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Abstract. The authors consider the third order neutral delay difference equation with positive and negative
coefficients

A(ay Ab, A(x, + pxn—m))) + pnf(xn—k) - Qng(xn—l) =0, n>mny,

and give some new sufficient conditions for the existence of nonoscillatory solutions. Banach’s fixed point
theorem plays a major role in the proofs. Examples are provided to illustrate their main results.

1. Introduction
Consider the third order neutral delay difference equation with positive and negative coefficients
AanAbnA(xn + pXn-m))) + Puf Xn-k) = Gug(Xn-1) = 0, n = no, 1)

where 79 is a nonnegative integer, subject to the following conditions:

(H1) pis areal number, and m, k, and I are positive integers;
(H2) {an}, {ba}, {pu}, and {g,} are positive real sequences for all n > ny;
(H3) f and g are continuous functions with xf(x) > 0 and xg(x) > 0 for x # 0;

(Hy) fand g satisfy local Lipschitz conditions, and the Lipschitz constants are denoted by L¢(A) and L,(A),
where A is a closed subset of the domain of f and g.

Let O = max{m, k, I}. By a solution of equation (1), we mean a real sequence {x,} defined for alln > ny— 6,
and which satisfies equation (1) for all n > ny. A solution of equation (1) is said to be nonoscillatory if it is
either eventually positive or eventually negative, and is oscillatory otherwise.

Recently there has been an increasing interest in investigating the oscillatory and nonoscillatory behavior
of various classes of third and higher order difference equations; see for example, the monograph [1], papers
[2-4, 6-11, 13-17], and the references cited therein.
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In [6], the authors studied the existence of nonoscillatory solutions of the higher-order nonlinear neutral
difference equation

A"(x(n) + p(m)x(t(n))) + fi(n, x(01(n)) = fa(n, x(02(n))) = 0, ()

where fi and f, are continuous functions satisfying local Lipschitz condition with xf;(n,x) > 0 fori = 1,2
and x # 0. Using the Banach contraction principle, the authors obtained some sufficient conditions for the
existence of nonoscillatory solutions to equation (2).

In [11], the authors investigated the existence of nonoscillatory solutions to the third order neutral
difference equation

N + k) + Guf (Xnt) = hn, 1> 19, 3)

wherep € R, k, [, np € N, hy, g, € R, and f € C(R, R) satisfies a local Lipschitz condition with xf(x) > 0 for
x # 0. Some other special cases of equation (3) were considered in [7, 9, 10].

There appears to be few results available for third order nonlinear difference equations with positive and
negative coefficients. This most likely is due to the technical difficulties arising in their analysis. Motivated
by the above observations, in this paper we obtain some new sufficient conditions for the existence of
nonoscillatory solutions to equation (1) for p # —1. Our method of proof involves defining appropriate
subsets of a Banach space and then using Banach’s fixed point theorem. Examples are provided to illustrate
our main results.

2. Existence Theorems

In this section, we present nonoscillation results for equation (1) for different ranges of values of p. We
begin with the following theorem.
Theorem 2.1. Assume thatp =1,

o0

X%Zn:p5<m’ and ilj—:iqs<oo, 4)

n=ngy §=ng n=ngp §=np

where R,, = Z:’zno bl Then equation (1) has a bounded nonoscillatory solution.

Proof. Let B(ng) be the Banach space of all bounded real sequences x = {x,,} with the norm ||x|| = SUP,5, |
In view of conditions (H4) and (4), we can choose an integer 17 > 1y + 0 sufficiently large such that, for all
n=ni,

Y (Bt Y <, g

S t=n,

i(&_a—f”—l)i(pt +q) < min{%,é + %},

s=n t=m

©
1l
=

where a = maxjw<3{f(x)}, p = maxi«w<s{g(x)}, and L = max{L([1,3]),L,([1,3])}. Define the closed,
bounded, and convex subset S of B(1np) by

S={x={x,} € B(ng): 1 < x, <3, n=ng}
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and the operator T : S — B(ng) by

(Tx), =

0 n+2jm

oo -1
2- Z Z l Z al Z(Puf(xu—k) - qu!](xu—l))/ n>mny,

j=1 s=n+Q2j-1)m S t= u=m

(Tx)n,, ny < n < mn.

Clearly, T is a continuous mapping on S. For every x = {x,,} € S and n > n;, we have

(Tx)n

and

(Tx)n

IA

IA

v

\%

Thus, TS C S.

n+2jm

253 IS S W

j=1 [s=n+@2j-1)m Sts b u=m

n+2j-1)m
DR 9 e
s=n+(2j-2)m t=s u=m

S 1 ) 1 t—1
2+ Z b_s Z a_t qug(xu—l)

s=n t=s u=mny

00 t t—1

11

2+ Z Z b_sa_t ng(xu—l)

t=n s=n u=n;

S (R~ Ryt | O
2+ Z (ta—tn—l) qug(xu—l)

t=n u=ny

0 t
Rt - Rn—l

2+p (—) gu <3,

00 n+2jm
z-z[ SNSRI

j=1 |s=n+Q2j-1)m bs t=s " u=m
n+2j-1)m
Y YL e
s=n+(2j-2)m S t=s u=ny

t—1

Z PufGus)

u=mn

I\.)
[\’Jz
=
M8
S,

0
1l
=
-
]
[

0 t
11
2 - tZ:V; SZ:; b_sa_t P puf(xu k)
0 R R t—1
t — ™1
2 — tZ‘ ( ﬂt ) Puf(xu—k)
=n u=ny

(]

0y e I

t=n u=ny

4983
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To show that T is a contraction mapping on S, let x, y € S. Then for n > n;, we have

I n+2jm t—

T -Tyd <Y, Y £ Y =Y (ulf ) ~ @l + g — )

a
=1 s=n+@j-Lm ° Fu=m

H

t=s u

0 00 =1
1 1
<L =y} 52 D)
s=n ° t=s u=ny
0 11 =1
<O=yl ) Y 5 2+ do)
t=n s=n ° "' u=m
00 3
Ri =R,
<Lyl Y () Y+
t=n u=ny
This implies that

ITx = Tyll < Collx = yll

where Cyp = LY12, (Rf_a—lf”*l) Y =, (Pu + qu). In view of (5), we see that Cy < 1, and so T is a contraction

mapping. Hence, T has a unique fixed point x = {x,}. That is,

(o] 2 (o]
— 2 - Zj:l Z:Jrn_]:(nz] 1)m b Zt = alf Zu m [Puf(xu—k) - %!](xu—l)] , n > ny,
(TX)n,, ng <n < my.

Furthermore, we have

m n+2jm n+(2j-1)ym 1 oo 1 t-1
Xp + Xy = 4-— Z [ Z + Z } b_ Z - [puf(xu K — %tg(xu—l)]

=n+Q2j-1)m  s=n+(2j-2)m
) t—1

lt Z [puf(xu—k) - ng(xu—l)] .

s=n t=s u=m

Il
Iy
|
gk
@"H
)

Therefore,
A@n A Ay + Xy-m))) + Puf (Xn-k) — §ug(xn-1) =0,

and {x,} is clearly a positive solution of equation (1). This completes the proof of the theorem. [
Our next result is for the case 0 < p < 1.

Theorem 2.2. Assume that 0 < p < 1 and condition (4) holds. Then equation (1) has a bounded nonoscillatory
solution.

Proof. Let B(ng) be the Banach space defined in the proof of Theorem 2.1. By conditions (Hy) and (4), we
can choose 13 > ny + 0 sufficiently large such that

i IZ_S Zs:pt < P_L~ (il_ Nl),

s=n t=n3
' R v 1—p-pNy
Za_ qr = 8 ’ (6)
s=n ° t=n3 1
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hold for all n > n3, where Ny > M; >0,1-N; <p < (L]\I\/]I‘)), a1 = maxpy, <x<n; (X)), B1 = maxa, <x<n {g(X)}

and Ly = max{L¢([M1, N1]), Ls([M1, N1])}. Set
S1 = {x = {xu} € B(ng) : M1 < x,, <Ny, n > np};

then S is a closed, bounded, and convex subset of B(rg). Define the operator T : S; — B(np) by

(e8]

1- P —PXp-m + Ryt Z Z(ptf(xt k th(xt l))

s=n-1 st n3
(Tx)n — n-2 Rs s—1
+ Z . Z(Pt f(-i) = qrg(xi-1), n>mn,

s=n3 ° t=ns

(TxX)ns, ng < n < ns.
Clearly T is a continuous mapping on S;. For every x € S; and n > n3, we have

(Tx), < 1- p+a1Rnlz Zpt+a12§2pt

s=n— 1 = 13 s=n t=n3

1- p+0é12 Zpt<N1,

s=ng tn3

IN

and

-1
(Tx), =2 1-p-pN1-— ,31Rn12 th ‘Blzlaiz

s=n— 1 S t= n3 s=nz t=nj

1-p-pNi- ﬁ1Z Z%>Ml

s=n3 t=njz

\%

Thus, TS; € S1. Now for x, y € S; and n > n3, we obtain

(o]

|Txn - T]/nl < p|xn—m - yn—m| + Rn 1 Z Z ptlf(xt k) f(yt k)l

snlstn3

+Z Zpt|f(xt 1) = f(Yi-p)l

s=n3 tn3

[

Ry Z Z"tht ) = 9(yi-)

s:n—l S = n3

+Z Z‘Mﬁ(xt 1) = 9l

s=n3 tn3

plix =yl + Lallx = yi Z X(m +49)

n=ns s=n3

IA

Cillx =i,
where C; =p+ L1 ). R o s (Ps + gs) < 1in view of (6). This implies

n=nz g,

ITx = Tyll < Cillx = i,

and so T is a contraction mapping. Hence, by the Banach contraction mapping theorem, T has a unique
fixed point that in turn is a positive solution of equation (1). This completes the proof. [



K. S. Vidhyaa et al. / Filomat 32:14 (2018), 4981-4991 4986

Theorem 2.3. Assume that 1 < p < oo and (4) holds. Then equation (1) has a bounded nonoscillatory solution.

Proof. Let B(ng) be as in the proof of Theorem 2.1. By conditions (Hy4) and (4), we can choose an integer
ny > ny + 6 such that

s=n t=ny
= R o (1-My)p—(1+Ny)

Rs < , 7
Z . Zq % %)

for all n > np, where N > M, > 0, (1 = M)p > 1+ Ny, p(1 = Np) < 1, ap = maxp,<x<n, {f (X)), B2 =
maxy,<x<n,{7(x)}, and Ly = max{Lf([Mz, N2]), L,([M2, N2])}. Let

Sy = {x = {x,} € B(g) : My < x,y <Ny, 1> ng}.

Define the operator T : S, — B(ng) by

1 1 1
1— == —Xpm + —Rpsm—1 Z Z(Ptf(xt k) — th Xt-1))
P P P s=n+m-1 st 1y
(Tx)n — 1 n+m-2 R s—1
Y, = Y eif i) — glxin), n>m,
p 5=y as t=n,
(Tx)nz/ ng <n < np.

Clearly T is continuous on S,. For every x € S5, and n > np, we have

n+m2 s—1

1 1
(TX)n < 1--+ —n Z‘ Zpt+ - Z Zpt
p P s=n+m— 1 t=ny s=ny t=ny
1 1 wR vy
< 1-=-+-m — pr < N,
p pr SZZ,;Z as t_an
and
00 -1 n+m-2 s—1
1 1 1 Rs 1 R,
(Tx)y =2 1=-===Na—=p> — ) 9 —=p2 — )

1—%—%1\72——,322 ZPt>M2

s=H, Stnz

Thus, TS, € S,. Since S, is a bounded, closed, and convex subset of B(1), we need to prove that T is a
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contraction in order to apply the contraction mapping principle. Now for x, y € S, and n > n,, we see that

1 1 0 1 s—1
|Txn - Tynl < _|xn+m - ]/n+m| + _Rn+m—1 Z ﬂ_ Z ptlf(xt—k) - f(yt—k)l
p p s=n+m—1° t=ny

n+m-2 s—1

Sy %me(xt_k)—f(yt-kﬂ

p S=1y t=np

(o] s—1
1 1
+};Rn+m—1 Z p Z grlg(xe-1) — g(yi-1)|

s=n+m=1° t=ny

n+m-2 s—1

1 R,
+;; Z r Z gelg(xe-r) — g(ye-)!

s=np s t=ny

1 1 R
Sl =l el =l )22 )+ 40

s=np t=ny

IA

= Cllx -yl

which implies
ITx = Tyll < Callx = yll.

From (7), we have C; = %(1 +L Y2, Iﬂi; Y, (e + qt)) < 1, and therefore T is a contraction mapping.
Hence, T has a unique fixed that is a positive solution of equation (1). This proves the theorem. [

Our next two theorems are for cases where p < 0.

Theorem 2.4. Assume that =1 < p < 0 and condition (4) holds. Then equation (1) has a bounded nonoscillatory
solution.

Proof. Let B(np) be as in Theorem 2.1. By conditions (H4) and (4), we can choose 14 > 1y + 0 such that

vy 14PN -1 +p)

; a_s t=ny pt a3
= Ry o 1+p-Ms(1+p)
Z - Qt < 7 (8)
s=n as t=ny ﬁS
00 s p
Z—SZ(PHW]O < I
s=n 5 t=ny

hold for n > n4, where M3 and Nj are positive constants satisfying 0 < M3z <1 < N3, a3 = maXy,<x<n, 1 f (%)},
Bs = maxp,<x<n; {9(x)}, and Lz = max{L¢([M3, N3]), L,([M3, N3])}. Set

Ss = {x = {x,} € B(g) : M3 < x,, < N3, 1> np}.

Then S;3 is a bounded, closed, and convex subset of B(11g). Define the operator T : S3 — B(ng) by

=) s—1
1
Lt p=prun + Rt ), — Y (pef(imi) = g xi-1)
s=n—1° t=ny
(Tx)n — n-2 Rs s—1
+ S:Zni . t_Zm(pt fxe—k) — qeg(xe-r), n>ny,
(TxX)n,, ng < n < ny.
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Then T is a continuous mapping on S3 and for every x € Sz and n > ny,

n-2 -1
(Tx), < 1+p-— pN3+ag,Z Zpt+a3z Z
s=n—1 stm s=n t=n.
< 1+p pN3+0(32 Zpt<N3
S=ny tn4
Similarly,
(Tx), = 1+p- pMs—,B3Z Z%>M3,

S=ny4 t54

and so TS; C Ss.
To prove that T is a contraction mapping on S, take x, y € S3, Then for n > n4, we have

|Txn _Tynl < _p|xn m ]/n m| +Rn 1 Z Zptlf Xi— k) f(yt k)l

snl tn4

+Z Zptlf (err) = Fir)

S=MNy i‘l’l4

Ry Z Z»mg(xt ) = 9(ye-0)

5= 1stn4

+Z: ijmmo—mwo

S=MNg4 tl’l4

—pllx =yl + Lallx - yuZ Z(pmh

s=ny tn4

IA

= Gllx=yll.
Hence,

ITx = Tyll < Csllx = yll

where C3 = —p+L3 Y.,2,., ; Yo, (ps +45) < 1by (8). Hence, T is a contraction mapping, and therefore T has
a unique fixed point that is a positive solution of equation (1). This completes the proof of the theorem. O

Theorem 2.5. Assume that —co < p < —1 and condition (4) holds. Then equation (1) has a bounded nonoscillatory
solution.

Proof. Again let B(n) be as in Theorem 2.1. In view of conditions (Hy) and (4), we can choose an integer
ns > np + Olarge such that

Z Z t_—(P+1)N4—1)

s=n Stn5

R ~1+p)(1-M
Z;Z‘?fﬁ ( +P()X(4 4), o)

s=n > t=ns

00

Y Y gy < XD

s=n Stn5
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for n > ns, where My and Ny are positive constants satisfying 0 < My < 1 < Ny, ay = maxp, <, <N, 1 (%)},
Ba = maxpg, <x<n, {g(x)}, and Ly = max{L¢([My, N4]), Ls([M4, N4])}. Set

Sy ={x ={x,} € B(ng) : My < x, < Ny, n > np}

which we see is a closed, bounded, and convex subset of B(n). Define the operator T : S4 — B(ny)

(o)

1 1 1
1+ ;; - ;;xn+m + ;;Rn+m—1 Z Z(Ptf(xt 1) — q:9(xe-1))

s=n+m— 1 S = s
— n+m-—. 2 s—1
(Tx)n = 1

=Y —Z(ptﬂxt 0 — qig(xi)), 0> ns,

p $=ns as t=ns
(TX) s, ngp<n<ns

Now T is continuous on S4, and for every x € S4 and n > n5, we have

(Tx), < 1+ L 1N4 - 1ﬁ4 Z Z% - —,34 Z Zlﬁ
p P p s=n+m— 1 t=ns t=ns
< 1+1—1N4—1ﬁ42 Z%<N4,
S=ns t=ns
and
1 1 n+m-— 2 s—1
(Tx), = 1+-—-=My+ a4 Z Zpt+ —y Z Zpt
p P s=n+m-— 1 t=ns 5=ns t=ns
>

+%—%M4+044Z ZPt>M4

s=ns stn5

Thus, TS, C S4.
To prove that T is a contraction, let x, y € S4. Then for nn > 15, we have

1
ITx, — Ty, < _;lxl’l+m Yuaml = =Ry Z Zpt|f(xt k) = f(yei)l

sn+m1 S t=ns

——Rn+m1 Z meg(xt )= g0

s=n+m-— 1 5 t=ns

n+m 2 s—1
—— Z o L PG = fynl
S=ns t=ns
1 n+m-2 s—1
— Y o gt - gyl
p S=ns t=ns
< ——||x yII——L4IIx yIIZ Z (pe +q)
S=ns t=ns
= Cllx =yl
which implies that

[ITx — Tyll < Callx — yll.

In view of (9), C4 = %(—1 —Ly Z:’;ns 1;— Zi:ns (pr +4q+)) < 1, and this implies T is a contraction mapping. Hence,
T has a unique fixed point that a positive solution of equation (1). This proves the theorem. [
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Remark 2.6. It is easy to see that Theorems 4-8 include the results in [11] as a special case. They also include the
results in [6] for m = 3. The results obtained in this paper are new and extend or complement those in [6,7,11,16,17].

3. Examples
In this section, we provide some examples to illustrate our results.

Example 3.1. Consider the third order neutral difference equation

8(n—2) 8(n —2)°
A (1’1(1’[ - 1)A (1’1(1’1 + 1)A(xn + anl))) + mxnfz m o = 0, n>2. (10)
Here,p=1,a, =n(n—1),b, =nn+1), f(x) = x, g(x) =%, p, = nfgnzs)' and q, = % Simple calculations
show that
o1 n—1
R”_;s(sﬂ) T 2mn+1)
(e8] , n 00 1 n 8(5 _ 2)
- pS = < OO,
nZ:;‘ an = HZ:;A 2n(n +1) 4 — 5%(2s - 3)
and
i_n” v 1 86-2° _
b 0, & 95 = £ 2n(n + 1) & 54(25 - 3)3 ’

Hence condition (4) is satisfied. By Theorem 2.1, the equation (10) has a bounded nonoscillatory solution. In fact, the
sequence {x,} = {2 + %} is such a solution of equation (10).

Example 3.2. Consider the equation

1 1 16 3
A(ZnA (ZHA (xn + zxn_l))) + mxn_z — mxn_z =0,n>1 (11)

We have a,, =2",b, =2",p = % flx)=x,gx) = X8 Pn = g 2”+16)’ and q, = (2n1616)3. Simple calculations give

n n

1 1 1
Ri=) g = 7=(1-3)

s=1 s=1

and

= R, | 1\ v 1
il = —1-= e
; a, L Zz( 2); Fiie)

n s=1 n=1
(o] n (o] n
n 1 ( 1 ) 16
G = — |1 -— —_— <
; ay = nz_; o \" T o SZ_; 2 1 16)°

Hence, condition (4) holds. By Theorem 2.2, the equation (11) has a bounded nonoscillatory solution in [My, N1]. In

fact by taking My = 1= and Ny = 2, we see that the sequence {x,} = {3 + 3} is such a solution of equation (11) in
[16’ gl

Example 3.3. Consider the equation

1 1 1
n n 3 — = >
A(3 A (3 A(xn - —xn_l))) + ( P 9)3 xn_2 9n(3n 3) Xn—1 0, n 1 (12)
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1 1

In this case a, = 3", b, = 3", p = —3, f(x) = X3, g(x) =x, py = W, and q, = TR We see that

and

1 1 1/3"-1
Rn: P _s:_(—n)’
b H3 213

0 n (o] n
. o111 1
;Zszlps‘;z(w 9");(3n+9)3<°°’

=

> R, S 1(1 1)\v 1
Yo te=Yilz -5 Lags <

s=1 n=1

By Theorem 2.4, equation (3.3) has a bounded nonoscillatory solution in [Mz, N3]. Taking Mz = § and N3 = 3, we
see that the sequence {x,} = {1 + LV is a solution of equation (3.3) in [%,3].

3n

Remark 3.4. In conclusion, we have shown that for any value of p # —1, condition (4) implies that equation (1) has a
bounded nonoscillatory solution. It is well known that for neutral equations, the value p = —1 behaves as a bifurcation
point in the behavior of solutions, so it is no surprise that it is eliminated from consideration here (see [5, 12]).
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