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Available at: http://www.pmf.ni.ac.rs/filomat

Space-like Loxodromes on the Canal Surfaces in Minkowski 3-Space

Nilgün Sönmeza, Murat Babaarslanb

aAfyon Kocatepe University, Department of Mathematics, 03200, Afyonkarahisar, Turkey
bYozgat Bozok University, Department of Mathematics, 66100, Yozgat, Turkey

Abstract. In this paper, we obtain the differential equations of the space-like loxodromes on the non-
degenerate canal surfaces depending on the causal characters of these canal surfaces and their meridians
in Minkowski 3-space. Also we give an example by using Mathematica computer programme.

1. Introduction

Loxodromes are special curves which cut all meridians on the Earth’s surface at a constant angle.
Thus loxodromes are usually used in navigation. Noble [8] found the equations of the loxodromes on the
rotational surfaces in Euclidean 3-space. Babaarslan and Munteanu [1] obtained the equations of time-
like loxodromes on the rotational surfaces in Minkowski 3-space. After that the equations of space-like
loxodromes on the rotational surfaces in Minkowski 3-space were given by Babaarslan and Yayli [2]. A
canal surface in Euclidean 3-space is the envelope of a moving sphere whose trajectory of centers is a spine
curve α(u) with varying radius r(u). The analytic and algebraic properties of canal surfaces in Euclidean
3-space were given by Xu et al. [13]. A lot of object and structures can be represented by using canal
surfaces, for examples; pipes, hoses, brass instruments, internal organs of the body in solid modeling,
helical channel and tunnels. Cylinder, cone, torus, sphere, tubular surfaces and Dupin cyclide are some
particular examples of canal surfaces. If we take the radius r(u) as constant, then the canal surfaces reduce
to tubular surfaces ([4],[11]). Ucum and Ilarslan [11] found the parametrizations of the canal surfaces for
all Lorentz spheres which are pseudo sphere (De Sitter space) S2

1, pseudo-hyperbolic sphere (hyperbolic
plane) H2 and light-like cone C. The differential equations of loxodromes on canal surfaces in Euclidean
3-space were obtained by Babaarslan [4]. We know that helicoidal surfaces are a natural generalization of
the rotational surfaces. Loxodromes on helicoidal surfaces in Euclidean 3-space were studied by Babaarslan
and Yayli [3]. Differential equations of the space-like and time-like loxodromes on helicoidal surfaces in
Minkowski 3-space were found by Babaarslan and Kayacik ([5], [6]).

In this paper, we investigate the differential equations of space-like loxodromes on the non-degenerate
canal surfaces in Minkowski 3-space which were obtained by Ucum and Ilarslan [11]. Also we give an
example by using Mathematica.
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2. Preliminaries

In this section, we give necessary concepts related to curves and surfaces in Minkowski 3-space E3
1.

The Lorentzian scalar product of the vectors u = (u1,u2,u3) and v = (v1, v2, v3) in E3
1 is

< u, v >= −u1v1 + u2v2 + u3v3. (1)

Also the pseudo-norm of the vector u ∈ E3
1 is given by

‖u‖ =
√
|〈u,u〉|. (2)

An arbitrary vector u ∈ E3
1 is (or its causal character is)

i. space-like if 〈u,u〉 > 0 or u = 0,

ii. time-like if 〈u,u〉 < 0,

iii. light-like (null) if 〈u,u〉 = 0 and u , 0.

Let α : I→ E3
1 be a regular curve in E3

1, where I ⊂ R is an open interval. The curve α is called

i. space-like if 〈α̇, α̇〉 > 0,

ii. time-like if 〈α̇, α̇〉 < 0,

iii. light-like if 〈α̇, α̇〉 = 0 (see [7]).

Let S : U → E3
1 be a smooth immersed surface in E3

1, where U ⊂ R2 is an open set. S is non-degenerate
if its first fundamental form is non-degenerate. Then S is (or its causal character is)

i. space-like if its first fundamental form is a Riemannian metric,

ii. time-like if its first fundamental form is a Lorentzian metric (see [10]).

For examples; the pseudo-hyperbolic sphere (hyperbolic plane)

H2 = {p ∈ E3
1| < p, p >= −1} (3)

is a space-like surface.
Also, the pseudo sphere (De Sitter space)

S2
1 = {p ∈ E3

1| < p, p >= 1} (4)

is a time-like surface (see [7]).
Let {Su,Sv} be a local base of the tangent plane at each point of S. Then the first fundamental form of S is

I = ds2 = Edu2 + 2Fdudv + Gdv2, (5)

where E = 〈Su,Su〉, F = 〈Su,Sv〉 and G = 〈Sv,Sv〉 are the coefficients of first fundamental form of S.
By using these coefficients, we can give the causal characters of S. For example;

i. S is a space-like if and only if det(I) = EG − F2 > 0,

ii. S is a time-like if and only if det(I) = EG − F2 < 0 (see [7], [12]).

Also the arc-length of any curve on S between u1 and u2 can be given by

s =

∣∣∣∣∣ ∫ u2

u1

√∣∣∣∣∣E + 2F
dv
du

+ G(
dv
du

)2

∣∣∣∣∣du
∣∣∣∣∣ (6)

(see [5]).
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3. Differential equations of the space-like loxodromes on the space-like canal surfaces which have
space-like meridians

In this section, we find the differential equations of the space-like loxodromes on the space-like canal
surfaces having space-like meridians (that is, EG − F2 > 0 and E > 0 for all (u, v)).

Definition 3.1. If u and v are space-like vectors in E3
1 which span a space-like plane. Then

〈u, v〉 = ‖u‖‖v‖ cosψ,

where ψ ∈ R (0 ≤ ψ ≤ π) is the Lorentzian space-like angle between u and v [9].

Definition 3.2. A space-like curve on a space-like canal surface in E3
1 which has space-like meridians is called a

loxodrome if the curve cuts all meridians at a constant Lorentzian space-like angle.

1. Let us consider the following space-like canal surface C which is given by (3.1) in [11]:

C (u, v) = α (u) + h (u) T (u) + 1 (u) m1 (sinh v) N (u) + 1 (u) m2 (cosh v) B (u) , (7)

where 1 (u) = r (u)
√

1 + (r′ (u))2, h (u) = r (u) r′ (u) and m1, m2 ∈ {−1, 1}.
The coefficients of first fundamental form of the canal surface C are

E = 〈Cu,Cu〉 =
(
k1h (u) − k2m21 (u) cosh v + m11

′ (u) sinh v
)2

−
(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2 +

(
1 − k1m11 (u) sinh v + h′ (u)

)2 ,

F = 〈Cu,Cv〉 = 1 (u)
(
k1m1h (u) cosh v − k2m1m21 (u)

)
,

G = 〈Cv,Cv〉 = 12 (u) .

By using these coefficients, the first fundamental form of C is given by

ds2 =
{ (

k1h (u) − k2m21 (u) cosh v + m11
′ (u) sinh v

)2

−
(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2 +

(
1 − k1m11 (u) sinh v + h′ (u)

)2
}
du2

+2
{
1 (u)

(
k1m1h (u) cosh v − k2m1m21 (u)

) }
dudv + 12 (u) dv2.

Let us assume that β(t) is the image of a curve (u(t), v(t)) on the (uv)-plane under C. According to the
local basis {Cu,Cv}, the tangent vector β′(t) has the coordinates (u′, v′) and the tangent vector Cu has
the coordinates (1, 0), Therefore, at the point C(u, v), where the space-like loxodrome cuts the space-like
meridians at a constant Lorentzian space-like angle, we get

cosψ =
Edu + Fdv
√

∆

=

{ (
k1h (u) − k2m21 (u) cosh v + m11

′ (u) sinh v
)2

√
∆

−
(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2 +

(
1 − k1m11 (u) sinh v + h′ (u)

)2
}

√
∆

du

+

{
1 (u)

(
k1m1h (u) cosh v − k2m1m21 (u)

) }
√

∆
dv,
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where

∆ = E2du2 + 2EFdudv + EGdv2

=
{ (

k1h (u) − k2m21 (u) cosh v + m11
′ (u) sinh v

)2

−
(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2 +

(
1 − k1m11 (u) sinh v + h′ (u)

)2
}2

du2

+
{
21 (u)

(
k1m1h (u) cosh v − k2m1m21 (u)

)
×[

(
k1h (u) − k2m21 (u) cosh v + m11

′ (u) sinh v
)2
−

(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2

+
(
1 − k1m11 (u) sinh v + h′ (u)

)2]
}
dudv

+
{
12 (u) [

(
k1h (u) − k2m21 (u) cosh v + m11

′ (u) sinh v
)2

−
(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2 +

(
1 − k1m11 (u) sinh v + h′ (u)

)2]
}
dv2.

From this equation, we obtain the following differential equation of the space-like loxodrome on the space-
like canal surface having space-like meridians:

(
cos2 ψEG − F2

) (dv
du

)2

− 2 sin2 ψEF
dv
du

= sin2 ψE2,

that is {
cos2 ψ12 (u) [

(
k1h (u) − k2m21(u) cosh v + m11

′ (u) sinh v
)2

−
(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2 +

(
1 − k1m11 (u) sinh v + h′ (u)

)2]

−12 (u) [(k1m1h (u) cosh v − k2m1m21
2 (u)]

} (dv
du

)2

−

{
2 sin2 ψ1 (u)

(
k1m1h (u) cosh v − k2m1m21 (u)

)
×[

(
k1h (u) − k2m21 (u) cosh v + m11

′ (u) sinh v
)2
−

(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2

+
(
1 − k1m11 (u) sinh v + h′ (u)

)2]
}dv
du

= sin2 ψ
{ (

k1h (u) − k2m21 (u) cosh v + m11
′ (u) sinh v

)2

−
(
k2m11 (u) sinh v −m21

′ (u) cosh v
)2 +

(
1 − k1m11 (u) sinh v + h′ (u)

)2
}2
.

We have the following result.

Corollary 3.3. The differential equation of the space-like loxodrome on the space-like tubular surface C which is given
by (3.18) in [11] having space-like meridians is{

r2 cos2 ψ[k2
2r2 + (1 − k1m1r sinh v)2] − r4k2

2

} (dv
du

)2

+2r2k2m1m2 sin2 ψ[k2
2r2 + (1 − k1m1r sinh v)2]

dv
du

= sin2 ψ
{
k2

2r2 + (1 − k1m1r sinh v)2
}2
.

2. Let us consider the following space-like canal surface C which is given by (3.2) in [11]:

C (u, v) = α (u) + h (u) T (u) + 1 (u) m1 (cosh v) N (u) + 1 (u) m2 (sinh v) B (u) , (8)

where 1 (u) = r (u)
√

1 + (r′ (u))2, h (u) = r (u) r′ (u) and m1, m2 ∈ {−1, 1}.
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The coefficients of first fundamental form of the canal surface C are

E = −
(
−k1h (u) + k2m21 (u) sinh v + m11

′ (u) cosh v
)2

+
(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2 +

(
1 − k1m11 (u) cosh v + h′ (u)

)2 ,

F = 1 (u)
(
k1m1h (u) sinh v + k2m1m21 (u)

)
,

G = 12(u).

By using these coefficients, the first fundamental form of C is

ds2 =
{
−

(
−k1h (u) + k2m21 (u) sinh v + m11

′ (u) cosh v
)2

+
(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2 +

(
1 − k1m11 (u) cosh v + h′ (u)

)2
}
du2

+2
{
1 (u)

(
k1m1h (u) sinh v + k2m1m21 (u)

) }
dudv + 12(u)dv2.

At the point C(u, v), where the space-like loxodrome cuts the space-like meridians at a constant Lorentzian
space-like angle, we get

cosψ =

{
−

(
−k1h (u) + k2m21 (u) sinh v + m11

′ (u) cosh v
)2

√
∆

+
(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2 +

(
1 − k1m11 (u) cosh v + h′ (u)

)2
}

√
∆

du

+

{
1 (u)

(
k1m1h (u) sinh v + k2m1m21 (u)

) }
√

∆
dv,

where

∆ =
{
−

(
−k1h (u) + k2m21 (u) sinh v + m11

′ (u) cosh v
)2

+
(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2 +

(
1 − k1m11 (u) cosh v + h′ (u)

)2
}2

du2

+
{
21 (u)

(
k1m1h (u) sinh v + k2m1m21 (u)

)
×[−

(
−k1h (u) + k2m21 (u) sinh v + m11

′ (u) cosh v
)2 +

(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2

+
(
1 − k1m11 (u) cosh v + h′ (u)

)2]
}
dudv

+
{
12 (u) [−

(
−k1h (u) + k2m21 (u) sinh v + m11

′ (u) cosh v
)2

+
(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2 +

(
1 − k1m11 (u) cosh v + h′ (u)

)2]
}
dv2.

From this equation, we obtain the following differential equation of the space-like loxodrome:{
cos2 ψ12 (u) [−(−k1h (u) + k2m21(u) sinh v + m11

′ (u) cosh v)2

+
(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2 +

(
1 − k1m11 (u) cosh v + h′ (u)

)2]

−12 (u) (k1m1h (u) sinh v + k2m1m21(u))2
} (dv

du

)2
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−

{
2 sin2 ψ1 (u)

(
k1m1h (u) sinh v + k2m1m21 (u)

)
×[−

(
−k1h (u) + k2m21 (u) sinh v + m11

′ (u) cosh v
)2 +

(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2

+
(
1 − k1m11 (u) cosh v + h′ (u)

)2]
}dv
du

= sin2 ψ
{
−

(
−k1h (u) + k2m21 (u) sinh v + m11

′ (u) cosh v
)2

+
(
k2m11 (u) cosh v + m21

′ (u) sinh v
)2 +

(
1 − k1m11 (u) cosh v + h′ (u)

)2
}2
.

We have the following result.

Corollary 3.4. The differential equation of the space-like loxodrome on the space-like tubular surface C which is given
by (3.19) in [11] having space-like meridians is{

r2 cos2 ψ[k2
2r2 + (1 − k1m1r cosh v)2] − r4k2

2

} (dv
du

)2

−2r2k2m1m2 sin2 ψ[k2
2r2 + (1 − k1m1r cosh v)2]

dv
du

= sin2 ψ
{
k2

2r2 + (1 − k1m1r cosh v)2
}2
.

3. Let us consider the following space-like canal surface C which is given by (3.31) in [11]:

C (u, v) = α (u) − h (u) T (u) + p (u) m1 (cos v) N (u) + p (u) m2 (sin v) B (u) , (9)

where p (u) = r (u)
√

(r′ (u))2
− 1, h (u) = r (u) r′ (u) and m1, m2 ∈ {−1, 1}.

The coefficients of first fundamental form of the canal surface C are computed as

E = −
(
1 + k1m1p (u) cos v − h′ (u)

)2 +
(
k1h (u) + k2m2p (u) sin v −m1p′ (u) cos v

)2

+
(
k2m1p (u) cos v + m2p′ (u) sin v

)2 ,

F = p (u)
(
k1m1h (u) sin v + k2m1m2p (u)

)
,

G = p2 (u) .

By using these coefficients, the first fundamental form of C is given by

ds2 =
{
−

(
1 + k1m1p (u) cos v − h′ (u)

)2 +
(
k1h (u) + k2m2p (u) sin v −m1p′ (u) cos v

)2

+
(
k2m1p (u) cos v + m2p′ (u) sin v

)2
}
du2

+2
{
p (u)

(
k1m1h (u) sin v + k2m1m2p (u)

) }
dudv + p2 (u) dv2.

At the point C(u, v), we have the following Lorentzian space-like angle:

cosψ =

{
−

(
1 + k1m1p (u) cos v − h′ (u)

)2 +
(
k1h (u) + k2m2p (u) sin v −m1p′ (u) cos v

)2

√
∆

+
(
k2m1p (u) cos v + m2p′ (u) sin v

)2
}

√
∆

du

+

{
p (u)

(
k1m1h (u) sin v + k2m1m2p (u)

) }
√

∆
dv,
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where

∆ =
{
−

(
1 + k1m1p (u) cos v − h′ (u)

)2 +
(
k1h (u) + k2m2p (u) sin v −m1p′ (u) cos v

)2

+
(
k2m1p (u) cos v + m2p′ (u) sin v

)2
}2

du2

+
{
2p (u)

(
k1m1h (u) sin v + k2m1m2p (u)

)
×[−

(
1 + k1m1p (u) cos v − h′ (u)

)2 +
(
k1h (u) + k2m2p (u) sin v −m1p′ (u) cos v

)2

+
(
k2m1p (u) cos v + m2p′ (u) sin v

)2]
}
dudv

+
{
p2 (u) [−

(
1 + k1m1p (u) cos v − h′ (u)

)2

+
(
k1h (u) + k2m2p (u) sin v −m1p′ (u) cos v

)2 +
(
k2m1p (u) cos v + m2p′ (u) sin v

)2]
}
dv2.

By using this equation, we find the following differential equation of the loxodrome:{
− p2 (u) (k1m1h (u) sin v + k2m1m2p(u))2 + cos2 ψp2 (u) [−(1 + k1m1p (u) cos v − h′ (u))2

+
(
k1h (u) + k2m2p(u) sin v −m1p′ (u) cos v

)2 +
(
k2m1p (u) cos v + m2p′ (u) sin v

)2]
} (dv

du

)2

−

{
2 sin2 ψp (u)

(
k1m1h (u) sin v + k2m1m2p (u)

)
×[−

(
1 + k1m1p (u) cos v − h′ (u)

)2 +
(
k1h (u) + k2m2p (u) sin v −m1p′ (u) cos v

)2

+
(
k2m1p (u) cos v + m2p′ (u) sin v

)2]
}dv
du

= sin2 ψ
{
−

(
1 + k1m1p (u) cos v − h′ (u)

)2 +
(
k1h (u) + k2m2p (u) sin v −m1p′ (u) cos v

)2

+
(
k2m1p (u) cos v + m2p′ (u) sin v

)2
}2
.

4. Let us consider the following space-like canal surface C which is given by (3.41) in [11]:

C (u, v) = α (u) + h (u) T (u) + b(u, v)N (u) +
t (u)

2b(u, v)
B (u)

= α (u) + h (u) T (u) + bN (u) +
t (u)
2b

B (u) , (10)

where h (u) = r (u) r′ (u) and t (u) = −r2 (u)
(
1 + r′2 (u)

)
. The coefficients of first fundamental form of the canal

surface C are computed as

E =

(
1 −

k1t (u)
2b

+ h′ (u)
)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2 ,

F = −
bv (2but (u) + k2bt (u) + k1h (u) t (u) + k2bt (u) − bt′ (u))

2b2 ,

G = −
b2

vt (u)
b2 ,

where bu, bv refer to the derivative of the functions with respect to u, v, respectively. By using these
coefficients, the first fundamental form of C is given by

ds2 =

{ (
1 −

k1t (u)
2b

+ h′ (u)
)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2

}
du2

−

{
bv (2but (u) + k2bt (u) + k1h (u) t (u) + k2bt (u) − bt′ (u))

b2

}
dudv −

b2
vt (u)
b2 dv2.
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At the point C(u, v), where the space-like loxodrome cuts the space-like meridians at a constant Lorentzian
space-like angle, we obtain

cosψ =

{ (
1 −

k1t (u)
2b

+ h′ (u)
)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2

}
√

∆
du

−

{
bv (2but (u) + k2bt (u) + k1h (u) t (u) + k2bt (u) − bt′ (u))

2b2

}
√

∆
dv,

where

∆ =

{ (
1 −

k1t (u)
2b

+ h′ (u)
)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2

}2

du2

−

{
1
b2 bv (2but (u) + k2bt (u) + k1h (u) t (u) + k2bt (u) − bt′ (u))

×

[ (
1 −

k1t (u)
2b

+ h′ (u)
)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2

]}
dudv

−

{b2
vt (u)

(1 − k1t (u)
2b

+ h′ (u)
)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2


b2

}
dv2.

From here, we get the following differential equation:{
1

4b4 b2
v

[
− (2but (u) + k2bt (u) + k1h (u) t (u) + k2bt (u) − bt′ (u))2

−4b2 cos2 ψt (u)
( (

1 −
k1t (u)

2b
+ h′ (u)

)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2

)]} (
dv
du

)2

+

{
1
b2 bv sin2 ψ (2but (u) + k2bt (u) + k1h (u) t (u) + k2bt (u) − bt′ (u))

×

[ (
1 −

k1t (u)
2b

+ h′ (u)
)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2

]}
dv
du

= sin2 ψ

{ (
1 −

k1t (u)
2b

+ h′ (u)
)2

−
(bu + k2b + k1h (u)) (but (u) + k2bt (u) − bt′ (u))

b2

}2

.

Also the following result can be given.

Corollary 3.5. The differential equation of the space-like loxodrome on the space-like tubular surface C which is given
by (3.54) in [11] having space-like meridians is{

1
4b4 b2

v

[
− 4r4 (bu + k2b)2 + 4b2r2 cos2 ψ

( (
1 +

k1r2

2b

)2

+ r2 (bu + k2b)2

b2

)]} (
dv
du

)2

−

{
2r2

b2 bv sin2 ψ (bu + bk2)
[ (

1 +
k1r2

2b

)2

+
r2 (bu + bk2)2

b2

]}
dv
du

= sin2 ψ

{ (
1 +

k1r2

2b

)2

+
r2 (bu + k2b)2

b2

}2

.
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5. Let us consider the following space-like canal surface C which is given by (3.62) in [11]:

C (u, v) = α (u) −
r2 (u) + b2(u, v)

2h (u)
T (u) + b(u, v)N (u) + h (u) B (u)

= α (u) −
r2 (u) + b2

2h (u)
T (u) + bN (u) + h (u) B (u) , (11)

where h (u) = r (u) r′ (u) . The coefficients of first fundamental form of the canal surface C are given by

E =

bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+ 2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)

 ,
F = bv

bu −
k1

(
b2 + r2 (u)

)
2h (u)

− k2h (u)

 +
bvb (bk1 − h′ (u))

h (u)
,

G = b2
v.

where bu and bv refer to the derivative of the functions with respect to u, v, respectively. By using these
coefficients, the first fundamental form of C is given by

ds2 =

{ bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+ 2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)


}

du2

+2
{

bv

bu −
k1

(
b2 + r2 (u)

)
2h (u)

− k2h (u)

 +
bvb (bk1 − h′ (u))

h (u)

}
dudv + b2

vdv2.

As it was mentioned earlier, at the point C(u, v), where the space-like loxodrome cuts the space-like meridians
at a constant Lorentzian space-like angle, we have

cosψ =

{ bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+ 2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)


}

√
∆

du

+

{
bv

bu −
k1

(
b2 + r2 (u)

)
2h (u)

− k2h (u)

 +
bvb (bk1 − h′ (u))

h (u)

}
√

∆
dv,
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where

∆ =

{ bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+ 2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)


}2

du2

+

{
2

bv

bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)

 +
bbv (bk1 − h′ (u))

h (u)



bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)



}

dudv

+

{
b2

v


bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)



}

dv2.

Thus the following differential equation is obtained

{
−

bv

bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)

 +
bbv (bk1 − h′ (u))

h (u)


2

+ cos2 ψb2
v


bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)



} (

dv
du

)2

−

{
2 sin2 ψ

bv

bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)

 +
bbv (bk1 − h′ (u))

h (u)


×


bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+ 2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)



}

dv
du

= sin2 ψ

{ bu −

(
b2 + r2 (u)

)
k1

2h (u)
− k2h (u)


2

+ 2

1 + k2b −
2h (u) (h (u) + bub) −

(
b2 + r2 (u)

)
h′ (u)

2h2 (u)


}2

.

4. Differential equations of the space-like loxodromes on the time-like canal surfaces having space-like
meridians

In this section, we investigate the differential equations of space-like loxodromes on the time-like canal
surfaces having space-like meridians (that is, EG − F2 < 0 and E > 0 for all (u, v)).

Definition 4.1. If u and v are space-like vectors in E3
1 which span a time-like plane. Then

|〈u, v〉| = ‖u‖‖v‖ cosh η,

where η ∈ R+ is the Lorentzian time-like angle between u and v [9].
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Definition 4.2. A space-like curve on a time-like canal surface in E3
1 having space-like meridians is called as a

loxodrome if the curve cuts all meridians at a constant Lorentzian time-like angle.

1. Let us consider the following time-like canal surface C which is given by (3.58) in [11]:

C (u, v) = α (u) − h (u) T (u) + b(u, v)N (u) +
p (u)

2b(u, v)
B (u)

= α (u) − h (u) T (u) + bN (u) +
p (u)
2b

B (u) , (12)

where h (u) = r (u) r′ (u) and p (u) = r2 (u)
(
1 − r′2 (u)

)
. The coefficients of first fundamental form of the canal

surface C are

E =

(
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2 ,

F = −
bv[p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b]

2b2 ,

G = −
p (u) b2

v

b2 .

By using these equations, the first fundamental form of C is

ds2 =

{ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

}
du2

−

{
bv[p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b]

b2

}
dudv −

p (u) b2
v

b2 dv2.

Lorentzian time-like angle between the space-like loxodrome and the space-like meridian is defined by the
angle between their tangent vectors at the point C(u, v) that can be given by

ε cosh η =
Edu + Fdv
√

Γ

=

{ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

}
√

Γ
du

−

{
bv[p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b]

2b2

}
√

Γ
dv,

where ε = ±1 and

Γ = E2du2 + 2EFdudv + EGdv2

=

{ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

}2

du2
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−

{
1
b2 bv[p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b]

×

[ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

]}
dudv

−

{b2
vp (u)

(−1 +
k1p (u)

2b
+ h′ (u)

)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2


b2

}
dv2.

From this equation, we obtain the following differential equation of space-like loxodromes on the time-like
canal surfaces having space-like meridians:

(
− cosh2 ηEG + F2

) (dv
du

)2

− 2 sinh2 ηEF
dv
du

= sinh2 ηE2,

that is {
1

4b4 b2
v

[
(p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b)2 + 4 cosh2 ηb2p (u)

×

( (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

)]} (
dv
du

)2

+

{
1
b2 sinh2 ηbv[p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b]

×

[ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

]}
dv
du

= sinh2 η

{ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

}2

.

We have the following result.

Corollary 4.3. The differential equation of the space-like loxodrome on the time-like tubular surface C which is given
by (3.60) in [11] having space-like meridians is{

1
4b4 b2

v

[
4r4 (bu + k2b))2 + 4 cosh2 ηb2r2

×

( (
−1 +

k1r2

2b

)2

−
r2 (bu + k2b)2

b2

)]} (
dv
du

)2

+

{
2
b2 sinh2 ηbvr2 (bu + k2b)

×

[ (
−1 +

k1r2

2b

)2

−
r2 (bu + k2b)2

b2

]}
dv
du

= sinh2 η

{ (
−1 +

k1r2

2b

)2

−
r2 (bu + k2b)2

b2

}2

.
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2. Let us consider the following time-like canal surface C which is given by (3.65) in [11]:

C (u, v) = α (u) +
b2(u, v) − r2 (u)

2h (u)
T (u) + b(u, v)N (u) − h (u) B (u)

= α (u) +
b2
− r2 (u)
2h (u)

T (u) + bN (u) − h (u) B (u) , (13)

where h (u) = r (u) r′ (u). The coefficients of first fundamental form of the canal surface C are computed as

E =

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u) ,

F = bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bvb (−k1b + h′ (u))

h (u)
,

G = b2
v.

where bu, bv refer to the derivative of the functions with respect to u, v, respectively. By using these
equations, the first fundamental form of C is given by

ds2 =

{ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

}
du2

+2
{

bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bvb (−k1b + h′ (u))

h (u)

}
dudv + b2

vdv2.

At the point C(u, v), where the space-like loxodrome cuts the space-like meridians at a constant Lorentzian
time-like angle, we have

ε cosh η =

{ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

√
Γ

+

(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +
(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

}
√

Γ
du

+

{
bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bvb (−k1b + h′ (u))

h (u)

}
√

Γ
dv,
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where ε = ±1 and

Γ =

{ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

}2

du2

+

{
2

bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bbv (−k1b + h′ (u))

h (u)


[ bu +

k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

]}
dudv

+

{
b2

v

[ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

]}
dv2.

From this equation, we obtain the following differential equation:

{ bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bbv (−k1b + h′ (u))

h (u)


2

− cosh2 ηb2
v


bu +

k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)


} (

dv
du

)2

−

{
2 sinh2 η

bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bbv (−k1b + h′ (u))

h (u)


×


bu +

k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)


}

dv
du

= sinh2 η

{ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

}2

.

We also have the following result.

Corollary 4.4. The differential equation of the space-like loxodrome on the time-like tubular surface C which is given
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by (3.67) in [11] having space-like meridians is

r2k2
1a2

v

(
dv
du

)2

+ 2εrk1av[−2εrk1(1 + au + εk2) + a2k2
1] sinh2 η

dv
du

= sinh2 η[−2εrk1(1 + au + εk2) + a2k2
1]2.

5. Differential equations of the space-like loxodromes on the time-like canal surfaces having time-like
meridians

In this section, we obtain the differential equations of space-like loxodromes on the time-like canal
surfaces having time-like meridians (that is, EG − F2 < 0 and E < 0 for all (u, v)).

Definition 5.1. If u is a space-like vector and v is a time-like vector in E3
1. Then

|〈u, v〉| = ‖u‖‖v‖ sinhϕ,

where ϕ ∈ R+
∪ {0} is the Lorentzian time-like angle between u and v [9].

Definition 5.2. A space-like curve on a time-like canal surface in E3
1 having time-like meridians is called as a

loxodrome if the curve cuts all meridians at a constant Lorentzian time-like angle.

1. Let us consider the following time-like canal surface C which is given by (3.58) in [11]:

C (u, v) = α (u) − h (u) T (u) + b(u, v)N (u) +
p (u)

2b(u, v)
B (u)

= α (u) − h (u) T (u) + bN (u) +
p (u)
2b

B (u) , (14)

where h (u) = r (u) r′ (u) and p (u) = r2 (u)
(
1 − r′2 (u)

)
.

At the point C(u, v), where the space-like loxodrome cuts the time-like meridians at a constant Lorentzian
time-like angle, we have

ε sinhϕ =
Edu + Fdv
√

Ω

=

{ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

}
√

Ω
du

−

{
bv[p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b]

2b2

}
√

Ω
dv,

where ε = ±1 and

Ω = −E2du2
− 2EFdudv − EGdv2

= −

{ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

}2

du2

+

{
1
b2 bv[p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b]

×

[ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

]}
dudv

+

{b2
vp (u)

(−1 +
k1p (u)

2b
+ h′ (u)

)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2


b2

}
dv2.
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From this equation, we obtain the following differential equation of space-like loxodromes on the time-like
canal surfaces having time-like meridians:

(
sinh2 ϕEG + F2

) (dv
du

)2

+ 2 cosh2 ϕEF
dv
du

= − cosh2 ϕE2,

that is {
1

4b4 b2
v [(p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b)2

− 4 sinh2 ϕb2p (u)

×

( (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

)]} (
dv
du

)2

−

{
1
b2 cosh2 ϕbv[p (u) (2bu + k2b − k1h (u) + k2b) − p′ (u) b]

×

[ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

]}
dv
du

= − cosh2 ϕ

{ (
−1 +

k1p (u)
2b

+ h′ (u)
)2

−
(bu + k2b − k1h (u)) [p (u) (bu + k2b) − p′ (u) b]

b2

}2

.

We have the following result.

Corollary 5.3. The differential equation of the space-like loxodrome on the time-like tubular surface C which is given
by (3.60) in [11] having time-like meridians is

{
1

4b4 b2
v

[
4r4 (bu + k2b)2

− 4 sinh2 ηb2r2

×

( (
−1 +

k1r2

2b

)2

−
r2 (bu + k2b)2

b2

)]} (
dv
du

)2

−

{
2
b2 cosh2 ηbvr2 (bu + k2b)

×

[ (
−1 +

k1r2

2b

)2

−
r2 (bu + k2b)2

b2

]}
dv
du

= − cosh2 η

{ (
−1 +

k1r2

2b

)2

−
r2 (bu + k2b)2

b2

}2

.

2. Let us consider the following time-like canal surface C which is given by (3.65) in [11]:

C (u, v) = α (u) +
b2(u, v) − r2 (u)

2h (u)
T (u) + b(u, v)N (u) − h (u) B (u)

= α (u) +
b2
− r2 (u)
2h (u)

T (u) + bN (u) − h (u) B (u) . (15)

As it was mentioned earlier, at the point C(u, v), where the space-like loxodrome cuts the time-like meridians
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at a constant Lorentzian time-like angle, we have

ε sinhϕ =

{ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

√
Ω

+

(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +
(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

}
√

Ω
du

+

{
bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bvb (−k1b + h′ (u))

h (u)

}
√

Ω
dv,

where ε = ±1 and

Ω = −

{ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

}2

du2

−

{
2

bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bbv (−k1b + h′ (u))

h (u)


[ bu +

k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

]}
dudv

−

{
b2

v

[ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

]}
dv2.

From this equation, we obtain the following differential equation of the loxodrome:

{ bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bbv (−k1b + h′ (u))

h (u)


2

+ sinh2 ϕb2
v


bu +

k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)


} (

dv
du

)2
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+

{
2 cosh2 ϕ

bv

bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)

 +
bbv (−k1b + h′ (u))

h (u)


×


bu +

k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)


}

dv
du

= − cosh2 ϕ

{ bu +
k1

(
b2
− r2 (u)

)
2h (u)

+ k2h (u)


2

+
(k1b + h′ (u)) [2h2 (u) − 2bubh (u) − 2h2 (u) (1 + k2b) +

(
b2
− r2 (u)

)
h′ (u)]

h2 (u)

}2

.

Finally, the following result can be given.

Corollary 5.4. The differential equation of the space-like loxodrome on the time-like tubular surface C which is given
by (3.67) in [11] having time-like meridians is

r2k2
1a2

v

(
dv
du

)2

− 2εrk1av[−2εrk1(1 + au + εk2) + a2k2
1] cosh2 ϕ

dv
du

= − cosh2 ϕ[−2εrk1(1 + au + εk2) + a2k2
1]2.

6. An Example

In this section, we give an example of the first canal surface and space-like loxodrome obtained in
Section 3.

Example 6.1. Let us consider the space-like spine curve α(u) = (0, 0,u) with space-like principal normal.
Taking r(u) = u, m1 = m2 = 1, ψ = π/3, u ∈ (0.4, 2) and u0 = 1, we have v ∈ (−1.5871, 1.2006). Moreover the
arc-length of the space-like loxodrome is equal to 4.5255. The space-like loxodrome, the space-like meridian
(v = 0) and the space-like canal surface are shown in Figure 1.
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Figure 1: Space-like loxodrome (blue), space-like meridian (green)
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