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Convex Sequences of Higher Order

Daniel Florin Sofonea?, Ioan Tincu?, Ana Maria Acu?®

?Lucian Blaga University of Sibiu, Department of Mathematics and Informatics, Str. Dr. 1. Ratiu, No.5-7, RO-550012 Sibiu, Romania

Abstract. In this paper we study the class of convex sequences of higher order defined using the difference
operators and investigate their properties. The notion of the convex sequence of order r € IN will be
extended for r a real number. Some necessary and sufficient conditions such that a real sequence belongs
to the class of convex sequences of higher order r € R are introduced. Using different types of means we
will investigate the convexity of higher order for real sequences.

1. Introduction

Let K be the set of real sequences. A sequence (4,).en € K is called convex if a,42 — 24,41 +a, > 0 for all
n € IN. Many generalizations of convexity of sequences were studied in the last years. A sequence (a,):en
is r-convex for a positive real number r if L,a,, > 0 for all n € IN, where the operator L, is given by

Leay = apso — (1 + 1)ans1 + ray.

This concept was introduced by Lackovi¢ and Jovanovi¢ [5]. Another generalization was introduced by
Koci¢ [4] using the operator:

Lyqan = ans2 + (p + q)ans1 + pgan, p,g € R.

The higher order of convexity was introduced using the difference operator of order 7, » € IN defined as
follows:

ANa, = Z(_l)r_k(;;)anHW n€N.
k=0

A sequence (a,)nen is called convex of order r if A’a, > 0 (see [6]). Let K, be the set of all convex real
sequences of order r. The class of convex sequences of higher order has attracted the attention of many
mathematicians. The reader should consult the papers of Lupas [1]-[2], Nicova [7], Tincu [11]-[12].

Denote (x); = x(x + 1)...(x + [ — 1) the Pochhammer symbols and |x] the integer part of x. A natural
question was raised whether the assertion r € IN for the convex sequences of order r could be extended to
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R. An answer of this question was given in [10] considering the operator A" : K — R, defined by

= (—r
Na =AY 0
k=0

(o]
. . =Mk . .
with the convention A%;, = a,, for every n € N, where Z Ta"+k is a convergent series.
k=0 ’

Let
M, = {(ay)nen € K|Aa, > 0, for every n € IN}

be the class of convex sequences of order r, r € R. Note that for r € IN, it follows M, = K.
A few properties of the operator A", r € R are summarized in the following lemmas (see [10]).

Lemma 1.1. [10] The operator A" defined in the relation (1) verifies:
i) A" is a linear operator;
ii) N la, = Naye — N'ay, forany r € R, .

Proof. From the relation (1) it follows imediately that A" is a linear operator. In order to prove the identity
ii) we calculate

0 —r &) —r
Nayq —Na,= (‘Dm Z ( k|)kan+k+1 - (_1)LVJ Z ( k|)kan+k
k=0 k=0

alv [ (=) e (-r=1)
= (_1)L : {Z [(k —kl)l! B k! k] An+k — ﬂn}: (_1)1 Lr] % Tkﬂrﬁk.

k=1
Therefore, A"*la, = A'a,, — A'a,. O
In the condition that the series A’a,, ¥ € R is convergent, the following result is obtained:
Lemma 1.2. [10] Let Z be the set of integer numbers. For r1 € Z, r, € R, and n € IN, the identities
A" a, = AT (Aay) = A™ (A" ay), )
hold.
Proof. We have

A" (A%a,) = (1) Z (_]:—ll)kArzamk = (-1l Z = [Z (_;Z)i”mwl
P=— pay i

k!
(o] (o) ) r
= (~qlrdelr) kZ c(-r1,k) lZO C(=12, Dipagsi |, Where (1, k) = % 3)
=0 i=

Therefore, we can write

) k
A (M) = (=) Y g, {2 e(=r1,De(=r2 k - z‘)}

k=0 i=0

o k
= (_1)LV1J+Lr2J Z Ak (I;)(_rl)i(_rz)k—i-

k!
k=0 i=0
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Using the Chu-Vandermonde formula (see [3])

k

(=) (f)(x»(y)k_i, keN,

i=0
we get

A(A"a,) = (_1)Lr1J+erJ Z (_rlk—_'h)kamk = A"*"2g,, for any n € N.
k=0 ’

O

The aim of this paper is to extend the notion of convex sequence and to investigate the properties of this new
class of convex sequences of higher order. The necessary and suficient conditions such that a real sequence
belongs to the class of convex sequences of higher order r € R are given. Considerable attention has been
given by various authors to the study of mean-convex sequences. In the last section we are focused on the
u-mean-convex sequences introduced by G. Toader [8]. We will prove that the set of convex sequences of
higher order is a subset of u-mean-convex sequences of higher order.

2. Properties of convex sequences of higher-order

In this section we determine some necessary and sufficient conditions such that a real sequence to belong
to the class M,. In order to give these conditions we will calculate the value of the operator A", considering
the real sequence (a,).en With the general term defined as follows

5 ()
a, = ;)‘ (il )_ kk)!bk , n=0,1,..., where the sequence (b,),en € K. 4)
o0 (—1’) ) n+k
We have A7z, = (-1 Z Tka,”k: (=1)lr Zc(—r,k)Zc(r,n +k—jb;, where c(r,k) was
k=0 k=0 j=0

defined in (3). Therefore, we get

ANa, = (-1

el

fe=}

n-1 ) n+k
(=1, k) 2 o(r,n +k— j)b; + Z (=1, k) Z c(r,n+k— j)b]»]

]':0 k=0 j:n

1T
=

T
N

(o]

) k
=Y b Y e ke + k- j) + Z o(=1,K) Z bjnc(r, k — j)}
k=0 =0

k=0

(=}

—.

1
=
iy

= (-1 b;iS(0,n — j) + Z busS,0)],
| j= v=0

o

where S(v, u) = Z c(=rk+v)e(r, k + ).
k=0
We will consider three cases:
Case 1. Letr € (0,1).
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We have

e8]

S(O,n—j)= Zc(—r,k)c(r,n+k—j) = r(r)r21 — Z (_kr')kB(r+n+k—j,1 -7)
k=0 ’

-r r+” (r)k
r(r)f(l—r)f - ]1[2 (H‘

1 1 _sinrm 1
r+n—j-1
1"(1’)1"1 f(l ) dt = THT(1-7r) r+n—j w r+n—j'

Forv > 1, we get

S(v,0) = Z c(=r,k +v)c(r, k) = EI;?’:)"' ) %
k=0 B

o (N (=T (k+v —7) 1 T(r+1) = (M)
;k_ TA-7n) Th+v+DIGC+1) F(l—r)F Z‘k_(k”_””)

: 1 . 1 .
_ _sinmr f Pl — pyrl (r)k (1 B dt = _sinmr f (1= 1t = = sinrtr-

(v —r)

For v = 0, we have

5(0,0) = e (M _ i (= Tr+k) 1

k! I(r) T(k+1) F(r)F(l —1) L k' B(l —r,r+k)

= kK
-r r-1 (”)k | 5, sinTtr o1y, sinTr
F(rF(l—r)f 1-9 [Z t)ldt— - fo(l oyt = ———.

We obtain
n-1 = sin7or [\ bj b
. | - _ n+v
Nay = ;b]S(O,n j) +bxS(0,0) + ;bws(”o) m ; rtn=j +VZ::§ v
n—-1 d -
_sinnr bf sin 77
R [;r+n—]’+;r+n_v} ;n+r— ;

Case2. Letr>1,r¢ IN.

Denote m = |r|,m € Nand [ = {r}, ] € (0,1), where | -] and {-} are the integer part and the fractional part,
respectively. From (1), (2) and (5), we have

omsl. Ly L sin 7/ b;
Aa, = A" an—Am(Aan)_Am[ - ;wl—j]

_ m & (—m)y | sin il o b; _sinml = )
=" ) k! [ I Z;-n+k+z—j T n Z;‘bfT’”(l'])'
J= J=

k=0

1
n+k+1-j

where T, (1, j) = (-1)" Z - m)k
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1
According to the relation

4659

(n+1—jk

+k+l—j:n+l—]"

="

(nm+1—-j+1)
(-1"

2( me(n +1— 1% _

Tull, = n+l—j+1y K

n+l-—

In the following we will apply the identity »Fi(a,b;c;1) =

Re(c —a—1b) > 0. Consideringa = —-m, b=n+1—-jc=n+1-j+1,it follows Ty(, j) =

Therefore, A'a,, = sin 7l

V' y —
1y"m Z(”"‘l_])mH
Case 3. Letr—p,pelN*

Using (4) we can write a,, = Z by

Z ———

n+k

(ﬂ k)'

p —
Na, = (-1 Y Cr
k=0

where c(r, k) was defined in (3).
We have

n

p
APa, = (-1) 2 ,zc( p e +k—i+1,p—1)+

i=0 k=0

= i b;S; + Z b,+iS», where
i=0 i=1

T n+l-

, We can write

],zFl(—m,n+l—j;n+l—j+1;1).

I'c)I'(c—a-Db)

Tc—afc—p ©¢* 012 and

(—1)"m!
(m+1= a1

k+1)p 1

Y . Therefore,

an+k—( 1)PZc( p,k)Zbc(n+k—z+1 p-1),

p P
zbn+,ZC( pketk—i+1,p-1)
i=1 =i

4 P
Si = (=1) Z o(=p,K)ctn+k—i+1,p—1)and S := (=1) Z o(=p, Kk —i+1,p—1).

k=0

For the above sums we will obtain the following results:

k=i

P . p . .
VIS o bl kp(n+k—1+1)p—1: 1 B p_k(p)l"(n+k—z+p)l"(n—z+p)
1) ;( ) (k) = k;( 1) , ,

(p—-1) kKITn+k—-i+1)I(n—i+p)
1 Zp:p(ﬂ—i"'}?)k(—”‘*‘i—r’)p—k_ )y
-k n—i+p S p-Dn—i+p

k 1
%= DPZ( 1’k( )( <p1+1>)'p1_(z(9 ay

— =1y _ k+i(p_i)(k€]ri) k -
-1 ;J‘( AN (p;i)( *p

—i

Z(— >k+'( i)(k+ Dyt

p k++ip_i F(k+P)
( —i)!;;(_l) ’ ( k )F(k+i+1)

__1 p-i _ )
R Z( K )(p)k(_p)p—k—i =0, fori<p-1.
k=0
; (1)p—1
Fori=p, wehave S, = e 1. It follows that APa, = bysp.

These cases lead to the following result:
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()nk
(n—k)!

Lemma 2.1. Let (b,)uen be a real sequence. If a, = Z b, n=0,1,...,then

sman I e 0,1),
j

n+r-—
mo j

m+1

ANay, = sinml bj
(1" ——m! ; W r>1,r¢N,
byin, ¥ €N,
where m and | are the integer part and the fractional part of r.
In the following we will raise the problem:
Problem 2.2. Let (a,)nen be a real sequence and v € R,.. What are the conditions such that
A'a, >0, foralln e N. (6)
As a response of this problem the next two theorems are proven.

Theorem 2.3. A real sequence (a,)nen verify the relation (6) for all v € IN* if and only if there exists a real sequence
(by)nen such that

—Z( k)'b and b, >0 foralln > r. (7)

Proof. From Lemma 2.1 it follows that the conditions (7) are sufficient such that A’a,, > 0. Now, we consider
A'a, > 0 for all n € IN and we construct recursively a real sequence (b,)nen as follows:

n-1
(1’)” k
by = ap, b Y by.
k=0
The above relations lead to by = A%y >0, b, = A"a,_1 > 0and a, = Z ((r)"kk)'bk. O

In a similar way the following results can be obtained:

Theorem 2.4. A real sequence (a,)nen verify the relation (6) for all r € Ry \ IN* if and only if there exists a real
sequence (by)nen such that

B (. k msmnl bj
Z o and (=1) Z(n+l ])m+1>0 where m = |r],1 = {r}.

3. The weighted arithmetic means of real sequence

Let a = (a,)nen € K. The sequence (Cp)en of Cesaro means is defined as follows

ag+---+ay,

Cn = n+1

Definition 3.1. [9] A sequence (a,)qeN is called mean-convex if the sequence (Cy,)nen of Cesaro means is convex.
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In [13] is considered the weighted mean:

Podg + -+ + Pudy

A, =
p0+...+pn

, with p, > 0forn > 0.

4661

Toader [8] proved that the sequence (A;)nen is convex for any convex sequence (4,).enN if and only there is

u > 0 such that
u+n-1
Pn = PO( " ), forn>1,

where

(“):1, (“):% (u—k), forn>1,ueR.

In this case A, become
U+i—
AnzA”—(n+u)Z( )

Definition 3.2. [8] The sequence (a,)nen is called u-mean-convex if (Al})neN is convex.

In the following we will study the convexity of higher order for the sequence (A%);en.

Theorem 3.3. The sequence (Alf)nen verify

n

AT(AY) = Z ci(n,r, )N (@;), r € Ry,

=0
where
n!
3 (u+r+1)n']_0'
C]‘(Tl, r,u) - un! (u +7r+ 1)]‘_1 192 "
(u+r+1), ! Tl ey
Proof. Using the following relation
‘_u+j P I
aj = ” A] A] 17
it follows
SN N e SRR ITE Wi i [ A A SVRE L PV
aj=(=1) Zo‘ il aJH_( 1 ,Zo‘ il u A]+z u A]+11

i=0

D [ & ; (=n)i 1 )
=%{Z[( e 2 |

u+r ( DM (= 1)in (=D
= ArAu - Al A"
G+ Ty i
_UET _ _ LVJ ( r— 1)1 _(_1)UJ u
- u A A] Z ]+1 1 v U Aj—l

+ ' 1 + '
_u rArA;,__ mZ(r )z At = ”urAYA;%éA'”Aj—l
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But
r+l AU _ AT AU _ AT AU
ATAY = NAY - ATAY .

Therefore, we have

u+r
u

NAt s Laran Iy M  prpn T g
] ] u ] u ] u )

Ara]' -
u

From the above relation we get

(r+u+1)j (r+u+1);
‘ Na; = i A ‘-
j! uj! J (G—=Du J

If we sum for j = 1, n, it follows

i (7+”+1)]‘—1A,a' D 1
! a un! " 0’
=1
Since A"Aj = A’ag, we have
n! - un!  (r+u+1)
NA = ————ANgg + Na;.
" rrut1), ;l(u+r+1)n jl %
|
Corollary 3.4. The coefficients (8) verify
i) cj(n,r,u)>0forr e Ry, j= 0,1;
O rn! u
; = + .
W ;C](n'r/u) u+nNu+r+1), u+r
Proof. In order to prove the condition ii) we calculate:
n n
n! un! (u+r+1)jq
. = +
;Cf(”’r’”) wrr+), (u+r+1)n; i
[ [ = (U +7);
_ n! . un! 1 Z ( ' )j _1
(u+r+1)y W+r+yu+r | j!
B n! N un! {1(u+r+1) _1}_ rn! L
T wHr+l), WHr+,u+r\n! " T wAnNu+r+1), u+r

O

Theorem 3.5. Let (a,)uen € K. Then
i) Al(M,) S M,, forr > 0;
ii) If there exists A € Ry, such that
|A"a,| < A, forn=0,1,...,

then
rn! u

ATAY < A + .
| l < w+nru+r+1), u+r
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Thus, all convex sequences of higher order are u-mean-convex sequence of higher order. Therefore, the

set of convex sequences of higher order is a proper subset of #-mean-convex sequences of higher order.
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