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Abstract. The main object of this article is to introduce the concepts of f—lacunary statistical convergence
of order a and strong f-lacunary summability of order a of sequences of real numbers and give some
inclusion relations between these spaces.

1. Introduction

In 1951, Steinhaus [33] and Fast [18] introduced the concept of statistical convergence and later in 1959,
Schoenberg [32] reintroduced independently. Bhardwaj and Dhawan [3], Caserta et al. [4], Connor [5],
Cakalli [10], Cinar et al. [11], Colak [12], Et et al. ([14], [16]), Fridy [20], Isik [24], Salat [31], Di Maio and
Kocinac [13] and many authors investigated some arguments related to this notion.

A modulus f is a function from [0, o) to [0, o) such that

i) f(x) =0ifand only if x =0,

ii) fx+y) < f(x) + f(y) forx,y > 0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous in everywhere on [0, ). A modulus may be unbounded or
bounded.

Aizpuru et al. [1] defined f—density of a subset E C IN for any unbounded modulus f by

o fUlksn:keE))
0= S

and defined f-statistical convergence for any unbounded modulus f by

,if the limit exists

A {keN:|x—€>e})=0
ie.

Jij?of%f(l{kSHIm—ﬂ 2 ell) =0,
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and we write it as S/ — limx, = € or x — ¢ (Sf ) Every f—statistically convergent sequence is statistically
convergent, but a statistically convergent sequence does not need to be f—statistically convergent for every
unbounded modulus f.

By a lacunary sequence we mean an increasing integer sequence 6 = (k,) such that i, = (k, — k,—1) = o
asr — oo,

In [21], Fridy and Orhan introduced the concept of lacunary statistically convergence in the sense that
a sequence (xi) of real numbers is called lacunary statistically convergent to a real number ¢, if

1
limh—l{kelr:|xk—€|2€}|=0

r—00 (1,

for every positive real number .

Throughout this paper the intervals determined by 0 will be denoted by I, = (k,—1, k;] and the ratio k’:j

will be abbreviated by g,. Lacunary sequence spaces were studied in ([6], [7], [8], [9], [17], [19], [21], [23]1,
[25], [29], [35], [36]).

First of all, the notion of a modulus was given by Nakano [27]. Maddox [26] used a modulus function
to construct some sequence spaces. Afterwards different sequence spaces defined by modulus have been
studied by Altin and Et [2], Et et al. [15], Isik [24], Gaur and Mursaleen [22], Nuray and Savas [28], Pehlivan
and Fisher [30], Sengiil [34] and everybody else.

2. Main Results

In this section we will introduce the concepts of f—lacunary statistically convergent sequences of order
a and strongly f-lacunary summable sequences of order a of real numbers, where f is an unbounded
modulus and give some inclusion relations between these concepts.

Definition 2.1. Let f be an unbounded modulus, 0 = (k) be a lacunary sequence and « be a real number such that
0 < a < 1. Wesay that the sequence x = (xi) is f—lacunary statistically convergent of order a, if there is a real
number € such that

lim L

roeo f (hy)*

where I, = (k,-1,k,] and f (h,)" denotes the ath power of f (h,), that is (f (h,)") = (f ()", f (h2)", ..., f ()", .20).
This space will be denoted by Sg’a. In this case, we write Sg’a —limx, =Corx — ¢ (Sé’a) .

fltkel - lxx - €z €l)) =0,

Definition 2.2. Let f be a modulus function, p = (px) be a sequence of strictly positive real numbers and « be a
real number such that 0 < a < 1. We say that the sequence x = (xy) is strongly w* [0, f, p] —summable to £ (a real
number) such that

w* (6, f,p] = {x = (%) : rhgl hl—a Z [f (Ixx = €D]* = 0, for some f}.
T kel,

In the present case, we denote w® [0, f,p] — lim x; = ¢.

Definition 2.3. Let f be an unbounded modulus, p = (px) be a sequence of strictly positive real numbers and o be

a real number such that 0 < @ < 1. We say that the sequence x = (xx) is strongly wg’a (p) —summable to € (a real
number) such that

wg,a (r) = {x = (%) : rlgg Jﬁ ;‘ [f (xx = €D]* = 0, for some {’},

In the present case, we write wé’a (p) —lim x = ¢. In case of p = p for all k € N we write wé’a [p] instead of wé’a (p).
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Definition 2.4. Let f be an unbounded modulus, p = (px) be a sequence of strictly positive real numbers and a be
a real number such that 0 < a < 1. We say that the sequence x = (xi) is strongly w§ (p) —summable to € (a real

number) such that

wg,f(p)={ = (x) : hmf(h) ;’lxk— =0, forsomet’}

In the present case, we write w, o.f (p) —lim xy = €. In case of py, = p for all k € IN we write W ¢ [p] instead ofwgf (p).

The proof of each of the following results is fairly straightforward, so we choose to state these results
without proof, where we shall assume that the sequence p = (px) is bounded and 0 < /i = infipr < pj <
sup, px = H < o0.

Theorem 2.5. Let f be an unbounded modulus. The classes of sequences wé’“ (p) and SJ;’D‘ are linear spaces.

Theorem 2.6. The space wé’a (p) is paranormed by

1 . ﬁ
g(x) = sup {JW Z Lf (D] }

kel,

where 0 < a < 1and M = max(1,H).
Proposition 2.7. ([30]) Let f be a modulus and 0 < 6 < 1. Then for each |[ul| > &, we have f (||ull) < 2f (1) 571 [Jul|.

Theorem 2.8. Let f be an unbounded modulus, o be a real number such that 0 < a <

<landp > 1. If
lim, . inf £ (u > 0, then wf (s y ]

o

f)
0 fT

Proof. Letp > 1 be a positive real number and x € w > 0 then there exists a number

¢ > 0 such that f (1) > cu for u > 0. Clearly

NG _f(h) o Lk vl = s Y O

kel, kel,

[p]. If lim,, o in

and therefore wg’a [p] ¢ wg , [p]-

Now let x € w o.f [p]. Then we have

Jﬁ2|xk—f|p—>0asr—>oo.
" kel,

Let 0 < 6 < 1. We can write

1 1
—= ) - 2 — e — €I
£ ) ; ‘ £ ) kz,: ’
[xe—L=6
1 f<|xk—f|>]”
2 a SE(1) S-1
£ () ; [2f(1>61
Jex—£€120
S 1

FUY 2y ; [F (e — )]
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by Proposition 2.7. Therefore x € wé’a [r].

If lim,,—, inf % = 0, the equality wg’“ [p] = w§ f [r] can not be hold as shown the following example:

Let f (x) = 2 yx and define a sequence x = (x;) by

xk:{ Vi, ifk=k r=1,2, ..

0, otherwise.

For =0, = 2 and p = ¢, we have

1\ ¢
(2h§)
14

! Y [F () = —0asr— o

andsoxewg,f[p]. O

Maddox [26] showed that the existence of an unbounded modulus f for which there is a positive constant
c such that f (xy) > cf (x) f(y), forallx >0, y > 0.

Theorem 2.9. Let f be an unbounded modulus, a be a real number such that 0 < o <1 and py =1 for all k € N. If
limy 0o f%) > 0, then w* [0, f,p] C Sé’“.

Proof. Letx € w” [0, f,p] and lim, e fiL) > 0. For € > 0, we have

hlazfﬂxrfl) > h%f(lek—ﬂ]zh%f Y -
r kel, r

>
" kel kel,
lx—C]=¢€

1

zipﬂWebwm—azma
p
C

2 h—af(|{k el:ilxx =l =¢el]) f(e)

c f(lkel :n—-{ll>¢
hy f ()"

H)f(hr)“f(f)-

Therefore, w” [6, f, p] — lim x; = £ implies Sé’a —limx=¢ 0O

Theorem 2.10. Let a1, ap be two real numbers such that 0 < oy < ap <1, f be an unbounded modulus function
and let O = (k) be a lacunary sequence, then we have wé’al (p) C Sg’az.
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Proof. Let x € wf (p) and € > 0 be given and }}; , }., denote the sums overk € I, |xy — €| > e and k € I,
Ixp — €] < e respectlvely Since f (h,)" < f (h,)* for each r, we may write

W;[f(lxk—ﬂ)]pk = f(h G [ Lf =7 + Y Lf (oo — D]
> W [ [ = a1 + ) 1 (- D]
> W[Zl [F @]
> e (L )
> gy U (O, mindel e1)]
> Wf(uk €l i =02 ¢l [min(lel", [e]")])
> Atk el s =€ e))) f ([min(lel”, [e])])

H.f (hr)“2
Hence x € SJ;’HZ. a

Theorem 2.11. Let 6 = (k,) be a lacunary sequence and « be a fixed real number such that 0 < a < 1. If
liminf, g, > 1 and lim,_, f% > 0, then S/* ¢ Sé’a.

Proof. Suppose first that liminf, g, > 1; then there exists a A > 0 such that g, > 1 + A for sufficiently large r,
which implies that

b A (B s ()
ke "1+A ki) “\1+A)°

If S/ — lim x; = ¢, then for every ¢ > 0 and for sufficiently large r, we have

f(li)af(Hkskrlxk_ﬂZ&”) 2 f(k af(lkelr-|xk_ |>é}|)
h,
= j;ik ;af(; )af(l{kelr sxg = €] > €}))
_ S0t K ny kel - € > ell)
he o f (k)" K f ()"
f)* ke ( A )“f(l{kelr e — € > e)))
b fk)"\1+A F )y .

This proves the sufficiency. O

Theorem 2.12. Let f be an unbounded modulus and 0 < a < 1. If (x;) € Sf N S5 then Sf —lim x; = Sg’a —lim x;
such that |f (x) - f ()| = f ( y),forx >0,y>0.

1=t

Proof. Suppose Sf —limx, = 51, —limxy =t and ) # 6. Let0 < e < cz\ . Then for € > 0 we have

| f(|{k3n:|xk—€1|z<e}|>_
% [0 =0
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and
_ fUkel -Gl >e)l)
}I—g}: f)* =0

On the other hand we can write

fllksn:1b -6l 22e)) flk<n:lv—Ol2el) flk<n:lg— b2 el)
fn) B f(n) f(n)
Taking limit as n — oo, we get

Ftk<n:lxg—6f 2 el

1<0+ 31_{1010 7 <1,
and so

lim fllk<n:lu -Gz el _ L

oo £ ()

We consider the subsequence

iy Uk < =l 2 )

of sequence

)f(|k<n [xx — b2 2 €}]).

Fln
Then
s F (K < e < b — o] 2 ) = J,(Tf(‘{ke Ul b= ol 2 e})
- mf(éﬂkelr:lxk—{’zlzfs}l) o
Sﬁmgfmkebwm—M2€m
= 7 L F )" g flk € s b= G 2 )
and
gfmf=f%f+ﬂMV+m+ﬂMV
= f ko —ko)' + flka — k)" + .. + f (ki — k—1)”
= £l — o™+ £ = ki)™ + . & F (Ko — K )” ,
V%)f%ﬂ 4 1f ) — F ()| Hﬂh)f%mﬂ @)
< |f ) = fko)| +|f (k) = £ (k)| + . + | f (k) = f (k)]
= (k) = £ (ko) + £ (ko) — £ (K1) + o+ f () — fwmo
= F (k).
Using (2) in (1), we have
5 F)*

r=1 1
mewfm

)f(l K = 1 = €o] 2 €}]) < )af(|k61r e — 6o > e})

f(k
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SO
1

f (k)

but this is a contradiction to

o flk < m—Glze)

o £ ()

Asaresult, {1 =6. O

f Utk <k z e — 6o 2 €}]) =0,

Now as a result of Theorem 2.12 we have the following Corollary 2.13.

Corollary 2.13. Let O = (k,) and 0’ = (s,) be two lacunary sequences and 0 < a < 1. If (xy) € S/ N (S’;a N S{)',a),

then Sg’“ —limx; = Sé’," — lim x4.
Theorem 2.14. Let f be an unbounded modulus. If lim py > 0, then wé’a (p) — im x; = € uniquely.

Proof. Letlimpy = s > 0. Assume that wg’a (p) - limx; = ¢, and wJ;’a (p) - limxy = £,. Then

1
=Y [F (- @D =0,
£ ) ; S

lim
r

and

Py Ll = D =0
r kel,

lim
r

By definition of f, we have

1 D
— =Y [fla -6 < Y (=D + Y [f (e = &)
f(hy) ,; e £ () kz; e ;‘ o
D k D k
= f (hr)a k;]y [f(|.Xk - f]l)]ﬁ + f(hr)a ;: [f(|xk - €2|)]p

where sup, pr = H and D = max (1,2H‘1) . Hence
. 1
lim ——= Y [f (16 - &) = 0.

Since limy_, px = s we have €1 — £, = 0. Thus the limit is unique. O

Theorem 2.15. Let 0 = (k,) and 6" = (s,) be two lacunary sequences such that I, C |, for all r € N and a1, a two
real numbers such that 0 < aq < ap < 1. If

>0 3)

where I, = (kr—1/ kr] yhe =k — ki1 and Jr = (Sr—lr Sr]/ t, = s, — 5,1, then wj;az (P) c w‘gal (P) :
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Proof. Letx € w/;’,az (p) . We can write

; — Pk = 1 _ Pk 1 _ Pk
f(mazkzel':[fuxk = oy k;[fuxk oy + f({,r)azé[mxk ]
2 J#Z[f(m—fl)]pk

r kel,
hr aq
> L0 LY -y

F@™ F )™ &

o

Thus if x € /™ (p), then x € W™ (p). O

From Theorem 2.15 we have the following results.

Corollary 2.16. Let 0 = (k.) and 6’ = (s,) be two lacunary sequences such that I, C ], for all ¥ € N and o, oy two
real numbers such that 0 < ay < ap < 1. If (3) holds then

(i)Wl () cwl (), if s =ar = a,
(ii) wé, (p) C wé’al (), ifas =1,
(iii) @/, (p) C W) (p),if r = a2 = 1,
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