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Abstract. Let H be a separable Hilbert space with the unit operator I. We derive a sharp norm estimate
for the operator function (A — f(A))™! (A € C), where A is a bounded linear operator in H whose Hermitian
component (A — A*)/2i is a Hilbert-Schmidt operator and f(z) is a function holomorphic on the convex
hull of the spectrum of A. Here A* is the operator adjoint to A. Applications of the obtained estimate to
perturbations of operator equations, whose coefficients are operator functions and localization of spectra
are also discussed.

1. Introduction and statement of the main result

Throughout the present paper H is a complex separable Hilbert space with a scalar product (.,.), the
norm ||.|| = \/m and unit operator I; £(H) denotes the space of bounded operators in H. Foran A € L(H),
IA]l is the operator norm, A* is the adjoint operator, o(A) is the spectrum, 75(A) is the spectral radius;
Ri(A) = (A= AD7! (A ¢ o(A)) is the resolvent; co(A) is the convex hull of ¢(A); SN is the Hilbert-Schmidt
ideal with the norm Nj(A) = (Trace A*A)"/2.

It is assumed that

Ae L(H)and A; := (A - A")/2i € SN,. (1.1)

Numerous integral operators satisfy this condition. Let f be a scalar-valued function, which is analytic on
a neighborhood of 0(A). Let contour L consist of a finite number of rectifiable Jordan curves, oriented in
the positive sense customary in the theory of complex variables. Suppose that L is the boundary of an open
set M D 0(A) and M U L is contained in the domain of analyticity of f. As usually, f(A) is defined by the
equality

1
fA) = 5 fL FORL(A)A. (12)
In the present paper we derive a sharp norm estimate for the operator function (AI — f(A))™ (A & a(f(A)).

Recall that one of the first norm estimates for functions of non-normal matrices has been established by
LM. Gel'fand and G.E. Shilov [8] in connection with their investigations of partial differential equations.
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However that estimate is not sharp, it is not attained for any matrix. In the paper [9] the author has derived
a sharp estimate for matrix-valued functions regular on co(A). That estimate is attained for normal matrices.
The results of the paper [9] were generalized to various operators, cf. [14]. Obviously, (A — f(z))™! can be
nonregular on co(A). Our approach is based on a combined usage of the results from [9] with the estimate
for the nilpotent part of f(A) derived below.

We also discuss applications of the obtained estimate to solutions of operator equations whose coeffi-
cients are operator functions (function operator equations) and to localization of spectra.

Operator (in particular, matrix) equations naturally arise in various applications, in particular, in the
theories of differential and difference equations, and control theory, cf. [5, 18, 20]. The theory of operator
equations is well developed. About the classical results see the just cited books, the recent results can be
found, in particular, in [1-3, 6, 17, 21, 24-26] and references given therein.

To formulate the results introduce the quantity

1/2

i(A) = V2|N3(A) = ) (3 AP
k=1

where Ar(A) (k = 1,2,...) are the eigenvalues of A taken with their multiplicities. Obviously, g;(A) <
V2N, (A;). Assume that f is regular on a neighborhood of co(A) and put

= , (A
g1(f, A) :=Z sup If(’)(A)IL 1.3)

=1 Aeco(4) G- 1)!'
For example, if f(z) = z" with a positive integer v, then g;(f, A) = g1(A"). Here

L v =1)v -+ 1)glA)
A" = . (A) .
7 ]Z PG

If A is normal, then g;(A) = 0 and therefore g;(f, A) = 0. Now we are in a position to formulate our main
result.

Theorem 1.1. Let conditions (1.1) hold, f be regular on a neighborhood of co(A) and
A),A) ;= inf - Al>0.
pUfA),A) = inf 1f () = Al

(1.4)

Then

o k /A
lFey - an < Y o1 4) (1.5)
k=0

= VEIpH(f(A), A)

The proof of this theorem is divided into a series of lemmas which are presented in the next section. The
theorem is sharp. Inequality (1.5) becomes the equality, if A is normal.
By the Schwarz inequality for constants ¢ € (0,1) and a > 0 we have

1/2

= af o (aco)k o oo o 1 202
4 <Y & - 12

kzz;‘\/ﬁ kzz‘o‘ckx/ﬁ ;)‘ kzz;lcy‘k! (1-c2)1/2

Thus (1.5) implies

)< o 91(f, A)

= T=2p(fA), N “F | 2202(F(A), )

In particular, taking ¢? = 1/2 we obtain

I(f(A) = AI) ] (A & a(f(A))).

2
I(F(A) = AD7Y| < V2 [ 9;(f,A)

p(FA), 1) <P [ (), /\)] (1 ¢ o(f(A))). (16)
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2. Proof of Theorem 1.1

2.1. Preliminaries

In this subsection H = C"-the n-dimensional Euclidean space (n < c0) and A is an nXn-matrix. Introduce
the quantity (the departure from normality)

n

9(4) = [IN3(A) = ) (AP, (21)

k=1

Recall that A¢(A) (k = 1,2,...,n) are the eigenvalues of A taken with their multiplicities. The following
properties of g(A) are checked in [14, Section 3.1]:

g(A) = gi(A), 22)
g*(A) < N3(A) — [Trace A?|, if A is normal, then g(A) = 0. In the n-dimensional case

1/2

gi(A) = V2|N3(A) = Y (T A < V2Na(A)).
k=1

About other properties of g(A) see [14, Section 3.1].
By Schur’s theorem [7], there is an orthogonal normal (Schur’s) basis {ex}
representation

t—1- Inwhich A has the triangular

k
Ae, = Zajkej with ajk = (Aek,ej) k=1,..,n).
=1

Schur’s basis is not unique. We can write
A=D+V (6(A) =0(D)) (2.3)

with a normal (diagonal) operator D defined by De; = A;j(A)e; (j = 1,..,n) and a nilpotent operator V
defined by

Vek =

k-1
a]-kej (k = 2,..., Tl), V€1 =0.

j=1

Equality (2.3) is called the triangular representation of A; D and V are called the diagonal part and nilpotent part
of A, respectively. Put
i
P = Z(., eec (j=1,..,n), Py=0.
k=1

So0=PC"c P1C" C..CcP,C"=C", dim (Px — P_1)C" =1,

n
APk = PkAPk,' VPk = Pk_1VPk (k = 1, veey Tl) and D = Z /\k(A)APk,
k=1

where APy = Py — Py (k = 1,..,n). Since f(A) commutes with A, f(A) and A have the joint Schur
basis. Besides the diagonal part of f(A) is f(D) : f(D)e; = f(Aj(A))e; (j = 1,...,n) and its nilpotent part is
Via = f(A) = f(D). In addition, f(A), Vs4 and f(D) have joint invariant subspaces and

fD) = Y, FALADAP.
k=1
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Moreover, according to [14, Lemma 3.1] N>(V) = g(A) and consequently,

Na(Via) = g(f(A)), (2.4)
where

g(f(A)) = (NZ(F(A) = N2(FD)'? = (NA(F(A) = Y IFAKANP)2
k=1

Denote by |V, the matrix whose entries in {e;} are the absolute values of the entries of V in the Schur basis.

That is,
n k-1
VIe= )" Y lail(, ees,
k=2 j=1
where aj = (Aey, ej). Put
(DMf ﬂWA
Liijon = (Aj = Ai(A)).
Jieel (A]l ]k+1 - /\) ! !
Lemma 2.1. Let A € C™" and f be holomorphic in a Jordan domain containing o(A). Then
n-1
Na(Via) < Na(V) Y Jdl VI,
k=1

where Jy = max{|[;,_j.,|:1<j1 <...<jr1 S0}

Proof. Since R)(D)V is a nilpotent matrix, (R4(D)V)" = 0. By (2.3) we have

n—-1
RyA)=D+V-)"=I+D-)"'VID-1)"= Z(—l)k(R/\(D)V)kRA(D)-
k=0
Hence according (1.2)
1 n—-1
FA)= D) = ~3 [ SR - RyDYIA= Y By, 25)
k=1

where

a1
mﬂm“ﬁﬁmmwm%@m

Since D is a diagonal matrix with respect to {¢;} and its diagonal entries are the eigenvalues of A, we can

write

RAAD d AP;

Recall that APy = (., er)ex. Thus,

By = Z Z ZZAP]1VAPjZVAP AP VAP, T, ...

Jke1=1 jr=1 j2=1j1=1
In addition, AP;VAP; = 0 for j > k. Consequently,

n o Jra—1 ja=1j2-1

Be= Y. Y .. ) Y AP VAP,VAP ... AP, VAP; I ...
Jke1=1 jr=1 j2=1j1=1
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Let |Bi|. be the operator whose entries in basis {e;} are the absolute values of the entries of By in that basis.

Then
n o Jr—1 j3—1j2—1

Bile < Ji Z Z ...ZZAPj1|V|eAPjZ|V|e...|V|eAP]'M

Jer1=1 ji=1 j2=1j1=1

= ]kpn—k|v|epn—k+1IVlePn—k+2 cee Pn—1|V|e/

where the inequality is understood in the entry-wise sense. But

Pn—k|V|ePn—k+1|V|ePn—k+2 ce Pn—1|V|e = |V|ePn—k+1|V|ePn—k+2 Py

= [VEPyots2 ... Pucal VI < VI
Thus |Bil, < ]kIVIIe‘. Since Na(|V].) = N»(V) and N»(|Bl.) = N»(B), we get

Na(By) < JiN2(WIIVET.

Now (2.5) implies the required result. O

Due to Lemma 3.4 [14]

NE(VI,)
Ve < =2—= i (=12ene )

Since Nx(|V].) = N2(V) = g(A), by the previous lemma

-1
N2(V5a) < Z (k NG

If f is holomorphic on a neighborhood co(A), then by [14, Lemma 3.8]
1
Je< = sup [P k=1,.,n-1.
k! Aeco(A)
Now (2.7) implies
Lemma 2.2. One has g(f(A)) = Na(V,4) < ga,f, where
v | g4

gra = sup |f(])()\)| - : .
/ Z:‘ Aeco(A) 1a/G=1)!

-
I

Furthermore, due to [14, Theorem 3.2],

7 (A)

n-1
Ry AN £ ) ————— (A ¢a(A)),
IR ( >||<kZ=0‘ Ty “E0A)

where p(A, A) = ming |A — Ax(A)|. From (2.9) it follows

7 (f(A))

) = D7 < Z Ty e

Making use of (2.10) and Lemma 2.2 we arrive at
Lemma 2.3. Let A € C™" and f be regular on a neighborhood of co(A). Then

k

ll(Fea) - Any 1||<Z\/_p—( ¢ o(f(A))).

S1(f(A), )

(2.6)

2.7)

2.8)

(2.9)

(2.10)
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2.2. Proof of Theorem 1.1
Let A, be n-dimensional operator in H. Then
" 1/2
g1(An) = V2|N2(AR) = Y (3 MA?| (A = (A — A3)/2i).
k=1

Due to (2.2) g(A,) = g1(A,) and therefore gr4, = gi(f, An). Here

i . (A,
sup |f(1)(/\)| L

1
=1 Aeco(4) TG - 1)!'

gl(f/An) =

Lemma 2.3 implies
g5 (f, An)
VKIpF1(F(An), )

According to [14, Lemma 10.2] (see also [13]), under condition (1.1) there is a sequence of n-dimensional op-
erators A, strongly converging to A, such that 6(A,) € 0(A), n < co and by [14, Corollary 10.2] g1(A,) — g1(A)
(see also [13]). Hence g;(f, An) — g1(f, A) as n — co. Now the required result follows from (2.11). O

n-1
[GEBERHEEDY @.11)
k=0

3. Applications to operator equations

In this section we derive solution estimates for the equation

Xf(A)+(f(A)X=C, (3.1)
where A, C € L(H) are given, and X € L(H) should be found. It is assumed that
B(f(A)) :=infR o(f(A)) > 0. (3.2)

To the best of our knowledge, bounds for solutions of function operator equation (3.1) have been established
only for f(z) = z, cf. [14] and the references given therein. In particular in the case f(z) = z" with a positive
integer v we obtain conditions that provide localization of the spectrum of a perturbed matrix in a certain
angle. Such conditions play an essential role, in the theories of periodic differential equations [5] and
fractional differential and difference equations, [4, 15, 19, 22, 23].

Lemma 3.1. Let condition (3.2) hold. Then equation (3.1) has a unique solution X representable in the form
X = f e/ DI fDt gy, (3.3)
0
Proof. Consider the equation YB + B'Y = C where B, C € L(H) are given, and Y € L(H) should be found.
If Re 0 (B) < 0, then as it is well known Y = — fooo eBtCePtdt, cf. [5, Section 1.5] (see also [14, Theorem 2.4]).
Hence (3.3) follows. O
By the Parseval equality, (3.3) implies

Xy, 1) = fo m(Cef(A)ty,ef(A)tyl)dtz % I m(C(f(A)+ia)1)*ly,(f(A)+ia)l)*lyl)dcu

(y, y1 € H). Since || X]| = SUP | cat; lyli=lyali=1 |(Xy, y1), we have

11 < ICll 5= f I(FA) + iwl) P, (3.4)
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Hence, under the hypothesis of Theorem 1.1 we get
2
1 (v 9i(f, A)
IXIl < 5 f (Z = — | dw. (3.5)
T T VR (f(A), i)
Put {(f(A)) := SUP o4 |3 f(wl. Then p(f(A), —iw) > w(f(A), w), where

| By if lw] < C(F(A)),
M”“”‘{@%m»uqu%mﬂm if [l > C(f(A)).

We thus arrive at.

Corollary 3.2. Let conditions (1.1) and (3.2) hold and f be reqular on a neighborhood of co(A). Then ||X|| <
X(fA)IICII, where

00 sl k 2
1 7,(f,A)
way=1 [ 66)
/ ™ Jo ng VEwWHI(f(A), w)
Similarly we can estimate the unique solution to the equation
Yo — f(A)Yof(A) =C, (3.7)
under the condition
rs(f(A)) = sup |f(z)l <1, (3.8)
z€a(A)
making use of the representation of the unique solution Y, of (3.7):
1 2 —iw -1 iw * -1
Yo= o= (Ie™ = f(A)) T C(e“I - f'(A) dw. (3.9)
0

To obtain this representation it is enough to consider the equation Y; — BY1B* = C, whose unique solution

Y1 is representable as
1 = ,
Yi= oo 0 (Ie7™ — B)™1C(e™I — B*) dw,

provided #4(B) < 1, cf. [14, Lemma 2.2] and references therein. Hence (3.9) follows. Now we can directly
apply Theorem 1.1 to (3.9).

4. Spectrum perturbations

Let A,A € L(H) and condition (3.2) hold. In this section we derive the conditions that provide the
relation

B(f(A)) = inf Ra(f(A)) > 0. @.1)

Furthermore, due to the Lyapunov theorem (see [5]) an operator B satisfies the inequality f(B) > 0 if and
only if for some positive definite operator Z, the operator ZB + B*Z > 0, i.e. positive definite. Take B = f(A).
Then we have (4.1), provided

(FA) X1 + XL f(A) > 0, 4.2)

where X is a solution to the equation
(fLA)' XL + XLf(A) = 2. (4.3)
With Af = f(A) - f(A), (4.3) gives
(fAA) + AfY' XL + Xo(f(A) + Af) =21 + Af" X + XL Af.

According to (4.2) we arrive at
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Lemma 4.1. Let f be holomorphic on a neighborhood of 6(A) U o(A) and the conditions (3.2) and
IXLIfFA) = fA <1 (4.4)

hold. Then inequality (4.1) is valid.

Let condition (1.1) hold. Then by Corollary 3.2 || X || < 2x(f(A)), provided f is holomorphic a neighborhood
of co(A). Now Lemma 4.1 implies

Corollary 4.2. Let f be holomorphic on a neighborhood of co(A) U o(A) and the conditions (1.1), (3.2) and

201£(A) = fFANx(f(A) <1 (4.5)
hold. Then inequality (4.1) is valid.
For example, let f(z) = z¥ with an integer v > 0, and let the spectrum of A lie inside the angle

Sy ={zeC:larg z| < m/(2v)},
then we have |arg z'| < 1/2, i.e. condition (3.2) holds in the form
B(A") = inf Ro(A") > 0. (4.6)

In addition, C(f(A)) = C(A") = SUP co() | (A)| and

o o | BAD i ol < C(A"),
s == B0 L e el s v

In this case gi(f, A) is defined by (1.4). So x(f(A)) = x(A"), where
2
91 (A")
X(AY) = =
)= f [Z VElwk+1(AY, w)

2/|AY — AY||x(AY) < 1. 4.7)

Since for any p(A) € o(A) we have u"(A) = u(A") € 0(A") and u(A) = +/u(A) , where the principal branch of
the root is taken, making use of Corollary 4.2 we obtain

Corollary 4.3. Let 6(A) C S, and conditions (1.1) and (4.7) hold. Then also o(A) C S,
Note that

and condition (4.5) takes the form

v—1
AY - A" = Z A1 A = A)AF,
k=0
(see also [14, Corollary 13.1]). So
v—1
IAY = A"l < q ) IA AN, 48)
k=0

where g := ||[A - A||. About norm estimates for A* and other operator functions see [14].
Note that to apply Theorem 3.1 we need estimates for the norm of f(A) — f(A). In particular recall that

-~ 1 -~
A< f (A — Ay s,
0

Hence,

- 1 -
e = el < g f A A0 s
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Furthermore, for an ry > max(rs(4), 7s(A)), let

(o) (o]

f(z) = Z aZ* (z € € : |2l < r0). Then f(A) — f(A) = Z cr(AF — A%y,

k=0 k=0

Suppose that
IASN < agrg, 1AM] < dor§ (k=1,2,..),

where a9 and dj are constants. Then by (4.8) ||A" - A"l < qaodo nrg‘l n=1,2,..),and

IF(A) = FEA < qaoo ), lexlkr ™
k=1

provided the series converges. Additional estimates for the norms of f(A) - f (A) with non-self-adjoint
operators A and A can be found in [14, Chapter 13].

5. Additional perturbation results
For two operators A and A, the spectral variation of A with respect to A is defined by

sva(A) := sup inf |t —s]|.
ool S

Let f be holomorphic on a neighborhood of 6(A) U (A). Following the just pointed definition, the quantity
svfa)(f(A)) = sup Inf 1f(6) = fG)I

tea(A)
will be called the spectral variation of f(A) with respect to f(A).

Lemma 5.1. Let f be holomorphic on a neighborhood of the convex hull co(A, A) of 6(A) U a(A). Then
svpa)(f(A) < sup |f'(2)lsva(A)
zeco(A,A)
Proof. We need the well-known relation f(z1) — f(z2) = f'(c)(z2 —z1) (21,22 € C) for some ¢ belonging to the
segment connecting z; and z,. Now take t € 6(A) and s € 6(A) Then
f(t) = fs) = f/(O)(t —5) (O € co(A,A)).

Hence
sup 1r(1f [f(t) = fGs) < sup |f'(O)l sup inf |t—s|

tea(A) Beco(A,A) tea(A) 57

This proves the lemma. O

Put

(o)

k(A
F()_Z‘%( )1 (e ).

Then taking in Theorem 1.1 f(z) = z, we have [|[(A — AI)~ U < F(1/p(A, A)) (A € 6(A)). Hence by [14, Lemma
1.10] we have sva(A) < z(g, A), where z(g, A) is the unique positive root of the equation gF(1/z) = 1. Now
the previous lemma implies

Theorem 5.2. Let condition (1.1) hold and f be holomorphic on a neighborhood of co(A, A). Then
sopa(f(A) < sup |f'(2)lz(q, A).

zeco(A,A)

If A is normal, then g;(A) = 0, z(g, A) = g and svf(A)(f(A)) < SUP,eeopn iy Lf (D)1



M. Gil’ / Filomat 32:14 (2018), 4937-4947 4946
6. Integral operators

Throughout this section A is an operator in L%(0, 1) defined by

1
(An)(x) = p(X)h(x) + f k(x, s)h(s)ds (h € L2, x € [0,1]), (6.1)

where ¢ is a positive bounded measurable function and k(x, s) is a Hilbert-Schmidt kernel defined on [0, 1]*:

1l
fo fo lk(x, s)[ds dx < oo. (6.2)

Introduce the operators S, Vand W by (Sh)(x) = p(x)h(x),

1

(Vh)(x) = f k(x,s)h(s)ds and (Wh)(x) = f k(x,s)h(s)ds (h € L2, x € [0, 1]).
0 x
Take A =S+ V and f(z) = z2. Simple calculations show that 6(A) = o(S) is real, A; = (V- V*)/2iand
204y — AN oN2(( Uy a L 0 _ 2] — S | 2 L (1\2Y ) — N2(T)
g;(A) = 2N5(Ar) = 2N3(V - V") /4 = 2|Trace (V =V = [Trace (VV7) 2Trace (V2 + (V)9 = N3(V).

According to (1.4) gi(f, A) = g1(A?) = 2r,(A)NL(V) + N%(V). Besides, 5(A) = sup, ¢(x), 0(A?)is real, ((A%) =0
and B(A2) = b(¢), where b(¢) := inf, p?(x). Therefore, w(A?, w) = (b*(¢) + w*)'/?, and

k(Az) 2
2 f—
X(A%) = f [Z \/_(bz((p)_,_wz)(kn)/z] dav

Hence, according to (1.6)

00 2 2 A2 2 2 A2 0o
X(A?) < gf 1 exp [ 1 )z]da) < exp [—!71( )]Ef dew
Tt 0 w TC 0

b (¢) + w? b2(¢) + b2(p) b2(P) + w?
3 2g7(A?)
=exp [ =) 1.
In addition, ||A2 — A?|| = |W? + AW + WA|| and condition (4.5) is provided by the inequality
> 2g7(A?)
W2+ AW + WAllexp [0 <1 6.3)

We thus arrive at

Corollary 6.1. Let conditions (6.2) and (6.3) hold. Then the spectrum of the operator A defined by (6.1) lies in the
angle {z € C : |arg z| < m/4}).

About other bounds for the spectrum of integral operators see [10, 11] and references therein.
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