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Abstract. In this paper, we obtain the differential equations of the space-like loxodromes on the non-
degenerate canal surfaces depending on the causal characters of these canal surfaces and their meridians
in Minkowski 3-space. Also we give an example by using Mathematica computer programme.

1. Introduction

Loxodromes are special curves which cut all meridians on the Earth’s surface at a constant angle.
Thus loxodromes are usually used in navigation. Noble [8] found the equations of the loxodromes on the
rotational surfaces in Euclidean 3-space. Babaarslan and Munteanu [1] obtained the equations of time-
like loxodromes on the rotational surfaces in Minkowski 3-space. After that the equations of space-like
loxodromes on the rotational surfaces in Minkowski 3-space were given by Babaarslan and Yayli [2]. A
canal surface in Euclidean 3-space is the envelope of a moving sphere whose trajectory of centers is a spine
curve a(u) with varying radius r(u). The analytic and algebraic properties of canal surfaces in Euclidean
3-space were given by Xu et al. [13]. A lot of object and structures can be represented by using canal
surfaces, for examples; pipes, hoses, brass instruments, internal organs of the body in solid modeling,
helical channel and tunnels. Cylinder, cone, torus, sphere, tubular surfaces and Dupin cyclide are some
particular examples of canal surfaces. If we take the radius 7(u) as constant, then the canal surfaces reduce
to tubular surfaces ([4],[11]). Ucum and Ilarslan [11] found the parametrizations of the canal surfaces for
all Lorentz spheres which are pseudo sphere (De Sitter space) $?, pseudo-hyperbolic sphere (hyperbolic
plane) H? and light-like cone C. The differential equations of loxodromes on canal surfaces in Euclidean
3-space were obtained by Babaarslan [4]. We know that helicoidal surfaces are a natural generalization of
the rotational surfaces. Loxodromes on helicoidal surfaces in Euclidean 3-space were studied by Babaarslan
and Yayli [3]. Differential equations of the space-like and time-like loxodromes on helicoidal surfaces in
Minkowski 3-space were found by Babaarslan and Kayacik ([5], [6]).

In this paper, we investigate the differential equations of space-like loxodromes on the non-degenerate
canal surfaces in Minkowski 3-space which were obtained by Ucum and Ilarslan [11]. Also we give an
example by using Mathematica.
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2. Preliminaries

In this section, we give necessary concepts related to curves and surfaces in Minkowski 3-space IE?
The Lorentzian scalar product of the vectors u = (u3, up, u3) and v = (v1, vz, v3) in ]E? is

< U,V >= —U101 + UpUy + U3V3. @)

Also the pseudo-norm of the vector u € IE} is given by

llull = IKu, wl. 2)
An arbitrary vector u € ]Ef is (or its causal character is)

i. space-like if (u,u) > Ooru =0,
ii. time-like if (1, u) <0,

iii. light-like (null) if (u,u) = 0and u # 0.
Let a : I — [E3 be a regular curve in [E3, where I C R is an open interval. The curve a is called

i. space-like if (&, &) > 0,
ii. time-like if (&, &) <0,

iii. light-like if (&, &) = 0 (see [7]).

Let S : U — [E3 be a smooth immersed surface in IE}, where U C R is an open set. S is non-degenerate
if its first fundamental form is non-degenerate. Then S is (or its causal character is)

i. space-like if its first fundamental form is a Riemannian metric,

ii. time-like if its first fundamental form is a Lorentzian metric (see [10]).
For examples; the pseudo-hyperbolic sphere (hyperbolic plane)
= {pelE?l <pp>=-1) 3)

is a space-like surface.
Also, the pseudo sphere (De Sitter space)

SI={peEl<pp>=1} (4)

is a time-like surface (see [7]).
Let {S,, S,} be a local base of the tangent plane at each point of S. Then the first fundamental form of S is

I = ds? = Edu? + 2Fdudv + Gdo?, 5)

where E =(S5,,S,), F =(5,,5,) and G = (S,, S,) are the coefficients of first fundamental form of S.
By using these coefficients, we can give the causal characters of S. For example;

i. Sis a space-like if and only if det(I) = EG — F? > 0,

ii. Sisa time-like if and only if det(I) = EG — F? < 0 (see [7], [12]).

Also the arc-length of any curve on S between 17 and u; can be given by

E +2F— + G(—)

(see [5]).
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3. Differential equations of the space-like loxodromes on the space-like canal surfaces which have
space-like meridians

In this section, we find the differential equations of the space-like loxodromes on the space-like canal
surfaces having space-like meridians (that is, EG — F> > 0 and E > 0 for all (1, v)).

Definition 3.1. If u and v are space-like vectors in E2 which span a space-like plane. Then
(u,0) = |lullllvl| cos ¢,
where Y € R (0 < ¢ < ) is the Lorentzian space-like angle between u and v [9].

Definition 3.2. A space-like curve on a space-like canal surface in 3 which has space-like meridians is called a
loxodrome if the curve cuts all meridians at a constant Lorentzian space-like angle.

1. Let us consider the following space-like canal surface C which is given by (3.1) in [11]:

C(u,v)=a)+h@)T u)+ g u)m (sinhv) N (1) + g (1) my (coshv) B (u), (7)

where g (u) = r(u) /1 + (' W)?, h(u) = r () ¥ () and my, my € {=1,1}.

The coefficients of first fundamental form of the canal surface C are

E = (C, Cy) = (kih(u) — kamag (u) coshv + myg’ (1) sinh v)2

— (kamyg (1) sinh v — mag’ (u) cosh 0)2 + (1 - kymyg (u)sinho + 1 (u))2 ,
F = (Cy Cy) = g(u)(kymh(u)coshv — kymimyg (1)),
G = (Co,Co)=g"(w).

By using these coefficients, the first fundamental form of C is given by

ds? = { (Frh (u) — komag (u) cosh v + my g’ (1) sinh 0)2
— (kamyg (1) sinh v — mpg’ (u) cosh 0)2 + (1 = kymyg (u) sinh o + ' (u))2 }du2
+2{g (1) (kymah (1) cosh v — komymag (1)) }dudv + g (u) dv?.
Let us assume that f(t) is the image of a curve (u(t), v(t)) on the (uv)-plane under C. According to the
local basis {C,, C,}, the tangent vector p’(t) has the coordinates (1’,v’) and the tangent vector C, has

the coordinates (1,0), Therefore, at the point C(1, v), where the space-like loxodrome cuts the space-like
meridians at a constant Lorentzian space-like angle, we get

Edu + Fdv
VA
{ (K1l (1) = koymag (1) cosh v + my g’ (1) sinh v)2
VA
— (komyg (1) sinh v — mag’ (u) cosh v)2 + (1 = kymyg (u) sinho + I’ (u))2 }
VA
{g (u) (kymyh (u) coshv — kymimyg (1)) }

+ do,

VA

cos

u
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where

A = E’du®+ 2EFdudv + EGdv?
= { (k1h (u) — kamag (u) cosh v + my g’ (1) sinh 0)2

— (kamig (1) sinh v — mag’ (u) cosh 0)2 + (1 = kymyg (u) sinho + I’ (u))2 }zdu2

+{2g (1) (kym1h (u) cosh v — kymymag (1))

X[(kyh (1) = kympg () cosh v + my g’ (u) sinh v)* — (ko g (u) sinh o — myg’ () cosh v)*
+(1 = kg () sinh o + B’ (u))*]}dudo

+{g2 (1) [(k1h (1) — kompg (1) cosh v + m1 g’ (1) sinh v)z

— (kamyg (1) sinh v — mag’ (u) cosh v)z + (1 — kymyg (u) sinh o + ' (u))Z]}dvz.

From this equation, we obtain the following differential equation of the space-like loxodrome on the space-
like canal surface having space-like meridians:

2
(cos? YEG - F?) (Z—Z) — 2sin’ I,DEFZ—Z = sin? YE2,

that is

{ cos? g (u) [(kah (1) — kymog(u) coshv + my g’ (u) sinh 0)2

— (kamyg (1) sinh v — mpg’ (u) cosh 0)2 + (1 - kymyg (u)sinhv + 1 (u))z]

—gZ (u) [(kym1h (1) coshv — k2m1m2g2 (u)]} (Z—Z)z

—{2 sin? g (u) (kymyh (1) cosh v — kymymag (1))

X[(k1h (1) — komag (1) cosh v + m1 g’ (1) sinh 0)2 — (kpymyg (u) sinh v — myg’ (1) cosh 0)2

+(1 = kymyg (u) sinh o + (u))z]}j—z

= sin? yb{ (krh () — komag (u) cosh v + my g’ (1) sinh v)z

— (kamyg (1) sinh v — mag’ (u) cosh 0)2 + (1 - kymyg (u)sinho + 1 (u))2 }2.

We have the following result.

Corollary 3.3. The differential equation of the space-like loxodrome on the space-like tubular surface C which is given
by (3.18) in [11] having space-like meridians is

2
{r2 cos® Y[kar? + (1 — kymyrsinh v)?] — 4k§} (j—z)

+217kymymy sin® 1/1[k§r2 + (1 — kymyrsinh U)Z]Z—z
2
= sin? 1/1{k§1’2 + (1 — kymyr sinh o) } .
2. Let us consider the following space-like canal surface C which is given by (3.2) in [11]:

C(u,v)=a)+h@)T (u)+ g u)m (coshv) N (u) + g (u) my (sinhv) B (u), (8)

where g (u) = r(u) /1 + (' W))?, h(u) = r(u) ¥ (u) and my, my € {-1,1}.
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The coefficients of first fundamental form of the canal surface C are

E = —(-kh(u)+komyg (u)sinhv + my1g’ (u) cosh v)2
+ (kymyg (1) cosh v + myg’ (u) sinh v)” + (1 — kymy g (u) cosh o + 1’ (u))?,

|
I

g (1) (kymah (u) sinh v + komymag (u)),

G = ¢ ).
By using these coefficients, the first fundamental form of C is

ds?> = { — (=k1h (u) + kamag (u) sinh v + my 9’ (1) cosh v)2
+ (kymy g (1) cosh v + myg’ (1) sinh 0)2 + (1 = kymyg (u) coshv + I’ (u))2 }du2
+2{g (u) (kymal (u) sinh o + kymymag () |dudo + g (u)do?.
At the point C(u, v), where the space-like loxodrome cuts the space-like meridians at a constant Lorentzian
space-like angle, we get

{ = (=Kl () + kyrag () sinh© + my ' (u) cosh v)”

VA
+ (kamyg () cosh v + myg’ (u) sinh 0)2 + (1 — kymyg (u) coshv + I (u))2 }

VA
N {g (1) (kymih (u) sinh v + kymymyg (1)) }d

VA

cosy =

du

o,

where

A = { — (=kih (u) + kamag (u) sinh v + my g’ (1) cosh v)?
+ (ko g (1) cosh v + mag’ () sinh v)* + (1 — kyma g (u) coshv + K’ (1)) }zduz
+{2g () (kymyh () sinh o + kymymag (u))
X[— (=kih (1) + kynpg (1) sinh v + 11’ (1) cosh v)* + (kymy g (1) cosh v + myg’ (1) sinh v)?
+(1 = kymig () cosh v + ' ())*]}dudo
+{g2 (1) [— (—keh (1) + komypg (1) sinh v + m1g” (u) cosh 0)2

+ (kamyg (1) cosh v + mag’ (u) sinh v)z + (1 — kymyg (u) coshv + 1’ (u))z]}dv2.
From this equation, we obtain the following differential equation of the space-like loxodrome:

{ cos? wg? (u) [-(=kih (1) + komag(u) sinh v + my g’ (u) cosh v)?
+ (kamyg () cosh v + mag’ (u) sinh v)2 + (1 - kymyg (u) coshv + I’ (u))z]

2
—g* () (kymyh () sinh o + kzm1ng(u))2} (Z_Z)
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—{2 sin? ¥g (u) (kymyh (u) sinh o + kymymyg (1))
X[— (—kih (1) + kamag (1) sinh v + my g’ (u) cosh v)z + (kamyg (u) cosh v + myg’ (1) sinh 0)2
+(1 = kymyg (u) coshv + I (u))2]}j—z
= sin® 1#{ — (=k1h (u) + kpmag (u) sinh v + m1 9" (1) cosh v)2
+ (kam1g (1) cosh v + mag’ (u) sinh zJ)2 + (1 - kymyg (u) coshv + 1’ (u))2 }2.
We have the following result.
Corollary 3.4. The differential equation of the space-like loxodrome on the space-like tubular surface C which is given

by (3.19) in [11] having space-like meridians is

2
{1 cos? pli&r + (1 = kymyr coshv)?] - K3} (S—Z)

—21?komymy sin® yb[k§r2 + (1 — kymyr cosh U)Z]Z_Z
= sin? ¢{k§r2 + (1 — kymyr coshv)? }2.
3. Let us consider the following space-like canal surface C which is given by (3.31) in [11]:

C 1, 0) = a () = 1 () T (1) + p () 111 (cos ©) N () + p (1) mz (sin 0) B (u), 9)
where p (1) = 7 (1) A/ W)* =1, h(u) = r () ¥ (u) and my, m, € {-1,1}.
The coefficients of first fundamental form of the canal surface C are computed as

E = —(1+kmpu)cosv—H (u))2 + (kyh (1) + komap (1) sinv — myp” (1) cos 0)2

+ (kamap (1) cos v + map’ (u) sin 0)2 ,
F = p)(kmh(u)sino+kymimap (u)),

G = pP*(u).
By using these coefficients, the first fundamental form of C is given by
ds* = { — (1 + kymyp (u) cosv — I’ (u))* + (kih (u) + kymap (u) sinv — myp’ (1) cos v)*
+ (kamip (u) cos v + map’ (u) sin 0)2 }duz
+2{p (1) (kymah () sinv + kpmymap (1)) }dudv + p* (u) do*.
At the point C(u, v), we have the following Lorentzian space-like angle:

{ — (1 + kymyp (u) cos v — B () + (kih (u) + kymop (1) sinv — myp’ (1) cos v)*
VA
+ (komap (1) cos v + myp’ (1) sin U)2 }

VA

{p (1) (kymah (u) sin v + kpmymap (1)) }
+ do,

VA

cosy =

u
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where
A = { — (1 + kymp (u) cosv — 1 (u))2 + (kyh (1) + kamgp (1) sinv — myp’ (u) cos 0)2
+ (kamip (1) cos v + map’ (u) sin v)2 }Zdu2
+{2p (u) (kymyh (u) sinv + kymymop (1))
X[— (1 + kymyp (u) cosv — I’ (u))2 + (kyh (1) + kamgp (1) sinv — myp’ (u) cos ZJ)2
+ (kamip (1) cos v + map’ (u) sin v)z]}dudv
+{p2 () [ (1 + kymyp (u) cos v — I’ ()
+ (kyh (u) + komop (u) sinv — myp’ (1) cos 0)2 + (komyp (u) cos v + myp’ (1) sin 0)2]}6102.
By using this equation, we find the following differential equation of the loxodrome:

{ - pz (u) (kymyh (u) sino + kp_mlmzp(u))2 + cos? L//pZ () [-(1 + kymyp (u) cosv — I’ (1))

2
+ (kah (u) + koymap(u) sinv — myp’ (u) cos 0)2 + (kymip (u) cos v + mpp’ (1) sin v)z]} (Z—Z)

—{2 sin? Yp (u) (kymih (u) sinv + komymap (1))
X[— (1 + kymyp (u) cos v — B (u))* + (kyh (1) + kymop (1) sinv — myp’ (1) cos v)°
+ (kamap (1) cos v + map’ (u) sin 0)2]}2—2
= sin? ¢{ — (1 + kymyp (u) cosv — B () + (kih (u) + kymop (u) sino — myp’ (1) cos v)*
+ (kamp (1) cos v + map’ (u) sin 0)2 }2.
4. Let us consider the following space-like canal surface C which is given by (3.41) in [11]:

t(u)

Cu,0) 2b(u, v)

a)+h@w)T (u)+b(u,v)N (u) +

= a(u)+h()T (u)+bN (u) + %B(u), (10)

B (u)

where 11 (1) = r(u) ¥ (u) and t (1) = =12 () (1 + 172 (u)). The coefficients of first fundamental form of the canal
surface C are computed as

E (1 B k1;l(ju) i (u))z _ (bu +kob + kih () (bu;fz(u) + kbt (u) — bt’ (u)),
F = by (2b,t (1) + kobt (1) + kil (1) t (1) + kobt (1) — bt (1))
T 202 '
b2t (u)
G = - 2

where by, b, refer to the derivative of the functions with respect to u, v, respectively. By using these
coefficients, the first fundamental form of C is given by

{(1 _fat(w) g _ (bu + kb + kih (1)) (but (1) + kobt (1) — bt’ (1)) }duz

ds? ) 7
B { by 2Byt (1) + kabt (i) + ko (u) £ (1) + kobt (u) — B’ () } 0

2
= = do”.
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At the point C(u, v), where the space-like loxodrome cuts the space-like meridians at a constant Lorentzian
space-like angle, we obtain

kit (u) , 2 (b, + kob + kih (1)) (bt (u) + kobt (u) — bt (u))
== *hw) - b2
cosy = Vi du
{bv (2ot (11) + kabt (1) + KeJt (u) £ (1) + Kbt (1) — b’ (u))}
2b?
— d 7
\/Z 0
where
A {(1 Rt (u))z | k() ut )+t )~ () }2 Iy

_{bl_ﬂ?v (2but () + abt () + kb (u) £ (1) + kabt () — b’ (1))

2 b?

2 ’
B [( O (u)) ool e lah () Bt )+ bt 1) = b (u»]

2
= }dv .

From here, we get the following differential equation:

X[ (1 kit ” ))2  (bu + kab + ki (w) (but () + kbt (u) = b’ (u))]}dudv

{@bz[ 2Dyt (1) + kabt (1) + kyh () £ (1) + Kobt (u) — bt (1))

2 , 2
2 cos? i () ( (1 k@ (u)) - (v ab k) ot ) bt )~ b <u>>)]} ( o )

{bzb sin? ¢ (2b,t (1) + kobt (u) + kol () t (u) + kbt (u) — bt (u))

kit ) o, N (bt kab + ik () (Bt () + kot (u) — b () || do
x[(l— T +h (u)) - = ]}E

o q){( B Ly, ))2_<bu+kzb+k1h<u>><bu£2<u)+kzbt(u)—bt'<u»}2‘

Also the following result can be given.

Corollary 3.5. The differential equation of the space-like loxodrome on the space-like tubular surface C which is given
by (3.54) in [11] having space-like meridians is

ki1 (b +k b) ’
1, ) 1 2\Yu T R20)
{4b4b [ 47 (bu +k2b) +4b 1’2COS lﬁl}((l + 2b ) tr bZ )]}(du)
. B2V, P b bk |\ do
_{b—zbv sin” i (b, + bkz)[(l o) T w2 (a

2
. kyr 12 (by + kob)?
= sin ¢{(1+2—b) +T .
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5. Let us consider the following space-like canal surface C which is given by (3.62) in [11]:

2 (1) + b*(u, v)

Cu,v) = a()- STIO) T (1) + b(u,v)N (1) + h (u) B (u)
= a)- %T(u)+bN(u)+h(u)B(u), (11)

where i (1) = r () ' (u) . The coefficients of first fundamental form of the canal surface C are given by

20 (1) (h (u) + bub) — (b2 +72 (u)) W (1)
2h2 (1) !

(2 + 2 )k ’
E = bu—T(u)—kzh(u) +2|1+ kb -

bob (bky — I’ (1))
nwy

—~
Il

h [bu ki (bz +72 (u))

2 () —kxh (M)J +

G = W

where b, and b, refer to the derivative of the functions with respect to u, v, respectively. By using these
coefficients, the first fundamental form of C is given by

(b2 +72 (u))k1 ’ 20 (1) (h (u) + bub) — (b2 +72 (u)) W (1)
ds? = { by————— " —hoh(u)| +2|1+kb— }duz

25 (u) 212 (1)
ky (b + 72 (1) _y
+2{bv [bu - NT;)L{) — ko (u)] + W}dwda + b2dv?.

Asitwas mentioned earlier, at the point C(u, v), where the space-like loxodrome cuts the space-like meridians
at a constant Lorentzian space-like angle, we have

( (b2+r2 (u))k1 ]2 [ 20 (u) (h (u)+b,,b)—(b2+r2 (u))h’ (u)J
{bu———kzh(u) +2[1 + kb — }

2h (1) 7 w)
cosy = — L
ky (b* + 7% (u) iy
{bv {bu - % —koh (u)] + W}
’ dvo,

VA
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where
(6% + 72 (1)) ko ’ 2h (u) (h (u) + byb) = (B + 72 () I’ () | )2 )
A = { bu - T(u) - k2h (M) +2|1+ k2b - e (1,[) } du
(02 + 72 )k bb, (bky — I’ (1)) (6% + 72 (1)) ko ’
+{2 [bv [bu — T(u) - k2h (M) + T bu — T(u) — kzh (M)
i 2h (1) (h (u) + byb) = (B + 7 () I’ (u1) y
+211 + kb — 22 W) }uv
(22 + 2 )k ’
+{b% [[bu - T(u) - kzh (Ll)
o 2h (1) (h (u) + byb) = (B + 72 () ' (u1) 2
+211+ kob — 2 ) }v.

Thus the following differential equation is obtained

A R LN o |
—1b, u_T(u)_ 2h (1) +T

P+ )k ’
+ cos® Yb? [[bu - (;# - kah (”)]

20 (1) (h (u) + byb) = (B + 1 () ) I’ (u1) do\2

+2 (1 + kb — ) } (%)
| (07 + 7 )k bb, (bK1 — I (1)
‘{2 iy [b” [b” B O I

X

(2 + 72 () ke ’
H—T(u)—kzh(u) +2 1+k2b—

2h (u) ( () + bub) — (B + 2 (W) 1Y () ||\ do
202 (u) }E

» (2 + 72 )k : 200 (u0) ( () + byb) — (2 + 2 W) W () )2
= sin ll){ b, — T(u) —koh (M) + 2|1+ kb — e (u) } .

4. Differential equations of the space-like loxodromes on the time-like canal surfaces having space-like
meridians

In this section, we investigate the differential equations of space-like loxodromes on the time-like canal
surfaces having space-like meridians (that is, EG — F> < 0 and E > 0 for all (u, v)).

Definition 4.1. If u and v are space-like vectors in IE3 which span a time-like plane. Then
|Cu, )| = [lulll[v]l cosh 7,

where 1 € R is the Lorentzian time-like angle between u and v [9].
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Definition 4.2. A space-like curve on a time-like canal surface in I3 having space-like meridians is called as a
loxodrome if the curve cuts all meridians at a constant Lorentzian time-like angle.

1. Let us consider the following time-like canal surface C which is given by (3.58) in [11]:

Cu,v) = o) —h@)Tw)+ b, )N u) + 25 (L”)D)B ()
A -h@Tw+bNw+ B W), (12)

2b

where i (1) = r(u) v’ (1) and p (1) = 12 (u) (1 -7 (u)). The coefficients of first fundamental form of the canal
surface C are

. (_ L@ (u))2 _ (u kb~ ki () [p () (b + kab) = () b]
2b b?
B bolp (1) b, + kob — kyh (1) + kob) — p” (u) b]

F =
2b? !

_pwb;

G = 2

By using these equations, the first fundamental form of C is

2b b?

- — v 2
_ {bv[rJ () (20, + kb lzzh (1) + kab) —p’ (w) b] } dudo - P (Zz) by

FE {(_1 . kip (u) . 2 _ (bu +kab = kih () [p (u) (bu + kob) = p” (u) b] } 02

do?.

Lorentzian time-like angle between the space-like loxodrome and the space-like meridian is defined by the
angle between their tangent vectors at the point C(u, v) that can be given by

Edu + Fdvu
\T

{(_1 IO (u))z _ (bu + kb — K () [p () (b + kab) = p" () b]}
B 2b b2 ;
= \/f u
bolp () by + kab — Ky (u) + kob) — p” (u) b]
{ }

_ do,
\T

ecoshn

where € = +1 and

r E%du? + 2EFdudv + EGdv?

2 , 2
{(_1 T (u)) kb kb P W G k) = b]} Iy
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_{%bv[l? () @by + kob — Kyl () + ko) = p’ () b]

X[ (_1 . kl;; ;u) o (u))z by + kb —kih ) [p ;Z) (b +kab) = p’ (u) b]]} o

2 ’
. [(_1 ETION (u)) kbl @) lp @) )~y )1

_{ : "

From this equation, we obtain the following differential equation of space-like loxodromes on the time-like
canal surfaces having space-like meridians:

2
) — 2sinh? nEF;l—Z = sinh? nE?,

do

(— cosh? nEG + FZ) (du

that is

{ibg [(p (1) (2b, + kab — kyh (1) + kyb) — p’ (1) b)? + 4 cosh? b%p (1)

4b*
kip@) Vo (bu+ kb —kih () [p () (b + kab) = p’ (1) D] do\?
(SR ; Iz
+{% sinh? Nbo[p (1) by, + kob — kah (u) + kob) — p’ (u) b]
kip@) Vo (bu+ kb —kah () [p ) (b + kab) — p () B]]) do
x[(—1+ 7 +h (u)) - = ]}E
2 , 2
- { (_1 ETION (u)) (bt kb k@) [p g) (b + kab) = ' (1) b]} |

We have the following result.

Corollary 4.3. The differential equation of the space-like loxodrome on the time-like tubular surface C which is given
by (3.60) in [11] having space-like meridians is

{ ﬁbﬁ [4# (by + kab))? + 4 cosh? nb*r?

kY 2 by + kb \|) (do\
(e 5] - )]}(@)

+{% sinh? nb,r* (b, + kyb)

2\ 2 (by + kb)) do
X[(_1+2_b) T |[du

K2\ 12 (by + kob)?
= sink?nd (o1 4 ) 2 Ou + kb)Y
= sinh n{( 1+ Zb) = }
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2. Let us consider the following time-like canal surface C which is given by (3.65) in [11]:

b2(u,v) — r* (u)

Cu,v) = a()+ TI) T (u) + b(u,v)N (1) — h (1) B (u)
2_ 2
= a()+ bZh—};ugu)T(u) + bN (u) — h (u) B(u), (13)

where (1) = r (1) 7’ (u). The coefficients of first fundamental form of the canal surface C are computed as

ki (02 = () 2
E = |b,+ T(u) + koh (u)
(Kab -+ I (1)) [20% (1) = 2by bl () = 202 () (1 + ko) + (87 = 12 () Y (u0)]
* h? (u),
ko (B2 - 12 () bob (=kib + I’ (u))
F = bv[bu-i- T(u) +k2h(u)]+ h (1) ’
G = D

where by, b, refer to the derivative of the functions with respect to u, v, respectively. By using these
equations, the first fundamental form of C is given by

X i (B2 - 7 ) ’
ds = { b, + T(u) + koh (u)

(kib + 1 (1)) [21% (1) — 2b,,bh (1) — 202 (u) (1 + kob) + (b2 -7 (u)) K ()] )
+ I }du

ky (b — 72 (u) _ /
+2{bv [bu + % +koh (u)] 4 Bob( k;;; W (u)) }dudv + b2dv?.

At the point C(u, v), where the space-like loxodrome cuts the space-like meridians at a constant Lorentzian
time-like angle, we have

ki <b2 -7 (u)) ’
{ b, + T(u) + koh (u)

\T
(kib + 1 (1)) [2H% (u) — 2b,bh (1) — 212 (1) (1 + kob) + (b2 -7 (u)) 1 (u)]
h2 (u) }
+ du

VT
ky (b =72 B ,
{bv [bu + w +koh (u)] + byb (=kib +h (u))}

ecoshn =

2h (1) h (u)
+ dv,

VT
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where € = =1 and

13 (bz -7 (u)) ’
I = { b, + T(u) + koh (u)

(kab + 1’ (w)) [2K* (1) — 2b,bh () — 242 (u) (1 + kab) + (b2 -7 (u)) h (u)] }Zd )
+ u

h2 (u)
+{2

(kib + 1 (1)) [2H% (u) — 2b,bh (1) — 212 (1) (1 + kob) + (b2 -7 (u)) W (u)]
) ]}dudv

b, {bu N Ky <b2 -7 (u))

bbo (kb + i @) |[(, , F (8% - 72 (u))
2h (1) vty

2
() Sy ek (”)]

+ koh (u)] +

+

+{b§

(kib + 1 (1)) [2H% (u) — 2b,bh (1) — 212 (1) (1 + kob) + (b2 — 12 (u)) K (u)]
+ ) ]}dvz.

2
+ koh (u)]

I3} (b2 —72 (u))
[b” T oW

From this equation, we obtain the following differential equation:

. ki (02— 7 () o bby (kb + 1 )|
o|but — ey HRW)+ ()

[bu . ko (B2 - 72 ()

— cosh? np?

2
2 () + koh (u)]

(kib + 1 (1)) [2H2% (1) — 2b,bh (1) — 212 (1) (1 + ko) + (b2 -7 (u)) n (u)]] do\?
+ R
h2 (1) } (du)

2h (1) h (u)

ko (02 -7 ) ’
X || b, + T(u) + koh (u)

ko (2 -7 o
—{Zsinhqubv {bu + w + koh (u)] + bb, (=kib + h (u))}

(knb + 1t (u)) (20 (1) — 2bybh (1) — 2h2 (u) (1 + kob) + (b2 = 72 (u) ) Y (u)]} Jo
+ —_—
12 (1) }du

[, JBE-Rw) Y
= si T]{ 14+T(u)+2 (u)

(kib + 1 (1)) [2H% (1) — 2b,,bh (1) — 212 (1) (1 + kob) + (b2 -7 (u)) W ()] 2
+
h? (u) } ‘

We also have the following result.

Corollary 4.4. The differential equation of the space-like loxodrome on the time-like tubular surface C which is given



N. Sonmez, M. Babaarslan / Filomat 32:14 (2018), 4821-4840 4835

by (3.67) in [11] having space-like meridians is
do\’ i dv
rzk%azz, (@) + 2erkya,[—2erk (1 + a, + €ky) + azkf] sinh? 17@
= sinh? n[—2erki(1 + a, + eky) + a2131]2.

5. Differential equations of the space-like loxodromes on the time-like canal surfaces having time-like
meridians

In this section, we obtain the differential equations of space-like loxodromes on the time-like canal
surfaces having time-like meridians (that is, EG — F?> < 0 and E < 0 for all (1, 0)).

Definition 5.1. If u is a space-like vector and v is a time-like vector in E3. Then
|Cu, v)| = [lulll[v]l sinh ¢,
where @ € R* U {0} is the Lorentzian time-like angle between u and v [9].

Definition 5.2. A space-like curve on a time-like canal surface in 1 having time-like meridians is called as a
loxodrome if the curve cuts all meridians at a constant Lorentzian time-like angle.

1. Let us consider the following time-like canal surface C which is given by (3.58) in [11]:
p )

Cu,v) = a()—hu)T W)+ bu,v)N (u) + e U)B(u)
= a(u)—h()T(u)+bN (u) + %B(u), (14)

where h (1) = r(u) 7' (u) and p (1) = r* (u) (1 —r7? (u)).
At the point C(u, v), where the space-like loxodrome cuts the time-like meridians at a constant Lorentzian
time-like angle, we have

csinh _ Edu + Fdo
Y Vo
{(_1 . klz ;m o (u))z  (bu+kob =k () [p g) (bu + kab) = p’ () b]}
= d
\/5 u
bolp (1) b, + kob — ki (1) + kab) — p’ (u) b]
{ |
Vo "
where € = +1 and
Q = -E*du*-2EFdudv - EGdv®
2
_ { (_1 . kl;; éu) o (u))z (b + kb —kah ) [p ;t) (bu + kab) = p’ (u) b]} e

+{%bv[p (1) by, + kab = kaht () + kab) = p’ (1) b]

2 ’
x[(—l . kl;;lgu) Y (u)) by + kb = kyh () [P;Z) (by +kob) — p” (u) b]]}dudv

2 ’
bip (u) (—1 + % + I (u)) _ butkeb = ki () [P;Z) (bu + kab) = p’ () b]]
+{ }dvz.

b2
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From this equation, we obtain the following differential equation of space-like loxodromes on the time-like
canal surfaces having time-like meridians:

2
dv dv
) 2 2 _ 2
(smh @EG+F )(E) + 2 cosh goEFE = —cosh” pE~,
that is

{Lbf) [(p (1) (2by + kab — kel (u) + kab) — p’ () b -4 sinh? (pbzp (u)

4p
kip) o\ (butkeb —kih ) [p () (b + keb) — p' ) DI \]| (do )’
x((—l =0 +h (u)) - i )]} (@)
_{% cosh? @by[p (u) (2by, + kob — kb (u) + kob) — p’ (1) b]
kp@) N by +kab —kih () [p (u) (by + kob) — p’ () b]]) d
[
2 , .
= —cosh? (p{ (—1 4 klz;u) W (u)) _ (bu + kob — kih () [P;’:) (by + kab) — p’ (1) b]} '

We have the following result.

Corollary 5.3. The differential equation of the space-like loxodrome on the time-like tubular surface C which is given
by (3.60) in [11] having time-like meridians is

{ ﬁbi [4# (b, + kyb)* — 4sinh? nb?r?

b\ 2 by + kb \|) (do\
(e 5] - )]}(@)

—{3 cosh? nb,1? (b, + kyb)

bZ
k2 \2 72 (b, + kob)? || do
X[(_1+2_b) T |fdu
a2\ 2 (b, + kb))
_ 2 _ 1 _ u 2
= —cosh n{( 1+_2b ) — } .

2. Let us consider the following time-like canal surface C which is given by (3.65) in [11]:

b?(u,v) — r* (u)

2h (u)

b? — 1% (u)
2h (u)

C(u,v) a(u) + T (1) + b(u,v)N (1) — h (u) B (u)

a(u) + T () + bN (1) — h (u) B (u) . (15)

As it was mentioned earlier, at the point C(u, v), where the space-like loxodrome cuts the time-like meridians
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at a constant Lorentzian time-like angle, we have

i (02 - () ’
{ b, + T(u) +k2]’l(1/l)

Vo
(keub + 1 (u)) [202 (1) — 2bybh (1) — 2h% (u) (1 + kob) + (b2 = 72 () ) ' ()]
h? (u) }
+ du

VO
ki (b — 12 B ,
{bv [bu + M +koh (u)] + byb (=kib +h (u))}

esinhgp =

20 (u) 1 (u)
+ d’U,

VQ

where € = +1 and

o (B2 - 7 ) ’
Q = —{ bu+T(u)+k2h(u)

(kn + 1 (u)) (202 (1) — 2bybh (1) — 212 () (1 + kpb) + (B2 = 2 () ) ' ()] }Zd ,
u

" 20

ko (¥ - () o (kib+ 1w @) [, (2= ) 2
_{2 [bv [bu + T(u) + kzh (u)] + I (u) [ bu + T(u) + kzh (M)

(kub + 1 (u)) (202 (1) — 2bybh (1) — 212 (u) (1 + kpb) + (B2 = 2 () ) ' ()]
+ I ]}dudv

2h (1)

ey (b2 - 7 ’
—{bi[ [bu N il Gt +koh (u)]

(knb + 1 (u)) (20 (1) — 2bybh (1) — 212 (u) (1 + kpb) + (B2 = 2 () ) ' ()] .
+ I ]}dv .

From this equation, we obtain the following differential equation of the loxodrome:

o kl(bZ—rZ(u)) o bbv(—k1b+h'(u))2
o|bt =y TR+ I ()

ko (02 -7 ) ’
+sinh? b2 || b, + —————% + kol (1)

20 ()

(kib + 1 (1)) [21% (1) = 2y bl (1) = 202 (1) (1 + kob) + (07 = 12 (u) ) (u)]] Jo\2
+ —_—
12 (u) } (du)
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ke (82 - 72 () bby (<kab + I (u))
5 v 1
+{2 cosh” ¢ | by [bu et kah (u)] + Ao
K (07 = 7 () i
X || b, + T(u) + koh (u)

(kib + 1 (1)) [2H% (1) — 2b,,bh (1) — 212 (1) (1 + kob) + (bz -7 (u)) 4 (u)]} do
+ —_—
h2 () }du

5 I3} (b2 -7 (u)) ’
= —cosh (P{ b, + T(u) + koh (H)
(kib + W' (w)) [2K% () — 2b,bh (1) — 2K* (u) (1 + kob) + (b2 -2 (u)) W (w)])?
+ .
h? (u) }

Finally, the following result can be given.
Corollary 5.4. The differential equation of the space-like loxodrome on the time-like tubular surface C which is given
by (3.67) in [11] having time-like meridians is
o\’ dv
rzkfaf, (E) — 2erkya,[—2erki (1 + ay, + €ky) + azkf] cosh? qoﬁ

= —cosh?® [-2erki (1 + a, + €ky) + a*k3T%.

6. An Example

In this section, we give an example of the first canal surface and space-like loxodrome obtained in
Section 3.

Example 6.1. Let us consider the space-like spine curve a(u) = (0,0, u) with space-like principal normal.
Taking r(u) =u,my =my =1,¢ = 1/3, u € (04,2) and up = 1, we have v € (-1.5871, 1.2006). Moreover the
arc-length of the space-like loxodrome is equal to 4.5255. The space-like loxodrome, the space-like meridian
(v = 0) and the space-like canal surface are shown in Figure 1.
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Figure 1: Space-like loxodrome (blue), space-like meridian (green)
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