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On Contact CR-Submanifolds of a Cosymplectic Manifold
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Abstract. In this paper, we study the differential geometry of contact CR-submanifolds of a cosymplectic
manifold. Necessary and sufficient conditions are given for a submanifold to be a contact CR-submanifold
in cosymplectic manifolds and cosymplectic space forms. Finally, the induced structures on submanifolds
are investigated, these structures are categorized and we discuss these results.

1. Introduction

The study of the differential geometry of contact CR-submanifolds, as a generalization of invari-
ant(holomorphic) and anti-invariant(totally real) submanifolds of an almost contact metric manifold was
initiated by A. Bejancu [1] and was followed by several researchers. Some authors studied contact CR-
submanifolds of different classes of almost contact metric manifolds given in the references of this paper.
Recently, in different studies M. Atceken et al. [11], [12], [13], [14] and S. Uddin et al. [18], [19], [20] studied
contact CR-submanifold and warped product CR-submanifolds in various type manifolds.

The contact CR-submanifolds are rich and interesting subject. Therefore it was continued to work in
this subject matter. This study the present paper is organized as follows.

In this paper, contact CR-submanifolds of a cosymplectic manifold were studied. In Section 2, basic
formulas and definitions for a cosymplectic manifold and their submanifolds were reviewed. In Section 3,
the definition and some basic results of a contact CR-submanifold of a cosymplectic manifold was recalled.
In Section 4, some new results for contact CR-submanifolds in a cosymplectic manifold and a cosymplectic

space form M(c) was given.
2. Preliminaries

Let Mbea (2n+1)-dimensional almost contact metric manifold together with an almost contact structure
(¢, &,1m), ie., &is a global vector field ¢ is a (1, 1)—type tensor field and 1 is a 1-form on M such that

¢*X = =X +1(X)E, P& =0, n($X) =0, (&) =1 @

forany X,Y € F(]\7I), where F(Z\7I) denotes the set differentiable vector fields on M.
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The almost contact manifold is called an almost contact metric manifold if there exists a Riemannian
metric g satisfying;
9(PX, 0Y) = g(X, Y) = n(X)n(Y), 9(¢X Y) = —9(X, $pY) 2)

forany X,Y € F(Z\Z). Clearly, in this case, 1 is dual of &i.e., N(X) = g(X, &) forany X, Y € F(M).
The fundamental 2—form @ is defined by ®(X, Y) = g(X, ¢Y), for any X, Y € I'(M). The M is called an
almost cosymplectic manifold 1 and @ are closed, i.e., dn = 0 and d® = 0, where d is exterior differentiable

operator [4]. Also, an almost contact metric manifold is called normal if [qb, qb] +2dn® & = 0, where [@, q,‘)]
is Nijenhuis tensor field which is defined by [¢, 6] (X, Y) = ¢? [X, Y]+ [¢X, ¢Y]| - ¢ [$X, Y] - ¢ [X, 9Y].

If M is almost contact metric manifold is normal, M is said to be cosymplectic manifold. It is well know
that an almost contact metric manifold is cosymplectic if and only if

(Vx¢)Y =0 3)

for any vector fields X, Y on M, where V is the Levi-Civita connection on M. Then manifolds are locally a
product of a Kaehler manifold and real line a circle.

If a cosymplectic manifold M has constant ¢- sectional curvature, then it is called a cosymplectic space
form M(c). Then Riemannian curvature tensor R of M(c) is given by

RX,)Z = i{g(Y, 2)X = g9(X, Z)Y + n(X)n(2)Y — n(V)n(2)X + n(Y)g9(X, Z)&
—NX)g(Y, 2)¢ + 9(@Y, Z)pX + 9(X, ¢Z)pY +29(X, pY)PZ} (4)
for any vector fields X, Y, Z tangent to M[15].

Now, let M be an isometrically immersed submanifold in a cosymplectic manifold M. Then the formulas
Gauss and Weingarten for M in M given by

VxY = VxY + (X, Y) (5)
and
VxV = —AyX + V3V, (6)

for any vector fields X,Y tangent to M and V normal to M, where, V denotes the induced Levi-Civita
connection on M, V* is the normal connection , Ay is the shape operator of M with respect to V and o is

second fundamental form of M in M. The second fundamental form ¢ and shape operator Ay are related
by

g(AVX/ Y) = g(G(X/ Y)/ V) (7)
forall X,Y € I(TM) and V € T(T+M).

m
The mean curvature vector H of M is given by H = % Y. o(e;, e;), where m is the dimension of M and
i=1

{e1, e, ...,e,} is a local orthonormal frame of M. A submanifold M of an contact metric manifold M is said
to be totally umbilical if

o(X,Y)=g(X,Y)H, ®)

for any X, Y € I'(TM). A submanifold M is said to be totally geodesic if 0 = 0 and M is said to be minimal
if H = 0. For any submanifold M of a Riemannian manifold M, the equation of Gauss is given by

R(X,Y)Z = R, V)Z + Asix.0)Y — Aoy X + (Vx0)(Y, Z) — (Vyo)(X, Z), 9)
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for any X, Y, Z € I'(TM), where R and R denote the Riemannian curvature tensor of M and M, respectively.
The covariant derivative Vo of ¢ is defined by

(Fﬁxo)(Y, Z) = V;o(Y, Z)-0(VxY,Z) - o(VxZY) (10)
forany X, Y, Z € I'(TM).

Then the Gauss and the Codazzi equations are, respectively, given by
(R(X,Y)Z)' = RX, V)Z + Asxz2)Y — Ay X (11)
and
RX,NZ)" = (Vxo)(¥, 2) = (Vvo)(X, Z), (12)

where (E(X, Y)Z)" denotes the normal part of K(X, Y)Z. If (E(X, Y)Z)" = 0, then M is said to be curvature-
invariant submanifold of M. The Ricci equation is given by

HRE V)V, U) = gR (X, Y)V,U)+ g([Au, Ayl X, Y), (13)

forany X, Y, e I'(TM)and V, U € I['(T+M), where EL denotes the Riemannian curvature tensor of the normal
T+M and if ﬁL = 0, then the normal connection of M is called flat.

Now, let M be a submanifold of an almost contact metric manifold M. Then for any X € I'(TM), we can
write

¢X = TX + NX, (14)

where TX is the tangential component and NX is the normal component of ¢pX. Similarly for V € T(T*M),
we can write

OV =tV +nV, (15)

where tV is the tangential component and #nV is also the normal component of ¢pV.

Furthermore, for any X, Y € I'(TM), we have g(TX,Y) = —g(X, TY) and V,U € I(T*M), we get g(U,nV) =
—g(nU, V). These show that T and n are also skew-symmetric tensor fields. Moreover, for any X € I'(TM)
and V € I(T+M), we have

gINX, V) = —g(X, tV), (16)

which gives the relation between N and t.

Now, applying ¢ to (14) and (15), we respectively, obtain
T?X = - X + (X)& —tNX, NTX+nNX =0 (17)
and
TtV +tnV =0, NtV +n?V =-V. (18)

for any vector fields X tangent to M and V normal to M.

We define the covariant derivatives of the tensor field T, N, t and n by (VxT)Y = VxTY - TVyY,
(VxN)Y = VgNY — NVxY, (Vxt)V = VxtV — tViV and (Vxn)V = VynV — nVy V respectively.
Since M is tangent to &, making use of (5), (7) and (14), we obtain

Vx£E=0, 0(X &=0, Avé=0 (19)
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forall V e I'(T*M) and X € I'(TM).

Let X and Y be vector fields tangent to M. Then we obtain
(VxT)Y = Ay X + to(X,Y) (20)
and
(VxN)Y =no(X,Y) — o(X, TY). (21)
Similarly, for any vector field X tangent to M and any vector field V normal to M. Then we have
(Vxt)V = A,vX — TAyX (22)
and
(Vxn)V = —o(tV, X) - NAvX. (23)
Taking into account (4) and (13), we have
— c
R XNV, U) +9([Au, Av]XY) = HgX tV)gU NY) - g(¥, tV)g(NX, U)
+29(X, TY)g(nV, U)} (24)
for any X,Y € I'(TM) and V,U € I(T*M). By using ( 4) and (9), the Riemanian curvature tensor R of an
immersed submanifold M of a cosymplectic space form M(c) is given by
c
RXZ = g, 2)X = g(X, 2)Y + n(X)n(Z)Y - n(IN(Z)X + n(Y)g(X, 2)
(XY, )& + g(X, GZIPY + g6V, )X +29(X, $Y)Z)
+Asv2)X = Asxz2)Y + (Vyo)(X, Z) = (Vxo)(Y, Z). (25)
Comparing the tangential and normal parts of the both sides of this equation, we have, following
equations of Gauss and Codazzi equation respectively:
c
RXMZ = 19(,2)X = g(X, 2)Y + nX)n(Z)Y - n(V)n(Z)X
+1(g(X, Z)e = n(X)g(Y, 2)& + 9(X, TA)TY
+g(TY, Z)TX + Zg(X, TY)TZ} + AJ(Y’Z)X - AU(X,Z)Y' (26)
and

(Vxo)(Y, Z) = (Vyo)(X, Z) = ;i{ g(X, TZ)NY + g(TY, Z)NX + 29(X, TY)NZ). 27)

3. Contact CR-Submanifold of a Cosymplectic Manifold

In this section, we shall define contact CR-submanifolds in a cosymplectic manifold and research fun-
damental properties of their from theory of submanifold.

Let M be submanifold of an almost contact metric manifold M, then M is called invariant submanifold
if p(T:M) € T M, Vx € M. Further, M is said to be anti-invariant submanifold if ¢(TxM) C Ty M, Yx € M.
Similarly, it can be easily seen that a submanifold M of an almost contact metric manifolds M is said to
be invariant(anti-invariant), if N (or T) are identically zero in (14). Now we give definition of contact
CR-submanifold which is a generalization of invariant and anti-invariant submanifolds.
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Definition 3.1. [10]. A submanifold M of a cosymplectic manifold. M is called contact CR-submanifold if there
exists on M a differentiable invariant distribution D whose orthogonal complementary ¢D~+ is anti-invariant, i.e.,

i)TM =D @D+, £ €T'(D)

if) Dy = Dy

iii) Dy C Ty M, for each x € M.

A contact CR-submanifold is called anti-invariant(or, totally real) if D, = 0 and invariant(or, holomorphic) if
Dy =0, respectively, for any x € M. 1t is called proper contact CR-submanifold if neither D, = 0 nor Dy = 0.

Anti-invariant and invariant submanifolds are the special case of contact CR-submanifolds.
If we denote dimensions of the distributions D and D+ by d; and d,, respectively. Then M is called
anti-invariant (resp. invariant) if d; = O(resp.d, = 0).

Let us denote the orthogonal projections on D and D* by w; : I(TM) — D and w, : I(TM) — D+
respectively. Then we have
X=X+ wX+ ﬂ(X)cf

for any X € I'(TM), where w1 X € I'(D) and w,X € I'(D*). From (14) and (15), we have
and

¢X =TX + NX = pw1 X + pwr X = Two1 X + Non X + Twp X + Nwp X
it is clear that

Nwi=0and Tw, =0,

N=Nw, and T = Tw;.

Proposition 3.2. Let M be an isometrically immersed submanifold of a cosymplectic manifold M. Then the invariant
distribution D has an almost contact metric structure (T, E, 1, g) and so dim(D,) =odd for each pe M.

We denote the orthogonal subbundle ¢D+ in T+M by v, then we have direct sum
T*M = ¢D* @ v and ¢pD* L v.

Here we note that v is an invariant subbundle with respect to ¢ and so dim(v)=even.
Also,

tHT*+M) = D* and n(T*M) C v.

Example 3.3. Thus (R, ¢, &,1,9) is an almost contact metric structure on R®. We call the usual contact metric
structure of R°. Then we have

—1(dz—z4: idx;) g—zi
=3 Vi, < =25,

i=1

4
1
g:17®17+Z;(dxi®dxi+dyi®dyi)

4 4
d d d d d
‘P(;(X% +Yig )+ Z3) = ;ma—m - Xig
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where (x;, yi,z),i =1,2,3,4 are the cartesian coordinates.
Now, let M be a submanifold of R® defined by the following equation
x(u,w,v,s,z) =(2u,0,w,0,9,0,0,s, z).

We can easily to see that the tangent bundle of M is spanned by the tangent vectors

d d d d d d d
E1 = 2(&_X1 + y,'g), E2 = 2.9—% , E3 = 2(3_363 + y3£), E4 = 28_y4,E5 = 22 = é
For the almost contact structure ¢ of R?. We obtain,
Ei=-E,, ¢E, =E E——2i E—2i E—Zi—o
QE; = -E», ¢E; = E4, QE3 = 8y3’¢4_ 8x4'¢5_ 5% =0

By direct calculations, we can infer D = span {E1, E>, Es} is invariant distribution. Since g(¢E3,E;) =0,i1=1,2,4,5
and g(¢Ey4, Ej) =0,j=1,2,3,5, ¢E3,¢E4 are orthogonal to M, D+ = span{Es, E4} is an anti-invariant distribution.
Thus M is a 5-dimensional proper contact CR-submanifold of R® with it's usual almost contact metric structure.

Proposition 3.4. Let M be a Contact CR-submanifold of a cosymplectic manifold M. For any vector fields X tangent
to D (resp.D+ is necessary and sufficient that NX = 0 (resp.TX = 0).

Furthermore, taking account of (1) and proposition 3.2, we have
T’X = =X + n(X)& (28)
for any vector field X in D. Moreover
9(TX, TY) = g(X,Y) — n(X)n(Y)

for any vector fields X, Y in D.

Proposition 3.5. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then, we have
VivdZ — VzoW € ¢(D+)

forany Z, W € T(D4).

Proof. For any Z, W € T(D*), V € T'(v). Then (3), Gauss and Weingarten formulas, we have
GVEOZ = VLW, V) = g(ApzW + VdZ — AgwZ — VoW, V)

= 9OW9Z - VoW V)

= g(VwP)Z + ¢pVwZ — (Vz9)W = ¢VzW, V)

= g(OVWZ — VW, V) = g(VzW = VwZ, V)

= g(o(Z, W)—-0(Z,W),¢V) =0.

Thus the proof is complete. [
Let M be a contact CR-submanifold of a cosymplectic manifold M. Then for any Z, W € I'(D*) and
U € I'(TM), also by using (3), (5) and (7), we have
!](ANZW - ANWZ/ u) = g(g(w U)/ NZ) - g(G(Z/ u)/ NW)

= gVuW,¢2) - g(VuZ, W)
= g(¢pVuZ W) - g(¢pVuW,Z)
= —g(AnzU W) + g(Anwl, Z)
= g(AnwZ — AnzW, U).
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It follows that
AnzW = AnwZ, (29)
for any Z, W € T(D*).

Theorem 3.6. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then the tensor n is parallel if and
only if the shape operator Ay of M satisfies the condition

AytW = AwtV, (30)
forall W,V e T(T+M).
Proof. For all W,V € T(T+M), from (7), (16) and (23), we have

g((Vxn)V, W) —g(o(tV, X), W) — g(NAvX, W)
“gAWEV, X) + g(AVX, W)
gAVtW — AwtV, X),

for all X € I'(TM). The proof is complete. [

Theorem 3.7. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then the anti-invariant distribution
D+ is completely integrable and its maximal integral submanifold is an anti-invariant submanifold of M.

Proof. For any Z, W e T(D*) and X € I'(D), By using (2) and (3), we have
g(ZW1,X) = g(VzW,X) - g(VwZ X)
= g(VwX, Z) - g(VzX, W)
= VX 9Z) - g Vi, oW)
= gVwoX — (VwP)X, ¢Z) — g(VzpX — (Vz9)X, oW)
Here, By using (5), (7) and (29), we obtain
g(ZW1,X) = g(VwpX,¢Z) - g(VzpX, pW)

= g@X, W), $Z) - g(o(¢X, Z), W)
= g(A(pr - Aq)zvv, @X) =0.

Thus [Z, W] € I(D*) for any Z, W € T(D*), that is, D~ is integrable. Thus the proof is complete. [J

Theorem 3.8. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then the invariant distribution D
is integrable if and only if the second fundamental form of M satisfies

o(X,pY) = 0(¢X,Y) (31)
forany X,Y e I'(D).
Proof. For any vector field X, Y in D, making use of (3), we have
OIX Y] = G(VxY - VyX) = p(VxY - VyX)
= VxY - Vy¢X + (Vy)X — (Vx@)Y
Here, by using (5), we have

P[X,Y] VxpY — VypX

Vx$Y — VydX + o(X, ¢Y) — (X, Y) (32)
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From the normal components of (32), we conclude
N [X/ Y] = G(X/ (Z)Y) - G(ﬁbX/ Y)

Thus D is integrable if and only if (31) is satisfied. O

Theorem 3.9. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then the invariant distribution

D is completely integrable and its maximal integral submanifold is an invariant submanifold oﬂ\71 if and only if the
shape operator Ay of M satisfies

AyT +TAy €T(DY), (33)
for any V e T(T*M).
Proof. For any vector field X, Y in D and V € I'(T+M) by using (31), we have

90X, $Y), V) = g(0(¢X, Y), V)

gAVX, QoY) — g(AvpX, Y)
—g(TAVX, Y) — g(AvTX, Y) =0.

Hence
TAyX + AyTX € T(D4)

Thus D is integrable if and only if (33) is satisfied. [

Definition 3.10. A contact CR-submanifold M of cosymplectic manifold M is said to be D-geodesic (resp. D+-
geodesic) if (X, Y) = 0 for X, Y € T(D) (resp. 6(Z, W) =0 for Z, W e T(D*)). If 6(X, Z) = 0, the M is called mixed
geodesic submanifold, for any X € T'(D) and Z € T(D*).

Theorem 3.11. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then the anti-invariant distribu-
tion D* is totally geodesic in M if and only if 6(Z, X) € T (v) for any Z € T(D*) and X € I'(D).

Proof. For any Z, W € T(D*) and X € I'(D), we have

~g(VzpX, W)
= —g(V2P)X + PV, X, W)
= 9(VzX,dW) = g(6(Z, X), pW)

Thus V;W e T(D4) ifand only if 0(Z, X) e T'(v). O

g(VzW, pX)

Theorem 3.12. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then the invariant distribution
D is totally geodesic in M if and only if 6(Z, W) € I'(v) for any Z, W € T'(D).

Proof. For any Z, W € T'(D) and X € I'(D+), we have

F(V20)W + ¢V, W, X)
~g(VZW, ¢X) = —g(0(Z, W), pX),

thus V;W € I'(D) if and only if 6(Z, W) € I'(v). This completes of the prof. [

g(VzpW, X)
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Let ey, 6z, ..., Bp, 6p+1 = ¢€1,6p+2 = ¢€2,..., Ezp = (;[)ep, 62P+1 = é, €2p+2, €2p+3, 62P+4/”'/ 82p+q+l be an orthonormal
basis of ['(TM) such that ey, e, ..., €y, €11, .., €2p,€2p41 = & are tangent to I'(D) and eap2, 2943, €2p 14, --s €2pige1
are tangent to I'(D™).

The mean curvature vector field H of M in M is defined by

2p+q+1

G(E,’, 6]').
i,j=1

: 1
C2p+g+1
If H = 0, then M is said to be minimal. Now we shall define

2p+1 2p+q+1

1
Hp = ZP T Z o(ej,e;)), Hp:= E Z a(ej, ).

j=2p+2

If Hp = 0, then the contact CR—submanifold M is said to be D— minimal and If Hp. = 0, then the contact
CR-submanifold M is said to be D+ — minimal.

Theorem 3.13. Let M be a contact CR-submanifold of a cosymplectic manifold M. If D is integrable, then M is
Dy-minimal submanifold in M.

Proof. Let {ey, e, ..., €5, €p11 = Pe1,ep42 = P2, ..., 20 = Pep, e2p41 = &} be an orthonormal frame of I'(D) and
we denote the second fundamental form of M in M by ¢. Then the mean curvature tensor H of M can be
written as

2p+1

Hp = Z olei e) + o(ei, ger) +o(E, )},

2p+1

By using (28)and (31) we mean that (¢, &) = 0, we have

2p+1 2+
Hp = 2p T Z o(ez,ez) + o(¢? el,eZ = L a(ez,e, )+ o(T el,el)}
1 2p+1 2p+1
- ZP +1 Z O-(el’ el) + (7( & + n(el)é/ el Zp 1 Z E’z/ 6‘1 O'(ezr 31) =

This proves our assertion. [

Theorem 3.14. Let M be a proper contact CR-submanifold of a cosymplectic manifold M. If N is parallel on D, then
either M is a D—geodesic submanifold or o(X, Y) is an eigenvector of n* with eigenvalue —1, for any X,Y€ T(D).

Proof. Since (VxN)Y =0, for any X, Y € I'(D), from (21) we have

no(X,Y) = o(X, TY). (34)
On the other hand, since D is a invariant distribution and T& = 0, we obtain

no(X, =Y + n(Y)&) = o(X, T(=Y + n(Y)&)) (35)
that is,

no(X,Y - n(Y)é) = o(X, TY). (36)

Now, applying n to (36), we have
n?o(X,Y = n(V)&) = no(X, TY).
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By interchanging of Y and TY in (34) , we have

no(X, TY) = o(X, T?Y). (37)
Hence, by using (28), (36) and (37), we obtain

n?a(X,Y = n(Y)&) = no(X, TY) = o(X, T*Y) = —a(X, Y — n(Y)&).

This implies that either ¢ vanishes on D or ¢ is an eigenvector of n? with eigenvalue —1. [J

Theorem 3.15. Let M be a totally umbilical non-trivial contact CR-submanifold of cosymplectic manifold M. If
dim(D*) > 1, then M is totally geodesic submanifold in M.

Proof. We first prove that tH = 0, where H is the mean curvature vector of M. Since (29) holds for any
X e T(D4), we have

AnxtH = AnmX. (38)
Taking into account of M being totally umbilical submanifold, we obtain from (8)
g(AnxtH, X) = g(AnmX, X)
g(o(tH, X),NX) = g(o(X, X), NtH)
g(tH,X)g(H,NX) = g(X, X)g(H, NtH)
by equation (16), we have
9(H,NX)g(H,NX) = g(X, X) [1tH][* . (39)

Since dim(D*) > 1, we can choose X in such that, furthermore, because of X € I'(D), NX = 0 is already zero.
On the other hand, from (22) we have
g((Vxt)H,Y) —g(tVxH,Y) = g(AuuX,Y) — g(TAuX,Y)
9(0(X,Y),nH) + g(AuX, TY)
9(X, Y)g(nH, H) + g(o(X, TY), H)
g(X, TY) |HIP

for any vector fields X and Y tangent to M. Putting Y = TX in this equation, we have
(X, T2X) IHI* = 0,
from which

9(X, =X + n(X)& + tNX) ||H]
{=9(X, X) + n(X)n(X) — g(NX, NX)} [|H|

0
0.

Since M is non-trivial, we can choose an X in D such that NX = 0. Hence,
9(TX, TX)||H I = 0, then we have H = 0, we hence M is totally geodesic submanifold. [

For a contact CR-submanifold M, if the invariant distribution D andD* are totally geodesic in M, then
M is called contact CR-product. The following theorems characterize contact CR-products in cosymplectic
manifolds.

Theorem 3.16. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then M is contact CR-product if
and only if the shape operator A of M satisfies the condition

ApwPX =0, (40)
forall X € T(D) and W € T(D*).
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Proof. Let us assume that M is a contact CR-submanifold of M. Then by using(2), (3) and(5), we obtain

JAWOX,Y) = go(X,Y), oW) = g(VyX, pW) = g(Vyp)X + pVyX, pW)
= g(OVyX, ¢W) = g(VyX, W) = g(Vy X, W)
and
JAwdX,2) = g(o(¢X,Z),pW) = g(Vz9X, W) = g(VyP)X + pV2X, pW)

= g(PVzX, W) = g(VzX, W) = —g(Vz W, X)

forall X,Y € I'(D) and Z, W € I'(D*). So VyX € I'(D) and Vz;W € I'(D*) if and only if (40) is satisfied. This
proves our assertion. [J

Theorem 3.16 can be expressed in a different way as shown as Theorem 3.17 below.

Theorem 3.17. Let M be a contact CR-submanifold of a cosymplectic manifold M. Then M is contact CR-product if
and if only if

to(X, U) =0, (41)
forany U € I'(M) and X € I'(D).

Proof. For contact CR-product M in[12], it was proved that AywX = 0, for any X € I'(D) and W € I'(D*).
This condition implies (41).
Conversely, we suppose that (41) is satisfied. Then we have

gV, W) = g(dVxY,¢oW) = g(VxpY, ¢W) — g((Vx)Y, pW)
= g(o(X, TY),¢W) = —g(to(X, TY), W)
and
gVZIW0X) = —g(VzpX, W) = —g((Vz9)X, W) — g(dV X, W)

9(V2X, OW) = =g(ta(X, Z), W),
for any X, Y € I'(D) and Z, W € T(D*). This proves our assertion. [J

4. Contact CR-Submanifolds in Cosymplectic Space Forms

In section, some new results for contact CR-submanifolds in a cosymplectic manifold and a cosymplectic
space form M(c) was given.

Theorem 4.1. Let M be a contact CR-submanifold of a cosymplectic space form M(c) such that ¢ # 0. IfMisa
curvature-invariant contact CR-submanifold, then either M is invariant or anti-invariant submanifold.

Proof. We suppose that M is a curvature-invariant contact CR-submanifold of a cosymplectic space form
M(c) such that ¢ # 0. Then from (27), we have

fz{g(X, TZ)NY + g(TY, Z)NX + 2g9(X, TY)NZ} = 0, (42)

for any X, Y, Z € I'(TM). Taking Z = X in equation (42), we have
g(TY, X)NX = 0.

This implies that T = 0 or N = 0, that is, either M is a invariant or an anti-invariant submanifold. Thus the
proof is complete. [



S. Dirik / Filomat 32:13 (2018), 4787-4801 4798
Thus we have the following corollary.

Corollary 4.2. There is not any curvature-invariant proper contact CR-submanifold of cosymplectic space form M(c)
such that c # 0.

Theorem 4.3. Let M be a contact CR-submanifold of a cosymplectic space form M(c) with flat normal connection
such that ¢ # 0. If TAy = AyT for any vector V normal to M, then M is either an anti-invariant or it is a generic

submanifold of]\-/f(c).
Proof. 1f the normal connection of M is flat, then from (24), we have

9[AuAVIXY) = Tlg(X,oV)g(U §Y) — g(Y, o V)g(@X, U)
+29(X, Y)g(opV, U)}

for any X, Y € I(TM) and U,V € T(T+M). Here, choosing U = nV and Y = TX, by direct calculations, we
can state

9(lAv, Aw1X, TX) = ~S{g(TX, TX)g(nV, nV),
that is,

JAVAVTX — AvAwTX, X) = —% {9(TX, TX)g(nV,nV)}, (43)
from which

(A AyT) — t(Ay Ay T) = %tr(Tz)g(nV, nv).
If TAy = AyT, then we conclude that tr(A,,yAyT) = tr(AyA,vT) and thus

tr(Tz)g(nV, nV) =0,

This tells us that which proves our assertion. T = 0 or n = 0, that is, either M an anti-invariant or generic
submanifold of M(c). O

Now, let M be a contact CR— product of cosymplectic space forms M(c), we shall calculate bisectional

curvature of cosymplectic manifold M. By using (11) and (12) and considering Theorem3.11 and Theorem
3.12, we have

~H(X,Z) = g(R(X,§X)Z ¢Z) = g(Vx0)§X, Z) - (Vox0)(X, Z), Z)
= g((Vx0) (X, Z) — o(VxpX, Z) — a(VxZ, $X), $Z)
—g((V(;Xo-)(X, Z) - a(V¢XX, Z) — o(quXZ, X), ¢Z)
= Xg(o(9X, 2),$Z) - 9(Vx$Z, o(§X, Z))
~pXg(0(X, 2), $Z) + 9(VoxZ,0(X, Z))
= —g(VX@)Z + ¢VxZ,0(¢X, 2)) + g(VoxP)Z + ¢V x Z, 0(X, Z))
= —g(pVxZ o($X, 2)) + g(@VexZ, o(X, Z))
= —g((¢o(X,2),0(¢X, 2)) + g(po($X, Z), 0(X, Z))
= 29(po(X, 2),0(X, 2)) = —29((Vz9)X + $pVzX, po(X, Z))
= —29(pVzX, po(X, 2)) = —29(¢0(X, Z), po(X, Z))
= 29(0(X,Z),p*0(X, Z)) = —29(0(X, Z), 0(X, Z))
= -2[lo(X,2)I,
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for any X € I'(D) and Z € I'(D*). So we get
Hy(X, Z) = 2|lo(X, Z)I. (44)
Thus we have following the Theorem.

Theorem 4.4. Let M be a contact CR-submanifold of a cosymplectic space form M(c) with constant ¢—holomorphic
sectional curvature c. Then there do not exist contact CR-product in a cosymplectic space form M(c) such that ¢ < 0.

Proof. We suppose that M is a contact CR-product in a cosymplectic space form M(c). Then from (5) and (6),
we know o(Z, &) = 0. By using (4) and (44), we have

IR, $X)0Z,2) = {g(X,X) = (X))} 9(2, 2)

c
5 190X, 0X)}9(Z,2),
for any X € I'(D) and Z € T'(D*). So we have

2l0(X, 2)II”

c
lo(X, ) = 7 {96 X, $X)} 9(Z,2) (45)
This equality is impossible for ¢ < 0. This proves our assertion. []

Theorem 4.5. Let M be a contact CR-submanifold of a cosymplectic space form M(c) such that ¢ < 0. Then we have

c
ol > > pg,
where dim D = 2p + 1 and dim(D+) = ¢q.

Proof. Let {el,ez, s €p, Cpy1 = P, Ep40 = P2, ... €2y = ql)ep,ezpﬂ = &, €2p+2, €op+3, €opd, ...,ez,,+q+1}be an orthonor-
mal basis of I'(TM) such that {el, €2,3,...,€2p,€2p11 = & } is tangent to D distribution and {ezp+2, €2p13, €2pids ey ezp+q+1}
is tangent to D+ distribution. Then norm of the second fundamental form lloll? is defined by,

2p+q+1

2
ol =) glolee,oleie))+ Y glater e olere)

i, j=1 1, s=2p+2
2p 2p+q+1

#2)" Y glotene) aleie)

i=1 r=2p+2

Taking X = e1, 2, ..., €p, €p+1 = Pe1, €ps2 = P, ..., €2p = Pep, 2ps1 = E AN Z = €312, €2p13, €2pra, -+, €2prg41 IN (45),
then we obtain

C
lloll* > >Pa-
O

Theorem 4.6. Let M be a contact CR-submanifold of a cosymplectic space form M(c). Then the Ricci tensor S of M
is given by

SXW) = 7{@p+q+ 40X W) = 2p+ g+ 2Dn(XOnW))
2p+q
+2p +q)g(@(X, W), H) = Y glo(en, W), (X, en)) (46)
m=1

forany X, W € T(TM).
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Proof. For any X,Y,Z, W € I'(TM), by using (25), we have

c
JRXNZW) = {9, 2)9(X, W) — 9(X, Z)g(Y, W) + n(X)n(Z)g(Y, W) — n(Y)n(Z)g(X, W)
+n(n(W)g(X, Z) = n(X)n(W)g(Y, Z) + (X, TZ)g(TY, W) = g(Y, TZ)g(TX, W)
+29(X, TY)g(TZ, W)} + g(o(X, W), o(Y, Z2)) — g(o(Y, W), 0(X, Z)).
Now, letey, e, ..., ey, €511 = e, ep12 = Pea, ..., e2p = Py, ep11 = &, €2p12, €2p43, €2p 4, -, €2p+g+1 e an orthonormal

basis of I'(TM) such that ey, e, ..., ey, €p41, .., €2p, €2p41 = & are tangent to T'(D) and exp12, €2p43, €2p+4, --s €2p1gt1
are tangent to I'(D*). Hence, taking Y = Z = ¢;,e;jand 1 <i <2p+1,2p +2 < j < 2p + g + 1 then we obtain

p 2p 2p+q+1
S, W) = ) g(R(X,eei, W)+ ), g(R(X, deibes, W) + g(R(X, )&, W)+ Y g(R(X, e)ej, W),
i=1 i=p+1 j=2p+2

It follows that

SX,W) = —{@p+q+4g9(X, W) = 2p +q +2)n(X)n(W)} + (2p + 9)9(c(X, W), H)

=1 a

p 2p
=) glote, W), a(X,e0) + ), glo(ge, W), a(X, be)
i=1 i=p+1
2p+q+1

—g(o(&,W),0(X, )~ ), glolej, W), o(X,¢)). (47)

j=2p+2

Hence, the proof follows from the above relation. [

Theorem 4.7. Let M be a contact CR-submanifold of a cosymplectic space form M(c). Then the scalar curvature
tensor T of M is given by

c
v =2 {@p+ 2 +3@p + )} + @+ aF IHIP - oI 8)
Proof. By using (46), we have
p 2p 2p+g+1
=) Sie)+ ), Sigenge) +SE D+ Y, Seie)
i=1 i=p+1 j=2p+2

which gives (48). Thus the proof is complete. [

Thus we have the following corollary.

Corollary 4.8. Let M be a minimal contact CR-submanifold of a cosymplectic space form M(c). Then the scalar
curvature tensor T of M is given by

c
T=1@p+q?+32p+q) - llolf (49)
Theorem 4.9. Let M be a totally umbilical contact CR-submanifold of a cosymplectic space form M(c). Then the
Ricci tensor S of M is given by
c
SXW) = 1 1@p + 9+ DX, W) = (2p + 9+ 2)nX)n(W)} (50)

forany X, W € T(TM).
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Proof. From (46) by using (8), we obtain

SXW) = 7{@p+q+4)904 W)= 2p+ 4+ 2n(0nW))

2p+q
+2p + g (X, W), H) = Y gloew, W), 0(X, en)) (51)

m=1

Thus, the proof follows from the above relations, which proves the theorem completely. [

Thus we have the following corollary.

Corollary 4.10. Every totally umbilical contact CR-submanifold M of a cosymplectic space form M(c)isan n-Einstein
submanifold.

Theorem 4.11. Let M be a totally umbilical contact CR-submanifold of a cosymplectic space form M(c). Then the
scalar curvature tensor T of M is given by

v = {@p+ 0t +30p+0) (52)

Proof. By using (50), we have

p 2p 2p+q+1
1= Se,e)+ Y S(pe,pe) +SEE+ Y| Seje)
i=1 i=p+1 j=2p+2

which gives (52). Thus the proof is complete. [
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