0, then (8) is simplified to

M? =M,
MZZ = Zy,
wiM = w],
W,z = t,

which proves the first statement of Theorem 3.1.

(ii) When t1; = 1, and the system (8) is reduced to

M? =M,

MZz = 0,
wIM =0,
w%Zz =1- t12,

1

where either f33 =0 or t33 = 1 — A, wy and z, are two (n — 3)—dimensional complex vectors and the second
statement of Theorem 3.1 is proved.

4. Solutions of equation in the case of A = A;

Unlike the previous two cases, both A; and A; are 3 X 3 matrices. In this section we will study the third
case Az is a 4 X 4 matrix. To solve the equation (2), We define the rank of matrix M as r(M).
The splitting of Y is the same as (5), but M is (n —4) X (n — 4), Z = [z1, 22,23, z4] and W = [wy, wy, w3, Ww4]
are (n —4) x4, Tis4 x 4.
Let
f11 tip tiz g
T = fr1 tn f3 I
f31 f3 t33 ta
tyn tp bz fy
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The (5) can be written as

In—4
1 1
J= 1
11
1
All the commuting solutions of (2) must satisfy
JY =Y].
Then the above matrix equation becomes
M z Z1+ 22 Z3 Z3 + Z4 M Z1 Zn Z3 Z4
wi tn tnt+tin tiz tizt+iy wi +wy b+t tottn hztts by iy
w% fo1 ton+itn f tatiu |= w, f21 t f23 t24
w_of f31 ta1+itz taz fz3 i wy +wy b +ta bty b+t bty
w, tu fg At t faz i w, ty ty ta3 fay
From the two equations of z; + zo = z; and z3 + z4 = z4, we can obtain z; = 0, z3 = 0, respectively. We can
solve w) = 0 from w] = w] +w;, so w, = 0 from w; = w} + w, and by = ty3 = ty = ty3 = 0 from equating

entries (2,2), (2,4), (4,2), (4,4) of both sides in above system. Then t11 = fp from t11 + t1p = t1p + 2. tiz = o4
from t13 + t1g = t1g + trg, SO t31 =ty from t31 +t3p =t3p +tp and t33 = fyy since f33 + t34 = t3g + tyy.
Then (9) becomes

M 0 Z 0 Z4

wf t11 ti2 ti3 tu

Y=] 0 0 tin 0 t3
w; tn tn o b
0 0 t33 0 t33

Thus, the equation (2) is equivalent to the system

M? =M,
Mz; + t1120 + t3124 = 2o,
MZ4 + t1320 + 13324 = 24,

wIM + f11wT + t13wT =w!

wiM + t31w¥ + t33w;} = wi,
£, + tistar = t,
f11t13 + ti3tsz = t13, (10)

W] z4 + titig + fiibis + tobiz + biatas + fistas + fatss = 23 + b,
tints1 + taitss = 31,

W3Zy + b3ty + bintsy + hitsy + taotas + taitas + tartag = 2t + ta,
12, + hista1 = ta3,

W,z + 12, + 201ty + bizta + tiatar + butsy = 26 + b,

W, 24 + t31t1a + tiatar + it + 2iaatss + tés = 2t33 + tas.

By observing the above equations, the equation #11t13 + t13f33 = t13 implies either t13 = 0 or t11 + f33 = 1 and
the equation t11t31 + t31t33 = t3; implies either t3; = 0 or t11 + t33 = 1. We consider the first case t1 + t33 = 1,
which leads to the following proposition.
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Proposition 4.1. Suppose A = I — PQU is such that A = A in its Jordan form (3) with det(QTP) = 0. Then all the
commuting solutions of (1) are X = WYW~! with Y partition as (9), such that M is an arbitrary (n — 4) X (n — 4)
projection matrix, the vectors S, ST belong to the null space of I — M and the vectors T, T" belong to the null space of
M, when t +t33 = 1,

(1) t13=0,t31 # 0, then t11 = 0 or 1, tz3 = 1 — t11 and t3 is an arbitrary non-zero complex number, t1, and t3;
are two arbitrary complex numbers.

If 11 = 0, then ts3 = 1, z4 belongs to the null space of M and w] belongs to the range space of M, the vectors of
tp—wlz, T
t31 3

If iy =1, then ts3 = 0, z4 belongs to the range space of M and w} belongs to the null space of M, the vectors of

zq and w] satisfy wizy = 0,2 = t3124 + S, w} = —tyw] + T, by = and tag = 1 — tyta — wlzy.

. 1—tp—wlz
zq and w] satisfy wizy = 0,2y = —tniza + T, w3y = tyyw; + ST, by = % and tzy = ta1tiy + W3 24,

(ii) t13 = t31 = 0, then t19 = 0 or 1, t33 = 1 — t11, t14 and tsp are two arbitrary complex numbers.

Ift11 =0, then t33 = 1, zp, w? belong to the range space of M and zy, wg belong to the null space of M, the

vectors of 24, Wy, zo and w3, which satisfy the two equations of wizs = 0and wyzy = 0, b1y = W]zp and tzy = 1—w; 24

Iftin = 1, then t33 = 0, 2y, w? belong to the null space of M and zy, wg belong to the range space of M,
the vectors of z4, W}, 2 and w3, which satisfy the two equations of wizy = 0 and Wiz = 0, t1p = 1 — w{z, and

— T
f3g = Wy 24.

(iii)t13 # 0, t31 = 0, then t11 = 0 or 1, ts3 = 1 — t1q and ti3 is an arbitrary non-zero complex number, t14 and t3p
are two arbitrary complex numbers.

Ifti1 = 0, then t33 = 1, 25 belongs to the range space of M and wy belongs to the null space of M, the vectors of

Zn and w; satisfy w§22 =0,2z4 = —t1320 + T, ZU¥ = t13w§ + ST, tp = tiztz + w?zz and t3g = 1- ti3tsp — wg

If iy =1, then ts3 = 0, 25 belongs to the null space of M and wy, belongs to the range space of M, the vectors of

2z and wg satisfy w;“Zz =0,z4 =t3zp + S, ZUT = —t13w§ + T tp=1- ti3tsp — ZU?ZQ and tz4 = tyatsp + w§Z4.
(iv)tiz # 0, t31 # 0, t11 and ty3 are two arbitrary non-zero complex numbers, t1, and t14 are two arbitrary complex
) . f1 (1=t t3[-M
numbers, wy and z, are two (n — 4)—dimensional complex vectors, then tzz = 1 —t11, t31 = H(tls “), Z4 = (s o )22
T _ wl(tss]-M)

wTZ4
3 = T,t34=1—t12—t11—3andt37_=

Z4.

7

ti -+ -2t fo—tts —w) 2

3

Proof: When t1; + t33 = 1, the system (10) becomes the following form after some simplifications.

tin+tsz =1,

2, + histar = by,

t3, + fi3ta1 = t33,

M2 =M,

Mz = (1 - t11)z2 — t3124,
Mz, = (1 - t33)z4 — ti322,

wiM =(1- tll)w{ - tlswe? (11)
w,M=(1- t33)w3 —tawy,

W,z + 2t11t1n + tiatan + tiatsr =t + i,
W,Z4 + ta1t14 + tiatsn + 2t34taz = a3 + tag,
w;z4 = ti3(1 — tp — tag),
wszp = t31(1 =t — t34).

From the first three equations of (11) indicate that ¢11f33 = ti3t31.

(i) When t3 = 0, t3; # 0, we can get either t;; = 0 or #;; = 1 from the second equation in above system.
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If 17 = 0, then t33 = 1. The (11) can be written as

M? =M,

MZ4 = 0,

wiM =wl,

w;yzy = 0,

MZZ =2y — t31Z4, (12)

wIM = —t31wF1F,

Wy 2z + tatz = tio,
Wyz4 + t31ty = 1 — tay,
wszp = t31(1 =t — t34).

From the above system, we can know that for any the vectors of z, and w], which satisfy z, belongs to the
null space of M, w! belongs to the range space of M and w]zy = 0. From the second equation of (12), we
can obtain (I — M)zy = z4, then r(I — M) = r(I — M, z4). The fifth equation of the system above is simplified
to (I — M)z, = t31z4, and such the solution vector z, must exist. z, = zg + S, where zj is a special solution
to the equation (I — M)z, = t31z4 and S is a fundamental system of solutions to the equation (I — M)z, = 0.

Obviously zp can be taken as t31z4 and S satisfies the equation of (I — M)S = 0, thus
Zr = t3124 + S.

Similarly to the idea above, r(M) = r(M,w]) can be obtained from the equation of w{M = w]. Then the
solution vector w} of the equation wiM = —t3;w] can be written as

T _ T T
Wy = —t31w1 +T°,

where —t31w] is a special solution to the equation w; M = —fz;w] and T is a fundamental system of solutions
to the equation wM = 0, T" satisfies the equation of T"M = 0. Substituting z, and w} into the last equation
of (12), we can get

—t§1w¥24 - f.‘31WIS + t31TTZ4 + TTS = i’31(1 —tip — t34).

The above equation is simplified to —t31w$8 + 31T 24 = t31(1 — t1p — t34). Since t3; # 0, t31 can be an arbitrary

to—

T
non-zero complex number. For any t1, we can solve t14 = % from the seventh equation of (12). The

equation w§Z4 +t31t14 = 1 —t3g implies t3y = 1 — 3114 — w§Z4. Since t3; does not appear at all in the case, it is
a free variable in all the commuting solutions.
When i’13 = O, t31 * 0, t11 = 1, then i’33 =0. The (11) becomes

M2 =M,

Mzy = z4,
wIM =0,
wa24 =0,

1
Mz = —t3124,

wiM = w! — txw],
W,z + tigtzr = 1 —ta,
WaZ4 + t31t14 = t34,
wyzo = t31(1 — t1p — ta4).

Through observation, we can easily find that it is similar to the above situation, so I will just give some
brief explanations. For any the vectors of z; and w], which satisfy z; belongs to the range space of M, w]
belongs to the null space of M and w]z4 = 0.

Zp = —t31z4 + T,
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where —t31z4 is a special solution to the equation Mz, = —t31z4 and T is a fundamental system of solutions
to the equation Mz, = 0.
wg = t31w¥ + ST,

where t3;w] is a special solution to the equation w3 (I — M) = ts;w] and ST is a fundamental system of

solutions to the equation wg(l — M) = 0. From the last three equations in above, we can solve f3;, which

. . 1—t12—szz
is an arbitrary non-zero complex number, t4 = t—l and t3y = w§z4 + t14t31, where t3; and t1, are two

arbitrary complex numbers, which is the proof of the first case of Proposition 4.1.
(ii) When t13 = t31 = 0, we can solve 13 = 0 or f1; = 1 from the equation of t%l + tiata1 = f11. If £11 = 0,
then t33 = 1. The system of (11) becomes

M?> =M,

Mz; = 25,
MZ4 = 0,
w{M =wj,
w,M =0,
w%24 =0,
w%zz =0,
w;zy = tya,
wiz;; =1- i'34.

Through the above system, For any the vectors of z;, z4, w? and wg, which satisfy z, w{ belong to the range
space of M, z4, w} belong to the null space of M, w]zs = 0 and wjz; = 0. we can solve t3 = 1 —w;
tp = w?zz from the last two equations in above.

When t13 = t31 =0, t11 = 1, then ¢33 = 0. The system (11) is reduced to

z4 and

M?> =M,

MZQ = 0,

Mzy = z4,
wIM =0,
w%M =w;,
W?Zzl =0,
wizy =0,
W%Zz =1- tlZ/
w324 = t34.

Similar to the above, For any the vectors of zy, z4, w? and wg, which satisfy zy, wg belong to the range space
of M, z, w] belong to the null space of M, w]z4 = 0 and w;z, = 0. The last two equations of the system
above imply f34 = w§z4, th=1- w?zz. Clearly the above two systems does not involve #14, ¢35, so they are
free variables in all commuting solutions, which is the second statement of Proposition 4.1.

(iii) When t13 # 0, t31 = 0, the second equation of (11) indicates that either t;; = O or t;; = 1. If 1 = 0,
then t33 = 1. The (11) now can be written as

M? =M,

Mz, = 2,

wIM =0,

wzfzz =0,

Mz, = —t132,, (13)
wiM = wl — tzw},

w; z2 + f13ts2 = 2,

W,z +tiatzp = 1 —t3y,

w24 = ti3(1 =t — t34).
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From the above system, we can know that for any the vectors of z; and w;, which satisfy z, belongs to the
range space of M, w; belongs to the null space of M and w}z, = 0. The equation of Mz, = z, indicates that
r(M) = r(M, z), so the solution vector z4 of equation Mz = —t132z, must exist and can be expressed as

z4 = —t132p + T,

where —#132; is a special solution to the equation Mz, = —t1325, T is a fundamental system of solutions to the
equation Mz = 0 and T satisfies the equation of MT = 0. From the third equation in above, we can obtain
w3 (I = M) = w}, so r(I - M) = r(I - M,w}). Then the solution vector w; of the equation wy (I — M) = tizw;
can be written as

w? = tlgwg + ST,

where tj3w] is a special solution to the equation w{(I — M) = tizw; and S is a fundamental system of
solutions to the equation w; (I — M) = 0. ST satisfies the equation of ST(I - M) = 0. Substituting z4 and w]
into the last equation in above, since t13 # 0, t13 can be an arbitrary non-zero complex number. From the
seventh and the eighth equations of (13), we can solve t1, = w{zz + tyatzn, tag = 1 — 3tz — w§24, respectively,
where t3, and t14 are two arbitrary complex numbers.

When t13 # 0, t31 = 0, t11 = 1, then t33 = 0. The system (11) are simplified to

M? =M,
M22 = 0,
w%M =w;,
wszo =0,

3
Mzy = z4 — ti32,

wTM = —t13ZU§,

W, zy + tiztsy = 1 — ty,
W%ZAL + f13tz = t34,
w24 = t13(1 — t1o — ta4).

The observation show that when t;; = 1, it is very similar to the above case. So I don’t give the detailed
proof process, and I only give some conclusions. For any the vectors of z;, w3, which satisfy z, belongs to
the null space of M, w; belongs to the range space of M and w;z, = 0.

Z4 = t320 + S,

where t132; is a special solution to the equation (I — M)z = t13z, and S is a fundamental system of solutions
to the equation (I — M)z, = 0, S satisfies the equation of (I — M)S = 0.

w? = —t13wg + TT,

where —t13w} is a special solution to the equation w{ M = —t13w; and T is a fundamental system of solutions
to the equation wiM = 0, T" satisfies the equation of T"M = 0. From the last three equations in above,
we can obtain t13 is an arbitrary non-zero complex number, t3; = wWYzy + tiatzp and tp = 1 — tats — w?zz,

3
where t14 and t3; are three arbitrary complex numbers, which is the proof of the third case of Proposition 4.1.
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(iv) When t13 # 0, t31 # 0, we can get either #1; # 0 or 1. The (11) becomes

i’11 + i’33 = 1
%1 + tistar = t,
+ f13t31 = t33,
M =M,
(t3] = M)z = t3124,
(t1] — M)zy = t132,
%(t331 M) = t13w%
%(fnl M) = tawy,
w;zp + 2t11t1n + tistan + tiatzr =ty + to,
W,z + t31t14 + tiztan + 2f34t33 = t33 + f34,
w;z4 = ti3(1 — tip — t3g),
wyzo = t31(1 — t1p — ta4).

For any t11 # 0, 1, t13 # 0, the first three equations of the above system indicate that t33 = 1 — t1; and

oy = fi(1—tin) (tssl—M)Zz
3 t31

1= S From the fifth equation in above, we can solve z; = , where z; is any complex

(n — 3)—dimensional complex vector. For any w], the seventh equation of the above system implies

T (ts3-M .
wg = % Let’s substitute the values of t31, z4 and w3 into the two equations of the sixth and the eighth,

so we can verify that both of these equations are satisfied. From the eleventh equation in above system, we
T

can obtain tzy = 1 — f1p — % substituting fa4, z4 and ng, into the last equation, which is always satisfied.

By substituting ts3, a4, wT and z4 into the ninth equation and the tenth equation, we will find that these

f1+tn— 2f11f12 f14f31—w 2

two equations are the same. So we can solve t3; =
complex numbers and the last statement of Proposition 4.1 i 1s proved
We now consider the next case t13 = 0 and ¢3; = 0, which leads to the next proposition.

Proposition 4.2. Suppose A = I — PQU is such that A = A in its Jordan form (3) with det(Q'P) = 0. Then all the
commuting solutions of (1) are X = WYW~=! with Y partition as (9), such that M is an arbitrary (n — 4) X (n — 4)
projection matrix, when t13 = t33 = 0, and

(it11 = ts3 = 0, then the vectors zy,z4,w;, wy belong to the range space of M, and tip = wizy, by = W]
f3p = w:{Zz, f3g = ZU§Z4.

(ii)tyy = t33 = 1, then the vectors zp,z4,w], w3 belong to the null space of M, and t1; = 1 — w]z, by = —w]

17 1
— T _ T
t3p = —Ws 22, tzy=1-— W3 24

, Where t1; and #14 are two arbitrary

24,

24,

Proof: When t13 = 0 and t3; = 0. Substituting them into (10) and after simple simplification, it becomes
the following form

M? =M,

Mz, = (1 - t11)z2,
MZ4 =(1- t33)24,

= (1 - ti)w,
;{M (1 —tz)w ;F,
W; 2y = 2811 + t1p — 2H11t12 — t%l’ (14)

w; z4 = Bg — t11t1a — t33t1g,
w%Zz = tzp — f1tsn — t3l33,

ZU3Z4 = 2133 + t3g — 2t33t34 — %3,
£ =ty
t33 = t33.

The equation t%l = t1; indicates that either t;; = 0 or t1; = 1, and the last equation above indicates that either
ts3 = 0 or t33 = 1. Therefore we have the following result.
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When t; = t33 = 0, then the above system is reduced to

M? =M,
M22 = 2y,
Mzy = z4,
wIM = wi,
w%M = wif,
w2y = tip,
w24 = tia,
W,yZp = 32,
Wyz4 = t34,

which is the first statement of Proposition 4.2.
When t1; = t33 = 1, then the system of (14) becomes

M? =M,

MZZ = 0,

MZ4 = O,
wIM =0,
wlfM =0,
W%Zz =1- tlZ/
wW;z4 = —tg,
Wyzy = —t3,
wqu =1- t3q,

where z;, z4, w1 and ws are four complex (n — 4)—dimensional complex vectors and the second statement of
Proposition 4.2 is proved.

When t11 = 0 and f33 = 1 or when ¢1; = 1 and f33 = 0, which belong to the case of proposition 4.1(ii), so
we don’t discuss them here.

When t13 = 0, t11 + t33 = 1 or when t31 = 0, t11 + 33 = 1, which belong to the cases of proposition 4.1(i),
(iii), respectively, so we don’t discuss them here.

Summarizing all of the above cases gives the main result.

Theorem 4.1 Suppose A = [ — PQ' is such that A = A3 in its Jordan form (3) with det(QTP) = 0. Then
all the commuting solutions of (1) are X = WYW~! with Y partition as (9), such that M is an arbitrary
(n — 4) X (n — 4) projection matrix. Then the following are true:

()If t1 + t33 = 1, all the commuting solutions of (1) are given by proposition 4.1.

(ii)If t13 = t31 = 0, all the commuting solutions of (1) are given by proposition 4.2.

5. Illustrating examples

In this section we give a few examples to illustrate our results.

0 1
1 0| s (1000
Example 1. Let P = 0 0 ,Q —(0 0 1 O)Iand

0 -1

1 0 -1 0

o |11 0 0

A=I=PQ° =1 o o 1 o
0 0 1 1
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then A = WJW~!, where
1

[EE
[EE

By Theorem 2.1, we have the following conclusions:
All the commuting solutions of (1) are X = WYW™L in which Y =0,

1 0 0 Z3 0 00 Z3 1 0 0 O
w; 0 0 wz w1 1 -wiz 0110
0 00 0 |’ 0 01 1 oo 1 1Y}
0 00 O 0 0O 1 0 001
where z3 and w] are two arbitrary complex numbers.
0 0
01
Example2. LetP=| 0 2 |, QT = 100 00 , and
0 0 -1 01
1 0
0 0
1 000 O
0 11 0 -1
A=I-PQ"'=l 0 0 3 0 -2 |,
-1 0 01 O
0 0 0 0 1
then A = WJW~!, where
0 0 0 1 0 1
-1/2 0 0 0 1/2 1
W= 0 1 0 0 1 |and]= 11
0 0 -1 0 0 1
0 1 0 0 O 3

Form the first equation of (8) we can know that M is any 2 X 2 projection matrix. By solving the equation
M? =M, we see that M = 0, I, and

where zp, wl are two vectors, 2o = [251,222]", w1 = [w],, w],]".

By Theorem 3.1, all the commuting solutions of (1) are as follows:
When it’s the first case of theorem 3.1, then all the commuting solutions of (1) are X = WYW~!in which Y =

0 0 0O 0 1 0 0 Z21 0
0 0 0O 0 0 1 0 Zy2 0
0000 0 || w, w, 0 wpza+w,zn 0 |,

0 000 O 0 0 0 0
0 0 0 0 ft33 0 0 0 0 taz

1+ ;—4hc b 0 1+ V21C—4bc 222 0

Cc %_4% 0 Z2 0

= zlb_4bc Wy, Wy 0 =g 4wauZZZ 0

0 0 0 0 0

0 0 0 0 t33
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When it’s the second case of theorem 3.1, then all the commuting solutions of (1) are X = WYW™! in which
Y =

0 0 O 221 0 1000 O
0 0 0 222 0 01 0 0 0
wi, w, 1 l-wlzn-whzy 0 |,]0 0 1 1 0 |,
0 0 0 1 0 0001 O
0 0 0 0 t33 0 0 0 0 ts
1: \/;—4bc b 0 _l= v21C_4bc - 0
c 1¢\/;—4bc 0 - 0
—Ewl, wf, 1 1- 55wl 0 |
0 0 0 0
0 0 0 0 ts3
where b and ¢ are two arbitrary complex numbers, f33 is either 0 or 3 in all the commuting solutions above.
0 1
1 0
|0 o0 r (1 011 00
Example 3. Let P = 0 -1 , Q" = 001000 , and
0 0
0 0
1 0 -1 0 00O
-11 -1 -1 00
0 01 0 00
—7_pOT =
A=I=PQ"=109 0 1 1 00|
0 0 0 0 10
0 0 0 0 01
then A = WJW~!, where
00 0 1 -1 -1 1
00 -10 0 O 1
00 0 0 0 1 11
W=loo o o0 1 o |"M= 1
01 0 0 0 O 11
10 0 0 0 O 1

Form the first equation of (10) we can know that M is any 2 X 2 projection matrix. Similar to example two
in above, we can get M = 0, I, and
1+ Vi-4hc b

1% V1-4bc ’v b’ &
2

2
Cc

where 25, z4, W]

By Theorem 4.1, all the commuting solutions of (1) are as follows:
When it is a case of proposition 4.1(i), then all the commuting solutions of (1) are X = WYW~! in which Y =

and w; are four vectors, zo = [221, 222", 24 = [2z41, 222]" w1 = [w],, wL]T, w3 = [w], wi,]".

0 0 0 t31241 0 Za

0 0 0 31290 O Z42

0 0 0 t1o 0 to/t3

0 0 O 0 0 0 ’
ﬁ? By ta  tp 1 1—tpty - ,33241 - Brza

0 0 O ta1 0 1
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1 0 0 m O 0
0 1 0 ay O 0
o w0 oo e
0 0 0 0 0 0
—f31w;F1 —t31ZU}“2 t31 itz 1 1—-tp+ w{lal + w{zaz
0 0 0 t;3 O
1= ;—4bc b 0 21 0 _l= \/21b—4bc 20
c Iz %_4% 0 fzizp+apr O Z42
1+ V1-4bc T T
2 Wi Wiy 0 b1 0 t14 ;
0 0 0 0 0 0
ZU;El —t31w¥2 + ﬁ; 131 i3 1 t34
0 0 0 t31 0 1
VI—dboyw!, +(15 VI—dbo)! 1+ VIdbe VI—dbe beta—(1+ VI-4bo)w!,
where w; _ _t31(1i 1-4 C)w212+(1+ 1-4 C),BZI Zo1 = t31(=1£ V1 4bc)zz4cz+(1i 1 4bc)a2’ fy = 2bctip (1:;};314 C)w], 2 and tyy =
Tt — 12 Vzic_%c ‘65242 41z \/zic—4bc w{z aa.
0 0 0 B 0 0
0 0 0 B 0 0
1-tp—w! f1—w?
wy, w, 1 tp 0 - wﬁf b ,
0 0 0O 1 0 0
thwy, tnwy, tun tp 01—t —w] pi—w,p
0 0 0 ;3 O 0
1 0 0 —t31241 0 Z41
0 1 0 —f31290 O Z42
0 0 1 tp O e
0O 0 O 1 0 0 !
0[{ Olhzr t31 t3p 0 1-tz+ 04241 + OZ;FZ42
0 0 O t31 0 0
1+ V;—4bc b 0 Zn 0 1+ V21C—4bc Za
c 1= ;_4% 0 —t31zap + ﬁz 0 Z42
~ 21b_4bcw$2 Wy, 1 b 0 tg
0 0 0 1 0 0
w; t31w{2 + ozg t31 t3p 0 t3q
0 0 0 t31 0 0
f31(1% V1—4b 1F V1-4b t31(=1% V1—4bc)w?, +(1+ V1-4bc)al 2bc(1—-t12)—(1F V1—4bc)w?,
where z; = -2 C)zgr( - iy w; = = ”;22 D hy = I 2 and
fay = 1= b = EEwfr + By 2.

When it is a case of proposition 4.1(ii), then all the commuting solutions of (1) are X = WYW™! in which Y =

0 0O 0 0 O Z41 1 0 0 Z21 0 0

0 0 0 0 0 Z42 0 1 0 Z22 0 0

0 0 0 0 0 t14 ZU;Fl ZU}HZ 0 w%zﬂ + ZU;FZZZZ 0 tiy

0 0 0 0 O 0 10 0 O 0 0 |
w; wgz 0 tzp 1 1- ZU;Z41 - ZU;2242 0 0 0 3 1 1

0 0 0 0 O 0 0 0 0 0 1
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1+ ;—4bc b 0 1+ \/21C—4bc 2 0 1z \/21C—4bc 2
Cc %_%C 0 Z7) 0 Z42
= zlb_mw?z Wy, 0 =g e Wiz 0 t14 ;
0 0 0 0 0
~= 21h74bcwg2 W3, 0 t3 1 1-= 2%;; e Wy,Za
0 0 0 0 0
0 0 0 Zn 0 O 1 0 0 0 O Z41
0 0 0 Z22 0 0 0 1 0 0 0 Z42
w% w?z 1 1- ZU11221 - wlzzzz 0 t14 0 0 1 1 0 t14
0 0 0 1 0 0 |1 O 0 0 1 0 0
0 0 O 3 0 O wgl wgz 0 t3p O wglz41 +
0 0 O 0 0 0 0 0 0 0 O
1+ \/;—4bc b 0 1z \/21C—4bc - 0 1+ \/21C—4bc 2
Cc %_élbc 0 Z22 0 Z42
o Wi Wy, 11— e Wiz 0 tia
0 0 0 0 0
= 21b74bcw§2 W3 0 tz 0 = 2}72 4bcwgzz42
0 0 0 0 0
When it is a case of proposition 4.1(iii), then all the commuting solutions of (1) are X = WYW™! in which
Y =
0 0 0 0 0 B1
0 0 0 0 0 B2
tswy,  hswy, 0 tatn b t1a
0 0O 0 0 0 ti3 ’
w; w;z 0 t32 1 1- t13t32 - w;ﬁl - w§2ﬁ2
0 0 0 0 0 1
1 0 0 Zn 0 —tizzm
0 1 0 Zp 0 —tizzm
a? ag 0 tstz + Ol;rZﬂ + agzzz t13 t1a
0O 0 0 0 0 t13 !
0 0 0 t3n 1 1-tsts
0O 0 0 0 0 1
1+ ;—4hc b 0 1= \/21C—4bc Zy 0 Za1
c 15 T;-—4hc 0 Zo 0 —ti3zor + B2
wrlr1 t13w32 + a; 0 t1o ts t14
0 0 0 0 0 b ’
= 21b_4bcw§2 W, 0 ts 1 tas
0 0 0 0 0 1
where zy = _ ha(1 V1—4bc)z;zc+(1¢ \/1—4bc)ﬁ2’ w"lfl _ t13(—1% V1-4bc L;%Hli \/1—4bc)a§/ Ho = tista +
tag = 1 — bty — VT B,
0 0 O Zn1 0 ti3z;
0 0 0 Z7) 0 t13222
1 By 1 1-tistp—Blzan—Przn hz  ta
0 0 O 1 0 tz |
0 0 0 l’32 0 t13t32
0 0 O 0 0 0

T
W3p242

1+ V1—4bc OéT
2bc

4606

,Z22 and
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1 0 0 0 0 aq
0 1 0 0 0 a
—tiwy,  —tzwy, 1 1—tatn s t14
0 0 0 1 0 t13 ’
wgl wgz 0 t3n 0 tiztz; + w;al + w;zaz
0 0 0 0 0
1z ;—4bc b 0 _1= \/21C—4bc Zm 0 a1
¢ = ;4% 0 Zn 0 tizzm+a
W —tiswg, + ;1 t12 t3 tg )
0 0 0 1 0 t13
= 21b_4bcw§2 W 0 tz 0 ta
0 0 0 0 0 0
SN s T VI=4be)w?, +(15 V1—4be)pT +vIsaie
where 74 = f13(=1+ V1 4bc)22262+(1+ 1 4bc)a2’ w”lfl _ _ h3(1£V1-4 c)w232+(1+ 1-4 C)'BZ, to = 1 — tatsy — %ﬁgzm and
tas = tiatyy + 5w @y,

When it is a case of proposition 4.1(iv), then all the commuting solutions of (1) are X = WYW™! in which
Y =

M 0 Zn 0 Z4
T
w, t11 t12 t13 t14
0 0 231 0 t13
T tu(l-ti) !
wy ——— tm 1-tn ty
t(1—t
0 0 ll(t 11) 0 11—t
13
where M =0, I, and
1+ Vi—dbc
5 b
_ . 7
C 1F % 4bc
_ hs((1=t)I-M)zp _ ha(tnt+tn—2tmtn)—tutn(I-tn)-tewzo 1 w]((1=t)[-M) 1 _ _ wizy
4= gy t3p = 7, JWy = ———f—— and fz4 =1 —t1n i, in the above

case.
When it is a case of proposition 4.2(i), then all the commuting solutions of (1) are X = WYW~! in which
Y =0,

1 0 0 Z21 0 Z41
0 1 0 Zy2 0 Z42
T T T T T T
Wy, W 0 Wy,221 + Wi,Z22 0 Wy 241 + Wy,Zap
0 0 0 0 !
T T T T T T
Wy Ws, 0 W31221 + Wap222 0 W3 241 + WapZan
0 0 0 0
1+ VI—dbe 1+ VI—dbc 1+ VI—dbe
> b 0 5 Z722 0 e Z42
C 1= ;_4bc 0 Z72 0 Z42
1+ Vi—4bc,, T T 1+ Vi—4bc,, T 1+ Vi—dbc,, T
2% Wi Wiy 0 e WipZn 0 e WipZ42
0 0 0 0 0 0
1+ Vi—dbc,, T T 1+ Vi=dbc,, T 1+ Vi—dbc,, T
W Wz W,y 0 e Wz 0 e W3pZ42
0 0 0 0 0




H.-H. Yin et al. / Filomat 32:13 (2018), 4591-4609 4608

When it is a case of proposition 4.2(ii), then all the commuting solutions of (1) are X = WYW~! in which Y =

1 0 0 O 21 0 Z4
1 0 0 0 222 0 Z42
T T _ T _ T T _ T
1 1 Wy, Wy, 11 Wy 201 — Wy,202 0 Wy,241 — Wy,Z42
1 1 0 0 0 1 0 0 ’
T T T _ T _ T _ T
1 1 Wy Wi, 0 Wiy 221 — W3 222 11 W31Z41 — WsyZa2
1 0 0 O 0
1+ Vi—dbc b 0 13 Vi—dbc 0 13 Vi—dbc
T T 2 T 2
Cc w 0 Z72 0 Z42
_1xVi1-4bc,, T T _ 1¥V1-4bc,, T _1¥V1-4bc,, T
2% Y2 Wiy 1 e Wiz 0 e W42
0 0 0 0
_1FVi-dbc, T T _1FVi-dbc,, T _ 1T Vidbc T
2% Wi W, 0 e Wiz 11 e W3pZd2
0 0 0 0 0 1

Where S = [ay,a2]", T = [B1,B2]", ST = [a],a;] and TT = [B],B]] are four any vectors, b and c are two
arbitrary complex numbers in all the commuting solutions above.
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