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On Totally Real Statistical Submanifolds
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Abstract. In the present paper, first we prove some results by using fundamental properties of totally
real statistical submanifolds immersed into holomorphic statistical manifolds. Further, we obtain the
generalized Wintgen inequality for Lagrangian statistical submanifolds of holomorphic statistical manifolds
with constant holomorphic sectional curvature c. The paper finishes with some geometric consequences of
obtained results.

1. Introduction

In 1985, the notion of statistical manifolds has been studied by Amari [1]. The abstract generalizations of
statistical models are considered as the statistical manifolds. The geometry of statistical manifolds lies at a
junction of several branches of geometry (information geometry, affine differential geometry [10] and Hes-
sian geometry [11]). A statistical structure can be considered as a generalization of a Riemannian structure
(a pair of a Riemannian metric and its Levi-Civita connection). It includes the notion of dual connection,
also called conjugate connection. The theory of statistical manifold and its statistical submanifold plays a
role of central importance in many research fields of differential geometry.

Recently, H. Furuhata has constructed complex structure and contact structure on the statistical mani-
folds, and defined a holomorphic statistical manifold (see [5, 6]) and Sasakian statistical manifold (see [7]).
The theory of statistical manifold and its statistical submanifold is a very recent geometry. Therefore, it
attracts the geometers and several interesting results have been obtained by many of them ([2, 3, 6, 7, 9]).

On another hand, in 1999, Wintgen inequality has been conjectured by De Smet, et al. [12] for all
submanifolds N™ of all real space forms M"**(c) with constant sectional curvature ¢, for all dimensions
m > 2 and for all codimensions s > 1. This is also known as the DDVV conjecture and it is proved by Ge
and Tang (2008) and by Lu (2011), independently.

In the present paper, first we study holomorphic statistical manifolds with some examples (see Examples
2.7,2.8 and 2.9). We give some basic results on totally real and Lagrangian statistical submanifolds immersed
into holomorphic statistical manifolds (see Section 3). Then we establish Wintgen inequality for Lagrangian
statistical submanifolds of a holomorphic statistical manifold with constant holomorphic sectional curvature
c (see Theorem 4.1). Also, we obtain a general inequality for totally real statistical submanifold in the same
ambient (see Theorem 4.2). At the end, some immediate consequences are also obtained (see Section 5).
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2. Statistical Manifolds and Statistical Submanifolds

Let V be an affine connection on a Riemannian manifold (M §) The affine connection V' on M satisfying

(6]
Z3X,Y) =3V X, Y) +3(X, V)
forany X, Y, Z € [(T M) is called the dual connection of V with respect to 3.

Definition 2.1. [6] The statistical manifold (M Vg) is a Riemannian manifold equipped with torsion-free affine
connection V satisfying (?Xg)(y, 2) = (§y§)({\’, ), forany X, Y, Z € T(TM).

Remark 2.2. A pair of affine connections V and vV on M satisfies [6]

Vy=v. M
We remark that if (M, vV, Q) is a statistical structure, so is (M, V,g).
Definition 2.3. [6] Let (M, v, §) be a statistical manifold and M be a submanifold of M. Then (M, Vv, g) is also a

statistical manifold with the induced statistical structure (V,g) on M from (V,g) and we call (M, Vv, g) as a statistical
submanifold in (M, v, (g_r)

Let (M, V, g) be a submanifold with any codimension of a statistical manifold (M, V, ). The fundamental
equations in the geometry of Riemannian submanifolds are the Gauss and Weingarten formulae and the
equations of Gauss, Codazzi and Ricci (see [15]). In the statistical setting, Gauss and Weingarten formulae
are respectively defined by [6]

ViV = Vil +0UXY), Vil =V +T(XY), } 2

Val = ~Au(X) +DxU,  VyU = -Ay(X) + DyU,
for any X,Y € I'(TM) and U € I(T+ M), where Vand V (resp., V and V") are the dual connections on

M (resp., on M). Also, D and D" are the dual connections of a vector bundle T+ M. The symmetric and

bilinear imbedding curvature tensor of M in M for V and V' are denoted by C and C*, respectively.
The relation between C (resp., C*) and A (resp., A") is defined by [6]

SUX,Y), U) = g(A(X), Y), }
(X Y),U) = g(Au(X), Y),

forany X, Y € I(TM) and U € T(T* M).

Definition 2.4. [9] Let (M, V,g) be a submanifold with any codimension of a statistical manifold (M,V,3). Then
M is said to be

(i) totally geodesic with respect to V if C = 0.
(i*) totally geodesic with respect to v ifC=0.

(ii) totally tangentially umbilical with respect to V if (X, Y) = g(X, Y)H for any X, Y € T(TM). Here H is the
mean curvature vector of M in M for V.

(ii*) totally tangentially umbilical with respect to v if (X, Y) = (X, Y)YH" forany X, Y € T(TM). Here H* is
the mean curvature vector of M in M for V.
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(iii) totally normally umbilical with respect to V if AyX = g(H, U)X for any X € T(TM) and U € T(T*M).
(iii*) totally normally umbilical with respect to V. if Ay X = g(H, U)X for any X € T(TM) and U € T(T*M).

The curvature tensors with respect to V and V' are denoted by R and R, respectively. Also, R and R*
are the curvature tensors with respect to V and V*, respectively. Then the corresponding Gauss, Codazzi
and Ricci equations, respectively, are given by [6]

RX,Y,Z W)= RX,Y,Z,W)+3UX,2), (Y, W)
~3CX, W), Y, ),
RX, Y, Z,U) = H(VxO)V, Z), U) - H(VyO)(X, Z2), U), (4)
RX, Y, U, 2Z) = g(VyMNuX,Z) - 8(VxruY, 2),
ﬁ(X, Y, UYV)= RYX,Y,U,YV)+ WY, AuX, V) —g(L(X, Ay, V),

forany X, Y, Z, W € T(TM) and U,V € T(T+ M).
The curvature tensor fields of M and M are respectively defined as [6]

S= %(ﬁ +R),
and
S= %(R + R).
Thus, the sectional curvature K on M of M is given by [3]
1
KX AY) =gSX,NY, X) = SGRX,NY, X) +3(R(X, Y)Y, X)),
for any orthonormal vectors X, Y € Ty,M, p € M.

Definition 2.5. [6] Let (ﬂ, T, g) be a Kaehler manifold and V be an affine connection on M. Then (ﬂ, v, T ) is
said to be a holomorphic statistical manifold if

(i) (M v, §) is a statistical manifold, and
(i) a 2—form @ on M, given by
o(X,Y) =8(X,JY),
for any X,Y € T(TM), is a V—parallel, that is, Vo = 0.
For a holomorphic statistical manifold (M, 9, §), we have the following relation [6]:
Vx(JY) = IVxY, (5)
for any X, Y € [(TM).

Lemma 2.6. [5] Let (M, 3,.) be a Kachler manifold and a connection V is defined as V := V8 + K, where K is a
(1, 2)—tensor field satisfying the following conditions:

K(X,Y) = KUY, hX), (6)

SKX, Y),Z) = 3, KX 2), 7)
and

KX, JY)+ KX, Y) = 0, (8)

forany X, Y,Z €T (Tﬂ). Then (/V, vV, 3,9) is a holomorphic statistical manifold.
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By using the above Lemma 2.6, we construct the following examples:

Example 2.7. Let us consider a Kaehler manifold M = {(x},x2) € R%x! > 0,22 > 0},3,.9), where a Riemanian
metric g and the standard complex structure J on M are defined by

g = x'(dx")? + (dx*)?),
and
Jo =0y, Jdh=-0,
where d; = -2 for i =1,2. Now, for any A € R, we define a (1,2)~tensor field K on R? as follows:

Il

2
K=Y Koededd,
iji=1
where —ki, = k3, = k3, =ky, = Aand k§, = ki, = kj, = k3, = 0. Then K satisfies all three conditions of Lemma 2.6,

and hence we get a holomorphic statistical manifold (M,V := V& + K,3,.J), where an affine connection V on M is
given by

Vi = (3007 -2,
?31(92 = §3231 = (%(Xl)_l + /\)(92,
§(9292 = —(%(Xl)_l - /\)81

Example 2.8. Let (3,.J) be a Kaehler structure on M. We take a vector field QO € T(TM) and set a tensor field
—(1.2
K € F(TM( )) as follows:

KXY = [FUQXZIQY)-3Q XRQ N0
+3TQ XZQ Y) +3Q XRTQ,Y)]TQ, ©)

for any X,Y € T(TM). Then, by simple computation, we see that Ky satisfies three conditions of Lemma 2.6, and
hence a holomorphic statistical manifold (M,? =V8 + Ki,8, ) is obtained.

Example 2.9. For a Kachler manifold M, 8, 9), we take a vector field Q) € [(TM) and set K, as follows:
KX, Y) = [5QIXFQ.ITY) -3(Q XFQ,Y)
—3(Q, TXZQY) - 2Q XZQ,TY)|Q
+3Q X)5(Q, ¥) - 3Q, T X)F(Q,TY)
—8(Q, T X)3(Q, Y) - 8(Q, X)3(Q, T Y )]j Q, (10)

forany X,Y € T(TM). Then K, € F(TM(M)) satisfies three conditions of Lemma 2.6 as in Example 2.8, and hence
(M,§ = V8 + K3,g, ) becomes a holomorphic statistical manifold.

For any X € I(T M) and V € I'(T+ M), respectively, we put [15]

JX = GX +LX, (11)
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and
JV =CV + PV, (12)

where GX and CV are tangential parts S X and JV, respectively. And LX and PV are normal parts of JX
and JV, respectively.

Definition 2.10. [6] A holomorphic statistical manifold M is said to be of constant holomorphic curvature ¢ € R if
the following curvature equation holds

RXNZ = {3, DX -3X, DY +3TY, 2)TX
—§TX, DIY + 28X, TNIT Z}, (13)
forany X, Y,Z € T(TM).

Definition 2.11. [6] A statistical submanifold M of a holomorphic statistical manifold M is called holomorphic
(L = 0and C = 0) if the almost complex structure J of M carries each tangent space of M into itself whereas it

is said to be totally real (G = 0) if the almost complex structure J of M carries each tangent space of M into its
corresponding normal space.

Definition 2.12. A totally real statistical submanifold of maximal dimension is called Lagrangian statistical sub-
manifold.

3. Totally Real Statistical Submanifolds

In the following, we assume that (/V(,V 3,J) is a holomorphic statistical manifold and /V((c) is a
holomorphic statistical manifold with constant holomorphic sectional curvature c.
We prove the following:

Theorem 3.1. Let M be a totally real statistical submanifold immersed into M(c). If M is totally umbilical
submanifold with respect to V and V', then sectional curvature K = 1 if and only if any one of the following holds:

(i) Both H and H* are perpendicular to each other;
(ii) H=0;
(iii) H* = 0.
Proof. For any orthonormal vectors X, Y € I'(T M), the sectional curvature K of M is defined as follows
1
K(X AY) = 5[g(R(X, WX, V) + g(R'(X, V)X, y)]. (14)

Putting curvature tensor fields R and its dual R* into (14), we have

KXAY) = %[% +8(Ary 0 X, Y) - s(hex 0 Y, Y)
+(AL X Y) = 8N Y Y )]
= 2[5+ ), 0, 00) - FCW, ), LX)
X, T, X) - RCW, 9,08, X)|
= 1 HECE Y)Y, X) - RC W), LX), (15
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Since, M is totally umbilical submanifold with respect to V and V, then (15) becomes
K(X A Y) = i — Q(H, H).
If we take K = 7, then any one of the following holds:
(i) H L H*, or
(ii)) H=0,or
(iii) H* =0.
Thus, our assertions follow. Converse part is trivial if any one of the above holds. [J
Theorem 3.2. Let M _be a totally real statistical submanifold immersed into M. If Mis totally umbilical submanifold
with respect to V and V , then || HO|I> = g(H, H*).
Proof. Since, we have [6]
0 = DxH+DyH"
= ViH +[HIPX + VyH + | H|PX.
By taking inner product with unit vector field X on M, we get
0 = gVaH,X)+g(VaH', X) +IIHIP +IH|
= Xg(H,X) = g(H, V&) + Xg(H', X) = g(H', VaX) + IIHIP + [ HIP
= —g(H, VX +H") = g(H', VxX + H) + |H|? + |HI*
= NHIP +IHIP = 25(H, H).
Hence, we get the desired result. O

Theorem 3.3. Let M bea Lagrangian statistical submanifold immersed into M. If Mis totally umbilical submanifold
with respect to V and 7, then H = H* = 0.

Proof. For any X, Y € T(T M), then

VxJY = -AgxY + DxJ VY. (16)
On the other hand,

VxJY = IV Y
T (Vi + (X, VH")
IVY + X, NITH". (17)
On combining (16) and (17), we find that

0 SXNITH + AgxY

= gXNIH - X, TH)Y

for any X, Y € I'(TM). Putting X = TH and 0 # Y L JH in the last equation, we have our assertions. []

Theorem 3.4. In an m—dimensional Lagrangian statistical submanifold M of a holomorphic statistical manifold M,
the following holds:

SYX,NTZ =(SX,Y2)"
forany X, Y, Z € T(TM).



A. N. Siddiqui, M. H. Shahid / Filomat 32:13 (2018), 4473-4483 4479

Proof. For any X, Y, Z, W € I(T M), we have

25(SX, NTZ,TW) 288X, NI Z,TW) - 3(LX, Agz¥), TW)

+3(UY, AgzX), TW) = g([C(X, N2 Y), TW)
+8(C'(Y, Ay 2 X), TW)

= 298X NI Z,IW) = g(AL X, W)
+8(ALx Y W) — 8(Acy, 2 X, W)
+8(Acx, Y, W).

Thus, we get
S X NI Z,ITW) = g(SX,NZ,W).

This is the required assertion. [J

Theorem 3.5. Let M be a statistical submanifold immersed into M(c). Then S(X, ¥)T M c TM for all vector fields
X and Y on M if and only if M is either a holomorphic or a totally real statistical submanifold of M(c).

Proof. For any vector fields X and Y on M and Z € T(T M), we have

— 1r— —
SXNZ = FRXNZ+RXNZ]
= {[sW, DX -3X, DY +3TY, 2TX
—3IX, DITY + BX, TNITZ|. (18)
Now, if we say M is holomorphic statistical submanifold, then we have S(X,Y)Z € I(TM). Further, if
we consider M is totally real statistical submanifold, then also S(X,Y)Z € I(TM) because 3JY, 2 =

3(IX,Z) =3(X,TY) = 0. Hence, S(X, ))TM C TM.
Conversely, we put Z = Y into (18), then we have the following:

SX, Y)Y

i[g(y, NX -gX,NY +3(TY, Y TX
S(ITXNITY + BX,TNITY|

= i[g(y,y))( - 9(X, Y + Sg(jy,x)jy]_ 19
But from the assumption S(X, Y)Y € I(TM), the last term of above equation (19), that is, 3(JY, X).JY

must be in T M, which means that either g(JY,X) = 0 or JY € I'(TM). Hence, we conclude that M is
either a holomorphic or a totally real statistical submanifold. [

Theorem 3.6. Let M be a statistical submanifold immersed into M(c). If M is either a holomorphic or a totally real
statistical submanifold of M(c), then S(X, Y)T+ M c T+ M for all vector fields X and Y on M.

Proof. Since, E(E(X, NZ,V) = —§(§(X, Y)V,2) for any X, Y, Z tangent to M and any V normal to M.
Therefore, the proof follows directly from above Theorem 3.5. [



A. N. Siddiqui, M. H. Shahid / Filomat 32:13 (2018), 4473-4483 4480

4. Wintgen Inequality

In [8], Mihai has proved the generalized Wintgen inequality for Lagrnagian submanifolds in complex
space forms. In the same paper, he also has obtained another Wintgen inequality for totally real submani-
folds in same ambient. Motivated by his result, we obtain another Wintgen inequality for an m—dimensional

Lagrangian statistical submanifold M of a 2m—dimensional holomorphic statistical manifold (M, V,g,.7)

with constant holomorphic sectional curvature ¢, M(c). For this, we consider {&;, ..., &} is an orthonormal
frame on M™, then {& = J&1,...,E&n = JE,} is an orthonormal frame in the normal bundle T M. We
need the scalar normal curvature Ky [14] and the normalized scalar normal curvature gy [8] of M™. Both
terms are defined below:

=il XY (s a6 + sl A8

1<a<b<m 1<i<j<m

(20)

and

2
o VK (21)

Now, we prove the following:

—2m
Theorem 4.1. In an m—dimensional Lagrangian statistical submanifold M of M (c), the following inequality
holds:

2

~ 1) + ———|IHP s (—2 ) L% g0
milm =1+ S = 1)[”7{” I ] z (m(m —1)? z) =
Proof. From (20) and (21), we arrive at
2 1 ’
& = m[lz;mlz} (080 8718 - [, 71858 | 22)

For calculating RHS of above equation (22), we use equation (7.101) of [6], that is,
SXNZ = WY, DX-gX DY)
1 * *
+2|[Agx Ay 1Z = Mgy, A2 23)

for any X,Y,Z € I'(TM). Now we consider {&;,...,Ey} is an orthonormal frame on M”, then {&; =
JE, ..., &n = T Ep) is an orthonormal frame in the normal bundle T+ M. Equation (23) gives

0= D 4 om0 - Y THALY, h

where A; = Agg, A} = Af?&. Further, we have [6]

cm(m—1 1 v v
ISIP = %—cZTr(AA* +3 2 A )= D DS
b=1 i=1
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Obviously,
cm(m —1 . .
e B MY
1 m
300, XA AL = LA, ADE (25)

1<a<b<m i=1

From (22) and (25), we get

cAm(m —1)

m
) Tr(A,-A;)].
i=1

Using (24) and the above equation becomes

& = = | 2HSIP -

, 1 [ o Cm(m—1)
G = e ISP -
2 _
+% T 20q(H, H) — 26@]. 26)

Since, for any m—dimensional statistical manifold (M, V, g) the following inequality holds [6]:

2 2

2
IISII© > m@ . (27)

On combining (26) and (27), we find that

o = ! )[( 2 @)2+§+%g(%ﬂ*)—%@]

m(m — 1) \m(m — 1)
1 2 c\? 2¢ X
T m(m— 1)[(m(m —1)¢" E) T nm = 1)g(7‘{,7‘{ )]' (28)
From (1), we get 2H® = H + H* and thus
28(H, H") = 4IHIP = [IHIP = [HIP. (29)

Therefore, from (28) and (29), we derive our desired inequality. [

A general inequality for totally real statistical submanifolds is as follows:

—2
Theorem 4.2. Let M be an m—dimensional totally real statistical submanifold immersed into M m(c). Then

(H, H") = ———=IICIlIT’II- (30)

027+
4 —1 ( -1

Proof. Let (&4, ...,Ey) be an orthonormal frame of M™ and {&,41, . . ., &2} be an orthonormal frame in the
normal bundle T+ M. From Proposition 3 of [6], we get

2m m

- E _ 2 *\ _ a 3+a
20 = Z(m(m = 1)) + n’g(H, H') Z Zhuhl},

a=m+11i,j=1
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where
2m m
Ho= LY (N
a=m+1 i=1
2m m
Ho= LY (e
a=m+1 i=1

h(ll] = g(C(Sz/ 8])/ 8!1)/
ng o= (&8, &)
Further, we apply Cauchy-Buniakowski-Schwarz, we have
c
20 2 (m(m - 1)) + m?g(H, H") = I

From last inequality, we can easily obtain the following:

m ) 1 )
—8(H,H) - m”@ll”@ Il

QZ£+
4 m

This is the desired inequality. [J

5. Some Geometric Applications

In this section, we provide some immediate statistical significance of obtained results in the previous
section. .

If a statistical submanifold M of statistical manifold M is minimal, that is, H° = 0, then H + H* = 0.
Thus, we have the following corollary follows from Theorem 3.2:

Corollary 5.1. Let M be a minimal totally real statistical submanifold immersed into M. If M is totally umbilical
submanifold with respect to V and V', then any one of the following holds:

(i) Both H and H* are perpendicular to each other;
(ii)) H=0;
(iii) H* = 0.
By using Theorem 3.4, we can easily obtain the following corollary:
Corollary 5.2. Let M be a Lagrangian statistical submanifold immersed into M. Then S =0 if and only if S* = 0.

Wintgen inequality for minimal statistical submanifold is directly from Theorem 4.1:

Corollary 5.3. In an m—dimensional minimal Lagrangian statistical submanifold M of mzm(c), the following
inequality holds:

2
12 ¢ 2 a2 > ( s - E)
] LA A B (e T B
Corollary 5.4. Let M be an m—dimensional Lagrangian statistical submanifold immersed into Mzm(c). Suppose

that

(i) on =0 and



A. N. Siddiqui, M. H. Shahid / Filomat 32:13 (2018), 4473-4483 4483

cm(m—1)

(i) 0= =5
Then c < 0.
Remark 5.5. The proof of above Corollary 5.4 follows directly from equation (28).

Now, we observe the following consequences of Theorem 4.2:

—2m
Corollary 5.6. Let M be an m—dimensional totally real statistical submanifold immersed into M (c). If M is
totally umbilical and totally geodesic with respect to V and V', then 024

Remark 5.7. In the above Corollary 5.6, we have M is totally umbilical and totally geodesic with respect to V and v,
that is, forany X, Y € T(TM), 0 = {(X, Y) = g(X, Y)H, which gives H = 0. Similarly, 0 = (X, Y) = ¢(X, Y)YH*
implies H* = 0. Hence, an inequality (30) reduces to ¢ > .

—2m
Corollary 5.8. Let M be an m—dimensional totally real statistical submanifold immersed into M (c). If o = ,
then M is not totally geodesic with respect to V and V.
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