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Hyers-Ulam Stability of Hyperbolic Mobius Difference Equation

Young Woo Nam?

"Mathematics Section, College of Science and Technology, Hongik University, 339-701 Sejong, Korea

Abstract. Hyers-Ulam stability of the difference equation with the initial point z, as follows

_[lZ,‘+b
T zi+d

Zit1

is investigated for complex numbers a4, b, c and d wheread —bc = 1, ¢ # O and a +d € R\ [-2, 2]. The stability
of the sequence {z,}.en, holds if the initial point is in the exterior of a certain disk of which center is —g.

Furthermore, the region for stability can be extended to the complement of some neighborhood of the line
az+b

segment between —4 and the repelling fixed point of the map z > “%2_ This result is the generalization of
Hyers-Ulam stability of Pielou logistic equation.

1. Introduction

Difference equation is the recurrence relation which defines the sequence and each of which terms
determines the proceeding terms. For the introduction of difference equation, for example, see [4]. The first
order difference equation is of the following form

ziv1 = g(i, z)
for all integer i > 0. In 1940, Ulam [13] suggested the problem concerning the stability of group homomor-

phisms: Given a metric group (G, -, d), a positive number ¢, and a function f : G — G which satisfies the
inequality d( flxy), f(x)f (y)) < e forall x, y € G, do there exist an homomorphism a : G — G and a constant

0 depending only on G and ¢ such that d(a(x), f (x)) < 6 for all x € G? A first answer to this question was
given by Hyers [5] in 1941 who proved that the Cauchy additive equation is stable in Banach spaces.

The difference equation has Hyers-Ulam stability if each terms of the sequence with the given relation has
(small) error, this sequence is approximated by the sequence with same relation which has no error. Hyers-
Ulam stability of difference equation is relatively recent topic. For example, see [8-11]. In particular, Pielou
logistic difference equation has Hyers-Ulam stability only if the initial point of the sequence is contained
in definite intervals in [10]. In the same paper, this result is extended to the following difference equation
over R

_axi+b
cx;+d

Xit+1
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where ad —bc = 1, ¢ # 0 and (a + d)> > 4 for real numbers a, b, ¢ and d. In this article, we generalize the
result of difference equations on the complex plane C where a +d is real and it satisfies that (a + d)* > 4 with
complex numbers a, b, c and d.

Mobius map

Linear fractional map on the Riemann sphere C = C U {co} is called Mabius map or Mabius transformation.

_az+b
T cz+4d

9(z)

where ad — bc # 0 forz € C.

az+b

The non-constant Mobius map g(z) = =

has the following properties.
e Without loss of generality, we may assume that ad — bc = 1.

e g(0) is defined as ¢ and g(—%) is defined as oo.

e The composition of two Mo6bius maps is also a Mébius map.

e The map g is the linear map if and only if oo is a fixed point of g.
e The image of circle or line under Mobius map is circle or line.

The matrix representation of Mobius map is useful to classify Mobius map qualitatively. In particular, the

: aztb _ paz+pb
equation cz+d ~ pez+pd

holds for all p # 0. We define the matrix representation of Mébius map z > 2t as

follows (‘; Z) where ad — bc = 1. We denote the matrix representation of Mobius map g by also g unless it
makes confusion. Denote the trace of the matrix representation of M6bius map g by tr(g).

Main content

In Section 3, Hyers-Ulam stability of the sequence defined by hyperbolic Mobius map on the exterior
of the disk of which center is g!(c0) with a certain radius. This is the direct generalization of Hyers-Ulam
stability of Pielou logistic equation in [10] on the complex plane. In Section 5, the avoided region at co is
defined as the complement of the closure of the neighborhood of the line segment between g~!(c0) and the
repelling fixed point of g. In Section 7, Hyers-Ulam stability of g is proved in the complement of an avoided
region.

2. Hyperbolic Mobius map

The trace of matrix is invariant under conjugation. Thus qualitative classification of Mobius map
depends on the trace of matrix representation.

Definition 2.1. If the matrix representation of the non-constant Mobius map (‘é Z) has its trace a + d, say tr(g), is in
the set R \ [-2,2], then the map g is called the hyperbolic Mobius map.

Denote the fixed points of g by a and g. If |7’ (a)| < 1, then «a is called the attracting fixed point. If |’ ()| > 1,
then f is called the repelling fixed point.

Lemma 2.2. Let g be the hyperbolic Mobius map such that g(z) = 22 where ad — bc = 1 and ¢ # 0. Then g has two
different fixed points, one of which is the attracting fixed point and the other is the repelling fixed point.
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Proof. The fixed points of g are the roots of the quadratic equation
cz>—(@a—-dz-b=0
Denote the fixed points of g as follows

_adryardid ﬁ:a—d—%giﬁﬁfz. o

2c

Observe that a + f = =4 and ap = —%. Thus we have the following equation

(ca+d)(cp+d) = czaﬁ +cd(a + B) + d?
= —bc+d@a—d) +d*
—bc +ad
=1 2)

Since g is the hyperbolic Mébius map, that is, a + d > 2 or a + d < -2, without loss of generality we may
assume that a +d > 2. Then we obtain the following inequality using the equation (1)

+d+ J(a+d)?-4
2 @+d) > a+d > 1. 3)
2 2
Since ¢'(z) = m and by the equations (2) and (3), we obtain that g'(a) = m <land g'(f) = W >
1. O

ca+d=

Lemma 2.3. Let g and h are Mobius map as follows

az+b zZ—
S cz+d and h(z)_zT

QL I™™

9(z)

where a and B are the fixed points of g and ad —bc = 1. If « # B, then h o g o h™'(w) = kw where k = (cﬁ#’ In
particular, if g is the hyperbolic Mobius map and f is the repelling fixed point, then k > 1.

Proof. The maps g and h are Mébius map. Thus so is h o g o h™'. By the direct calculation, we obtain that
Wl (w) = 2 Observe that i™1(0) = B, ™! (c0) = o and h~}(1) = co. Then we have

w—1
hogoh™(0)=hog(B)=h(p)=0
hogoh‘l(oo)zhog(a):h(a)zoo

The points 0 and oo are fixed points of hogoh™. Sohogoh™(w) = kw for somek € C. Sincek = hogoh™(1),
the following equation holds by (1) and (2)

k=hogoh_1(1)=hog(oo)=h(§)

2 - a—cp

“_q a-ca
_a+d+ +J(a+d)? -4
a+d— +a+d?-4

_ca+d
S p+d
_ 1
C(prdp

aIR|a

If g is the hyperbolic Mébius map, then k = W = ¢’(B) > 1 by the proof of Lemma 2.2. [
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Lemma 2.4. Let g be the hyperbolic Mobius map on C. Let o and B be the attracting and the repelling fixed point
respectively. Then

lim g"(z) > a as n— +co

n—o0

forallze €\ {B}.

Proof. By the classification of Mobius map, the hyperbolic Mobius map has both the attracting and the
repelling fixed points. Let  be the linear fractional map as follows

z-p

z

h(z) =

Then f = ho goh™! is the dilation with the repelling fixed point at zero, that is, f(w) = kw for k > 1. Thus
0 is the repelling fixed point of f. Since & is a bijection on C, the orbit, { 7" (2)}nez corresponds to the orbit,
{f"(h(z))}nez by conjugation h. Observe that

fz) > 00 as n— +o

for all z € € \ {0}. Hence,
g'(z) > a as n— 4o

forallze €\ {p. O

Corollary 2.5. Let g be the map defined in Lemma 2.4. Then

limg™(z) > B as n— +oo

n—o0

forallz e C\ {a}.

Proof. Observe that g~! is also hyperbolic Mébius transformation and 8 and « are the attracting and the
repelling fixed point under g~! respectively. Thus we apply the proof of Lemma 2.4 to the map g7!. It
completes the proof. [J

We collect the notions throughout this paper as follows

e The Mobius map g is the hyperbolic Mobius map and g(z) = %2 where ad — bc = 1 and ¢ # 0.

cz+d

e The Mobius map h is defined as h(z) = g where o and f are the attracting and the repelling fixed

points of g.

e Without loss of generality, we may assume that the hyperbolic M6bius map g has the matrix repre-
sentation with tr(g) > 2.

e Since the trace of matrix is invariant under conjugation, we obtain that tr(g) = tr(hogoh™). By Lemma
2.3, if tr(g) > 2, then

tr(g)=tr(\(/)% g)= \/E+L > 2.
3
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3. Hyers-Ulam stability on the exterior of disk

Let F be the function from INg x C to C. Suppose that for a given positive number ¢, a complex valued
sequence {a,}eN, satisfies the inequality

lai1 — F(i,a)l < &

for all i € Ny where | - | is the absolute value of complex number. If there exists the sequence {by},en, which
satisfies that
biv1 = F(i, b;)

for each i € Ny, and |a; — b;| < G(¢) for all i € Ny where the positive number G(¢) converges to zero as ¢ — 0,
then we say that the sequence {b,,}.en, has Hyers-Ulam stability. Denote F(i, z) by F;(z) if necessary.

The set S is called an invariant set under F (or S is invariant under F) where for any s € S we obtain that
F(i,s) € S for all i € INj.

Lemma 3.1. Let F: INg X C — C be a function satisfying the condition
|F(i, u) = F(i, v)| < Klu - v| 4

foralli € Ny, u,v € Cand for 0 < K < 1. For a given an € > 0 suppose that the complex valued sequence {a;}ien,
satisfies the inequality

laiv1 = F(,a)l < ¢ (5)
forall i € INg. Then there exists a sequence {b;}ieN, satisfying
bi1 = F(i, by) (6)

and

, 1-K
1bi = ail < K'lbo = aol + T—

&

for i € No. If the whole sequence {a;}ieN, is contained in the invariant set S C C under F , then {b;}ieN, is also in S
under the condition, ag = by.

Proof. By induction suppose that

1-K-!

Ibi-1 = a1l < Kby — aol + 1K

E.

If i = 0, then trivially |by — ao| < €. Morover,
Ib; —a;| < |bj —F(i —1,a;-1)| + |a; — F(i — 1,a;_1)|
<IF(i—-1,bie1) —F(i—1,a;1)| + la; = F(i = 1,a;1)|
=Klbi_1 —a;q| + ¢

: 1-K-!
< i-1 _
_K{K |b0 agl + 1-K €}+€

i

. 1-
=Kl|b0—ﬂo|+ E.

1-K

Moreover, if ag = by, then the sequence {b;};e, satisfies the inequality (5) without error under F. Hence,
{bilien, is contained in the invariant set S. [



Y. W. Nam / Filomat 32:13 (2018), 4555-4575

Figure 1: Image of the disk under hyperbolic M6bius map

The real version of the following lemma is proved in [10] as g is the map defined on the real line.

Lemma 3.2. Let g be the Mobius map g(z) = 2 where a, b, c and d are complex numbers, ad — bc = 1 and ¢ # 0.
Let the region S(r) and T(r) be as follows

r a 1
>H}/ T(T’)—{ZEC. ‘Z—z‘<m}

forr > 0. Then g(5(r)) = T(r) \ {g}for any r > 0. Moreover, if g is hyperbolic Mobius map and r + 1 < |tr(g)|, then
the closure of T(r) is contained in S(r).

d
zZ+ =
c

S(r) = {zeC:

Proof. The set S(r) is contained in C and g(c0) = £. Then S(r) does not have £. The equation g(5(r)) = T(r)\ {g}
for any r > 0 is shown by the following equivalent conditions

az+b a

cz+d ¢

ad — bc

¢z +cd

1 lc|

g "7
c

1

<
rlel
1

ric|

9(2) € T(N) \ {‘C-’} —0<

—0<

—0<

d
z+ =
C

— z e 5().

’
= > —

lcl

Additionally, suppose that g is the hyperbolic map and r + 1 < |tr(g)|. The closure of T(r) is the set of points

4560
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1
rlel*

satisfying that |z - f) < Then for any z in the closure of T(r), we obtain that

cz+d|=|cz—a+a+d|
> —|cz—al+|a+d|

= ~lel-Je - §| + ltr(g)]
I

> —|c| - i

1
+r+ =
;

1
p

€1

Then we have |z + §| >

thatis, z € S(r). Hence, the closure of T(r) is contained in S(r) if r + % <ltr(g)l. O

Proposition 3.3. Let g be the hyperbolic Mobius map with tr(g) = 2 + 7 for T > 0. Let S5(r) be the region defined in
Lemma 3.2. For a given € > 0, let a complex valued sequence {a;}ieN, satisfies the inequality

iy —ga)l < e

or all i € Ny. Suppose that ¢ < —— and ag is in S(1 + t) for 0 < t < t. Then the sequence {a,}nen, is contained in
pp D q 0
S(1 + t). Moreover, there exists the sequence {b;}ien, satisfying
biv1 = g(by)

for each i € N has Hyers-Ulam stability where by = ao.
Proof. For the map

az+b
9@ = cz+d
we may assume that ad — bc = 1. Recall that ¢'(z) = (CZ#)Z. Thus |g’| has a uniform upper bound in S(1 + £)
as follows
zeS(1+t) z+§ >%

lez+d|>1+t
1
< <1
lcz+d?  (1+1)?
claim : Ifayg € S(1 +7)and ¢ < m, then the whole sequence {a;}icn, is also contained in S(1 + 7). By
induction assume that a;_1 € S(1 + 7). Then

a a d
a; —

=17 =

)

c ¢ ¢
a a+d
Z—'ﬂi——|+
C C
S '(a’ ) a’ €+2+t
=TT ]
1 2+t

> — e — by Lemma 3.2
lcl(T+ 1) ] y

1 1
Icl( T 5)

>l(2+t_L_L)
lc| 1+t 1+t

1

=i (1 +1¢).



Y. W. Nam / Filomat 32:13 (2018), 45554575 4562

Thus |ai + %( > %, thatis, a; € S(1 + t). Then the whole sequence {a;};en, is contained in S(1 + 7).
The inequality (7) implies that g is the Lipschitz map with Lipschitz constant ﬁ in S(1 +t). Then Lemma
3.1 implies that

4 1+ K
gl < K _ .
|b1 az| = |b0 610| + 1-K €
1
where K = — < 1. Hence, the sequence {b;};en, has Hyers-Ulam stability where by = ap. [

1+1)

4. Image of concentric circles under the conjugation h

In this section, we show that the image of concentric circles of which center is —%’ under the map h

defined as h(z) = Z:—’g Denote a circle in the complex plane by C. Recall that the image of line or circle under
- plexp y g

Mobius map is line or circle. Moreover, since Mdbius map is conformal, the end points of the diameter
of C is mapped by & to the end points of the diameter of #(C). However, the image of the center of C is
not in general the center of h(C). Recall the map f = h o g o h™! is the dilation defined as f(w) = kw where

F(L)

Figure 2: Circle and line under Mobius map

k= W > 1by Lemma 2.3. Let L be the straight line in C. Define the extended (straight) line as L U {co} and
denote it by L.

Lemma 4.1. Let h be the Mobius map defined as h(z) = g Then the image of —2 under h as follows

d 1 d k-«
h(_E)‘E il

Proof. The map h is the conjugation from g to f and hi(co) = 1. The fact that f o h = h o g implies that

foh(—g) :hog(—%i) = h(eo) = 1 :f(%{).

Since f is a bijection on C, h(—%) = % Observe that the map ™ (w) = % Hence, we have
d _ _(1\_ kB-«
<= ()= ®
O
Lemma 4.2. Let g be the hyperbolic Mobius map g(z) = “ZL where ad — bc = 1 and ¢ # 0 with the attracting

and repelling fixed points « and B respectively. Denote the extended (straight) line which contains o and B by
Lo={ta+(1-1t)p: t€R}U{co}. Then Ly, is invariant under g. In particular, g(Le) = Leo.
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Proof. Lemma 4.1 implies the following equation

k 1
ek TR

c

Thus —¢ is in the line segment which contains both @ and . Then —¢ € L. The fact that g(—%) = o0

implies that oo is also contained in g(Le). Recall that any non constant Mébius map is bijective on C. Then
g(Lo) is the extended line which contains @ and . Hence, the extended line L is invariant under g and
9(leo) = Leo. O

Corollary 4.3. Let Lo, be the extended line defined in Lemma 4.2. Let h be the map defined as % where a and f are
the attracting and the repelling fixed points of g respectively. Then h(L) is the extended real line, R U {co}.

Proof. By the definition of h, h(a) = oo, k() = 0 and h(c0) = 1. Hence, h(Lo) is the extended line which
contains 0,1 and oo. Hence, h(L) is the extended real line, R U {co}. [

Recall the set dS(r) is the circle of which center is —% with radius |—Z| for ¢ # 0. The extended line L, contains

d . . . . . . . . d
—2. Thus for any two points p and g in L, if the midpoint of the line segment connecting p and g is —¢,

then p and g are the end points of the diameter of dS(r) for some r > 0. In the following lemma the image
of the endpoints of the diameter of dS(r) for arbitrary radius.

Lemma 4.4. Let h be the map h(z) = — ﬁ . Let ta + (1 — t)p be the point in Lo, and denote it by p; for t € R. Then

t 2d th—t+2
Mp) = =g and h( P c) tk—t+k+1°
Proof. The straightforward calculation shows that h(p;) = 5. So we omit the detail of the calculation. By
the equation (8) in Lemma 4.1, we have —£ = kﬁ 2 Then
( Zd) (-ri-%)-»p
Mor-2)= oy,
EE
—ta—(1-Hp-p-
C—ta-(1-tp-a- Zd
ta + (2 - t)p — 22
= 2k 2 by (8) in Lemma 4.1
(L4 ha+(1-pp— L

(tk—t +2)(a - p)
T tk—t+k+1)a—-p)

tk—t+2
Tk—t+k+1

It completes the proof. [J

Corollary 4.5. Let h be the Mobius map h(z) = ;_;i Then we obtain that

2d 2 a+p 2 k+3
h(_ﬁ_?)_kﬂ’ dh( 2 c)_3k+1'

Proof. Observethatpy = fandp; = ©F in Lemma4.4. Putt = 0 forh ( ) andputt = J forh ( ap 2751)
inLemma4.4. O
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Lemma 4.6. Let g be the hyperbolic Mobius map g(z) = 25 where ad — be = 1 and ¢ # 0. Let h be another Mobius
map as follows

_2z-8
h(z) = p——

where o and B be the attracting and the repelling fixed point of g respectively. Then

1 d

aS(W{) = {Z. Z+E‘ = E+ﬁ'}

and

1 1 1

h(as(%)) N {w ‘w_ k+1] " k+1 }

where k = (cﬁ+d2 > 1.
Proof. The fact that k = G d)2 implies lc/f;d‘ ﬂ 7 Thus by Lemma 3.2, we have

()= Fedl-feel)

The extended straight line Lo, contains f and —g — # by Lemma 4.1. The midpoint of the line segment
between these two points is —¢, which is the center of JS (L{) The half of the distance between f and

—B— 2 is the radius. Moreover, dS ( W) meets Lo, at two points f and —f — 2 at right angle because Lo, goes

through the center of dS (7%) Since h is conformal, F(L) also meets F (35 (7%)) at F(B) and F( B— Zd) at
right angle. () = 0 by the definition of h. Corollary 4.5 implies that

2d 2
h(‘ﬁ‘ ?) TSl ©)

Then center of the circle i (85 (# )) is the midpoint of the line segment between 0 and 2;. Hence, 1 (85 (% ))

is the following circle

{w. ‘W_L‘_L}
‘ k+1] k+1/J°

Corollary 4.7. The following equations hold

1 1 vk
—k—lla—ﬁl and H—m|a—ﬁ|

cp+d
c

— 1
where k = (CﬁT)Z

Proof. Observe that h™}(w) = ‘ﬁw E Thus we have that

2 k+1
,1 = _ - _
h (k+1) k — B+
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and h~1(0) = B. The distance between the above two points is the diameter of dS (#) Then the half of this

distance is the radius of dS (#) as follows

%‘—’il(a B)+a— ﬁ‘ —|a Bl.

is also the radius of 9S Cﬁ +d

ﬁd|

However, L{) by Lemma 4.6. Hence, we have

S5 —

1 | — Bl and moreover,

since L = |cf + d, the equation 0= —plholds. O

Remark 4.8. The upper bound of L for every k > 1 is the distance between —2 and * ﬁ because

a+p A
2 _(_E)‘

Recall that tr(g) = a +d = 2 + t. Thus the equation, %

C\s(1+§):{z;

Moreover, this disk contains compactly the disk € \ S(1).

[c]

a—d+g
2c c

a+d 2 1

= > = .
20l 2lel el

, 2|C| |C| 2 holds. Then the disk € \'S (1 + ) as follows

d

+
2+ 4 < |2 ’B+d

= } . (10)

<

2 c

Proposition 4.9. The circle h (BS (1 + %)) is as follows

1(k+3 1(k+3
Proof. By the definition of dS(r) for r > 0, the line connecting the fixed points a and f, say L, goes through

the center of the circle dS(r). In other words, the circle and line meet at two points at right angle. Since & is
conformal, (dS(r)) meets also the real line at two points at right angle.

Observe that two points in the set dS (1 + %) NL are — a%ﬁ — % and a—ﬂg Thus it suffice to show that the image

k+3

of two points in dS (1 + %) N L under & is the points 3775 and —1. In Lemma 4.4, put t = —. Hence, we have

the following equations
h(“ﬁ—z—d): £*3  and h(“+ﬁ)=—1

2 c 3k+1 2
for each k > 1. Then the midpoint of the two points 523 and —1 is the center of the circle & (85 (1 + —))
Moreover, the half of the distance between these two points is the radius of & (85 (1 + 5)) O

Remark 4.10. Observe that the map y(k) = £ is a decreasing function for k > 0 and 1 < £ <1 for k > 1.

y(1) = 1 and limy_,e 3",:—31 = 1. Then the circle in Corollary 4.9, h(&S (1 + 2)) is contamed in the unit disk
{w: |w| <1} forall 1 <k < co.
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Figure 3: Concentric circles and its images under &

5. Avoided region

The map g is the hyperbolic Mtbius map as follows

_az+b
T z+d

9(z)

for ad — bc = 1 and ¢ # 0. Since the point o is not a fixed point of g, the preimage of co under g, namely,
g7!(c0) is in the complex plane. For a given ¢ > 0, the sequence {4;}ien, satisfying that

i1 — ga) < e

contains g~!(e0), say ay, then |a,; — 0| is not bounded where |- | is the absolute value of the complex number.
In order to exclude g71(c0) in the whole sequence {a;}icN,, the region R, is defined such that if the initial
point of the sequence, 49 is not in R;, then the whole sequence {a;};cn, cannot be in the same region R,. Let
the forward orbit of p under F be the set {F(p), F>(p), ..., F*(p), ...} and denote it by Orbn(p, F).

Definition 5.1. Let F be the map on € which does not fix co. Avoided region for the sequence {a;}ien, satisfying
i1 — F(a;)| < € for a given € > 0 which is denoted by Rr C C is defined as follows

1. C\ Rris (forward) invariant under F, that is, F(C€\Rr) c C\ R

2. For any given initial point ag in C \ Rr, all points in the sequence {a;}ien, satisfying lai;1 — F(a;)| < € are in
C\ Rr.

If R contains Orby(p, F~') where p € €, then it is called the avoided region at p and is denoted by R (p).
In the above definition, the avoided region does not have to be connected.

Remark 5.2. The set C\ S(1 +t) in Proposition 3.3 is an avoided region at co. However, avoided region €\ S (1 + %)
can be extended to some neighborhood of Orbw(co, g™"), which is denoted to be Ry(co) in the following proposition.

Recall that for a complex number z, Rez is the real part of z and Im z is the imaginary part of z. The
complex conjugate of z is denoted by z.
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(a) Avoided region R,(0) (b) Avoided region R(1)

Figure 4: Avoided regions for hyerbolic Mobius maps

Proposition 5.3. Define the following regions

Rgz{w |w|g%}m{w:Rew§0}

Rt:{ —i<lmw<—}ﬁ{w:0<Rew<—}
2 k—-1"7 T k-1 - h
Ré:{w; 'w—% 5%}ﬂ{w:Rew2—}

for t > 1 and denote the union R} U R, U R, by R'. Let the map f be the dilation, f(w) = kw for the given number
k> 1. Let {ci}ieN, be the sequence for a given 6 > 0 satisfying that

leisr — flen)l <0 (12)

2
forallie Ny. If6 < (1 - %) , then the set R' is an avoided region for {ci}ien,, namely, Ry. Furthermore, Ry contains
the the orbit, Orbn(1, f~1). Hence, the avoided region can be chosen as Rr(1).

The proof of Proposition 5.3 requires the combined result of lemmas as follows.

Lemma 5.4. Let f be the map f(w) = kw for k > 1. The sequence {c;}icN, is defined in (12) for 6 > 0. Consider the
following regions

to to to
f = : < — f = - —X< <—}
Dy {w le_k_l}, D, {w k—1_Imw_k—1

foro>0andt > 1. Ifcy € C\ fD; for j = 1,2, then the whole sequence {c;}ien, is contained in the same set C\ Dj.
respectively.

Proof. Suppose firstly that |co| > £%. Thus [f(co)| > £2. The inequality |cix1 — f(c;)| < 6 implies that

6> ler = fleo)l = [eal = |f(co)ll (13)
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kto to
le1] > [f(co)l =0 > m—té— —1

fort>1. Thenc; € €\ D). By induction the whole sequence is also contained in C\ Di.

(14)

Similarly, suppose that ¢y € Dj. Since [Im(c; — f(co))| < le1 = f(co)l < 6, the assumption ¢y € D), implies the
following inequality.

kto 5= £
k-1 T k-1

Imcq| > [Im f(co)l — 0 = k[Imco| — 6 >

for t > 1. Then c; € D). Hence, by induction the whole sequence is also contained in C\ D O

Observe that D! c D), for every t > 1 in Lemma 5.4. The region R! is the half disk of D! in the left half
complex plane. Thus if a point ¢; in C\ Ri and cj;1 is also contained in the set {w: Rew < 0} for some j € N,

then cj,1 is contained in (C \ Rﬁ) N{w: Rew < 0}. However, cj;1 may be in the right half complex plane.
Thus in order to construct the avoided region in Proposition 5.3, another lemma is required as follows.

Rez=0

Figure 5

Lemma 5.5. Let f be the map f(w) = kw for k > 1. The sequence {ci}ien, is defined in (12) for 6 > 0. Suppose
that c; for some j € Ny is contained in the set (C \ Dg) N{w: Rew < 0} but Recji1 > 0. Then cjq satisfies that
Imcj| > £, that is, cjs1 € €\ D, for t > 1.

Proof. By the assumption we have

£
cj € {w; fw] > %}n {w: Rew < 0}

for some given j € Ny. Let c. be the purely imaginary number satisfying |c;| = |cs| and Im ¢; and Im ¢, has
the same sign. Without loss of generality, we may assume that Imc; > 0 and Imc. > 0. The proof of other
case is similar. Define the sets as follows

DY ={w: |w—kc.| < 6} N{w: Rew > 0}
D]JT = {w: lw —kcj| < 6} N {w: Rew > 0}.

Consider the region
P ={z: |z = ke.| < |z = kejl}

We show that D]f C D" where Rec; < 0 using the following claim.
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claim: For any z € (C \ P) N {z: Imz > 0}, the real part of z is negative, namely, Rez < 0. The number z
satisfies the equivalent inequalities

|z = kco| 2 |z — ki
& |z—ke? =z - kcjl2
& —kcoZ —kéoz 2 —kcjz — kéjz
< —Re(cz) 2 —Re (¢j2)

— Re((=c)2)20

Recall that Rec; < 0, Rec, = 0 and Ime¢, > Imc; > 0 because |cj| = |c|. Thus ¢;—c, = —a + bi for some
a, b > 0. Denote z = x + yi for y > 0. Then Re ((c; — ¢.)z) = Re ((—a + bi)(x + yi)) = —ax—by >0. Thenx <0,
that is, Rez < 0 is the necessary condition for the inequality. The proof of the claim is complete.

If Rew > 0and Imw > 0, then w € P. Thus

lw — keo| < [w —kcj| < 6.
Then D;r C D*. For every w € D*, the following inequality holds

[Imw — Imkc,| < |w —kco| < O
= |Imw| > k[Imc,| — 0
= klce| = 0 = Klcjl = o
tkod
— =t

> 1 t

0

k-1
Then D™ is disjoint from Z)é. The fact that ¢, € D;’ implies that cj, ¢ Z)tz fort > 1. Hence, cjy1 € ¢\ Z)tz for
t>1. O

Lemma 5.6. Let f be the map f(w) = kw for k > 1. The sequence {ci}ien, is defined in (12) for 6 > 0. Suppose that
€ ((fZ \ Rg) {w Rew > ,1(}, that is,

1
k

>i}ﬂ{w:RewZ%} (15)

C]‘G{ZUZ ’w— k-1

2 .
fort > 1 and for some j € Ny. If 6 < (k;kl) , then cjyy is contained in C \ Ry N {w Rew > %}fort > 1

Proof. Observe that f(@ \ Rt) is the half disk. Since |cj1 — f(C])| < 6, we have that |cj1| > [f(c)| =6 = 1 6.

Moreover, |c;| < ¢ + . Thus it suffice to show that1 -6 > ; + ktél Then
1 to t
1- —t— = 1- ( 1)
R k PETRL

( )

1) forall £ >
Hence,6<mS(T) orallt>1. O
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Proof. [proof of Proposition 5.3] The definition of R' and D) implies that R' ¢ D). If ¢; € D}, then cji1 € D}
by Lemma 5.4. Thus we may assume that Rec; < 0 or Rec; > % Ifcj € C\ Ri N {w: Re < 0}, then cjy; is

contained in the same set by Lemma 5.5. Similarly, if ¢; € C\ Rg N {w: Re < 0}, then cj;; is contained in
the same set by Lemma 5.6. Hence, R' = R! U R} U R} can be an avoided region Ry for t > 1. Moreover,

Orbn(1, f7!) is contained in the line segment connecting 0 and . [

We define the avoided region Rs(1) as RE UR] U Rl and R,(e0) as h™ (Rf(1)).

6. Escaping time from the region
Let the sequence {c;}icn, satisfies the following
lciv1 — fc)l <6 (16)

for all i € INy. For the given region R, assume that ¢y € R. If the distance between c, and the closure of R is
positive for all n > N for some N € IN, then N is called escaping time of the sequence {c;}ien, from R under
f. If the escaping time N is independent of the initial point ¢y in R, then the number N is called uniformly
escaping time. Denote the ball of which center is the origin with radius r > 0 by B(0, r).

Lemma 6.1. Let {ci}ien, be the sequence defined in the equation (16) where f(w) = kw for k > 1. Suppose that
co € E¢ where Ey is defined as the region h((f: \S (1 + %)) \B (0, kk_—‘sl) Then the (uniformly) escaping time N from
the region E¢ under f satisfies the following inequality

1(k+3
N > IOg(S (m + 1)+1)/10gk
for small enough 6 > 0.

Proof. By triangular inequality, we have

1f"(co) — col < 1f"(co) = f* Ml + 1" Her) = f" 2 (ca)l+

et |f2(cn—2) - f(cn—1)| + |f(cn71) — ¢l + ey — col

n

= Y KIf(ei0) = ¢l + low — col
j=1

<
T k-1

O+ |, — col.

Thus we have
K'-1
k-1
K -1
k-1
. 10
= (" = 1)(lool - =5
: ko 5
>0 - )

=(K"-1)6

0

lcw = col = [ f"(co) — col —

o

= (K" = Dleol =

Hence, the escaping time N satisfies if the inequality (kN — 1) > £3 + 1 holds, then |c, — co| is greater than

the diameter of h(S (1 + %)) for all n > N by (11) in Proposition 4.9. Hence, N is the uniformly escaping

tog(A (45 +1) 1)

time where N > Tog F
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Remark 6.2. The inequality 1 < £2 <1 for k > 1 implies that a upper bound of the uniformly escaping time is

No > log(§ + 1)/10gk.

The sequence {a;}icn, is defined as the set each of which element a; = h(c;) for every i € Ny where {ci}ien, is
defined in (16). Recall that f is the map ho g o h™!. Denote the radius of the ball h‘l(B(c i 6)) by ¢ for j € INo.
Then the sequence {a;};en, as follows

lais1 — g(a;)| < &;. (17)

corresponds {c;}ien, by the conjugation h. Then the escaping time of {g;}ien, from h=Y(E £) under g is the same
as that of {¢;};en, from E¢ under f in Lemma 6.1. Furthermore, since /1 is uniformly continuous on the closure

of C\'S (1 + %) under Euclidean metric, there exists ¢ > 0 such that h(B(aj, s)) C B(cj,0) forj=1,2,...N for
allc;e E Iz Thus we obtain the following Proposition.

Proposition 6.3. Let {c;}ien, be the sequence satisfying
lciv1 — fle)l <6

where f(w) = kw for k > 1 on Ey defined in Lemma 6.1. Let N be the (uniformly) escaping time from Es Let {a;}ieN,
be the sequence satisfying a; = h(c;) for every i € INy. Then there exists € > 0 such that if {a;}ieN, satisfies that

laiv1 — glai)| < € (18)

on ™ (Ey) fori=1,2,...,N — 1, then the escaping time from h™'(Es) under g is also N.

Remark 6.4. The definition of Es implies that the set h™'(Ey) is the set, (C \'S (1 + %)) \ht (B (0, k’%))

7. Hyers-Ulam stability on the complement of the avoided region

Hyers-Ulam stability of hyperbolic M&bius map requires two different regions, one of which is S(1 + 7)
where tr(g) = 2 + 7 for T > 0. The other region is the (C \'S (1 + %)) \ R;(c0) where R;(c0) = h1 (Rf(l)) is the

avoided region defined in Section 5. We show that Hyers-Ulam stability on the region (C \'S (1 + %)) \Ry(e0)
for finite time bounded by the uniformly escaping time. Then this stability and Proposition 3.3 implies
Hyers-Ulam stability of g on the set € \ R;(0).

Lemma 7.1. The avoided region h™ (Rf(l)) contains the disk

Dg:{Z: d <€}
c

Z+ -
_ 2
where & = (kk_—f)gla—ﬁl.

Proof. The avoided region R¢(1) contains the disk

B(l L)_{ ’ _1 <L}
SV G R Y
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Since h™! (%) = —4, the avoided region /™ (Rf(l)) contains a small disk of which center is —2. Thus the
number ¢ is either the radius of the circle, h‘1< (% %)) or the distance between —¢ and 1! (% + %)
Denote the point § + % by , thatis, choose ty = 1 + kk—é Thus we have

a1 t_o)_kﬁ—toa_( to ) _ ko

h (k Rl el Sy Lt 49
By Lemma 4.1, we have

d 1 1

_E‘(“k—l)ﬁ_k—l“

Then the distance between —2 and K1 (70) is as follows

to ) b _( 1 ) B 1
(1+k—t0ﬁ )P e
1 "

Tlk=1 k—to‘m A

1 1+E
1 k—-1+ko @ — Bl
Tlk=1 (k-12-kb B

B k25 |
(k- D{(k - 1)2 — ko)

k25
“h— k-1 ko) P

(20)

Another Candldate for & is the half of dlameter of i1 (R,). Thus take two points, ¢ b and in R, where

’2 = % k 7, thatis, t; =1- Ko Gince L + — 7 is the diameter of the circle R, the half of the dlstance between
ht (%’) and h7! (t,: ) is the radlus of h! (Rz). Then the calculation in (19) implies that
27 (7)1 (7)
57 (7)1
1 to to ( t ) f
=— — — ]_ _
2(1+k—t0)ﬁ k—foa +k—t1 B k—fla
1]t h
2lk-ty k-t la =
1| k=1+ks  k—1-k 'I
T2 (k-12-kd (k-12+kd
_1 2k (k — 1) a
2 (k= 1)2 = ko}(k — 1) + ko)

k-1 k26 g
S (k=12+kd (k—1)2—kd P

(21)
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The number & have to be smaller than the both number of equation (20) and (21). Hence, & can be chosen
as follows

kel RS K20 ag
-1+l G-k P G- ke @ P

Corollary 7.2. For every z € C\ R;(0), the following inequality holds

(k—1)*
k362

lg'(z)] <

Proof. 1t suffice to show the upper bound of |¢’| on the region C \ h~'(R;) because R;(0) contains h1(Ry)
and moreover, contains D, in Lemma 7.1. Recall that

Thus in the region C \ D,, the inequality |cz + d| > |c|e holds. Then the upper bound of |¢’| is as follows

1 1 (k- 1)

! = < =
@ = aE < opd T Pk — P

by Lemma 7.1. Moreover, Corollary 4.7 implies the equation

1k
H = mm - ,3|-
Hence,
(k—1)° (k—1)° k _ (k- 1)*

PRl — R ~ K2 (k—12 k062

The following is the mean value inequality for holomorphic function.

Lemma 7.3. Let g be the holomorphic function on the convex open set B in C. Suppose that sup |g’| < co. Then for
z€B
any two different points u and v in B, we have

< 2suplg’].

zeB

‘g(u) —9(0)
u—v

Proof. The complex mean value theorem implies that

Re(g’(p))zRe(M) and Im(g’(q»:hn(

u-—-o

g(u) — g(v)
T

[

where p and g are in the line segment between u and v. Hence, the inequality

IRe(g’(p)) + i Im(g"(9))] < [Re(g"(p))| + Im(g’(9))] < 2sup |g’|

z€B

completes the proof. [
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Proposition 7.4. Let g be the hyperbolic Mobius map. For a given € > 0, let a complex valued sequence {a;}ienN,
satisfies the inequality
lai1 — gai)l < €

foralli € Ny. Suppose that ay € (C \'S (1 + %)) \ Ry (o0) where R;(o0) is the avoided region defined in Section 5. For
a given small enough number € > 0, there exists the sequence {b;}ieN, defined as

biy1 = g(bi)
foreachi=0,1,2,...,N which satisfies that

N_1
M-1

lan — byl < €

where N is the uniformly escaping time from the region C \ S (1 + %) and M = %

Proof. % is an upper bound of || in C \ R,(c0) by Corollary 7.2. The triangular inequality and Lemma 7.3
implies that

lan — bl < lan — glan—1)l + lg(an—1) — g(bn-1)| + 1g(bn-1) — bnl
< e+ Mlan-1 — byl

where M > sup 2|g'|. Observe that if 6 > 0 is sufficiently small, then M > 1 in the region C\s (1 + %)
2€C\R, (o0)
Thus we have

lan — byl +

& &
7 < Ml bl + 7).

Then |ay — by| is bounded above by the geometric sequence with rate M.

€ €
lan — byl < MN (|ﬂ0—bo|+m)—M_1
MN -1

— AN
=M lag = bol + ——

&

Hence, if we choose by = gy, then

MN -1
M-1

lany — bn| < €.

We show the Hyers-Ulam stability of hyperbolic M6bius map outside the avoided region.

Theorem 7.5. Let g be a hyperbolic Mobius map. For a given € > 0, let a complex valued sequence {a,}nen, Satisfies
the inequality
lais1 — gla)l < ¢

forall i € Ng. Suppose that a given point ag € C \ R,(c0) where R,(o0) is the avoided region defined in Section 5.
For a small enough number € > 0, there exists the sequence {b;}ien,

b1 = g(b)

satisfies that |a; — b;| < H(e) for all i € INy for each i € IN where the positive number H(e) converges to zero as ¢ — 0.
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Proof. Suppose first thatag € S (1 + %) Then by Proposition 3.3, we have the inequality

1-K
|b; — a;| <

_1—I<€ (22)

for some K < 1. Secondly, assume that ay € (C \'S (1 + %)) \ Ry(e0) and i < N where N is the escaping time
from the region (C \'S (1 + %)) \ R;(o0). Then by Proposition 7.4,

M -1
|b; —a;| <

<STTE (23)

where M = % Suppose that ay € (@ \'S (1 + %)) \ Ry(c0) but i > N for the last case. Then we combine
the first and second case as follows

MN -1 1—1<1'-N)€

bi=al <\ 37 ¥ T=x

(24)

where K and M are the numbers used in the inequality (22) and (23). O
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