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Abstract. In this paper we present a modification of the Phillips operators which reproduces the functions
e, e, a,b € R. We study the moments and basic approximation properties for these new operators. For
this purpose we adapt several already known result to the particular features of the new sequence that we
propose here.

1. Introduction

The Phillips operators [14] are defined by

Su(F,2) =1 5ux®) | suxa(Of Ot +e£(0),
k=1 0
where
k
Suk(x) = e’”"%.

These operators preserve constant as well as linear functions. Some approximation results for the
Phillips operators were discussed in [9, 10, 12, 17, 18]. Inspired by the work of Boyanov and Veselinov
[6], and Holhos [13], recently Acar et al. [3] modified the well known Szdsz-Mirakyan operators so as
to preserve the function ¢ (see also [5] for an analogous modification of Baskakov-Sz4sz-Stancu type
operators) and Acar et al. [2] introduced the corresponding version of the Szdsz-Mirakyan operators with
¢ and ¢® as preserved functions. In the same way, Gupta and Tachev [11] considered also Phillips type
operators fixing etand e, A € R, but not both together. Motivated by this last recent work but also by the
rest of the cited ones, we propose here a sequence that summarizes many of the cases that, as mentioned,
several authors studied in different papers. For this purpose, we define a modification of the Phillips
operators so as to fix both ¢” and e for any two real numbers, different or not, 4,b € R, and we analyze
several aspects of its approximation behavior.
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Let us first construct the new sequence. In order to preserve the functions ¢* and ¢, our starting point is
the general sequence

[

k7 k=1
P,(f,x)=n Z e~ (nf ’;{fx)) f ot (nt) F () dt + e £(0), (1)
0

= (k=)

x € [0, 00). And now we will try to find suitable values for a,(x) and ,(x) to reach the desired preservation
behavior. By simple computation, we get

O = () () (1=a) _ | T ()]

and

oI% = (@) g?Bu(0)/(n=b) — i[5 ()]

Solving these two equations,

(1-(a+b) (n-a)n-b)
n

@y (x) = 2

’ ,Bn (x) =

Now, substituting these values in (1), our modified Phillips operators take the following form

- n=a)n=bx\* 1
P, (f,x):nze-wﬁb»X% fo e ((:t_) o f)dt +e =@ EQ), x € [0,00). 2)

k=1

It is obvious that these new operators are linear and positive whenever n > 4,b so that we will assume
this condition from now on. Moreover, they preserve the functions ¢* and e, but due to that fact the
preservation of constants will not be possible unless any of the parameters a or b vanishes.

We would like to stress the announced fact that this sequence include several interesting situations
as particular cases. The Korovkin theorem for linear positive operators establishes that the number of
independent preserved functions is two (the space of preserved functions has dimension two) but depending
on the parameters g, b these functions can vary. In this way:

At t

1. fora = A and b = 2A the space of preserved functions is spanned by ¢ = e
therefore, it is (¢, ¢*) in the same line that we find in [2];

and ¢? = ¢*M and,

2. fora # 0 and b = 0 we have constants preservation and the preserved space is (1,¢") (obviously for
a=-1,itis (1,e7")) and it is straightforward that we obtain both of the sequences of operators defined
in [11] as a particular case;

3. fora = b the space is (¢", ¢"'t) as we will see in Lemma 2.3;

4. and, finally, for a = b = 0 we have (1, f) and we recover the Phillips sequence inside our new family
of operators.

Therefore, the explicit expressions for moments and mixed exponential/polynomial moments, and the
convergence results in different spaces that we obtain in this work are valid for many examples that can
be found in the more recent literature and offer in this way a more deep and unified perspective of their
approximation properties.

Notice that throughout the paper, t denotes the identity map ¢ : [0, 00) 3 x = t(x) = x € [0, o) meanwhile
xis a general fixed point of [0, c0). Therefore we will use t to write functional expressions and x for pointwise
formulas. Moreover, for any operator L : E; € R%*) — E, ¢ RI% and f € E;, L(f) or Lf stand for the
image function for f and L(f, x) is the evaluation of such a function at x.
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2. Moments and auxiliary results

From the definition of P, and S, it is immediate that both sequences of operators are connected by
means of the identity

Pu(f, x) = e S,(f, Bx), 3)

where for short we denote § = , = ("_”21# In [12] Heilmann and Tachev obtain several results for the
Phillips operators that can be transferred to P, through identity (3). Thus, from [12, Lemma 2.1], the relation
yields the following lemma.

Lemma 2.1. Foranyr € Ny =1{0,1,2,...},
Py =% Y (17 i oy
T -1 '
7=0

Here and from now on we adopt the usual convention that (i) =1forie Z and (;) =0foranyi,jeZ
with i < j. In particular, it is straightforward that

abt abt abt 2 t
Py(1)=e%, Put)=e"pt, Pu(t) =e%(% + ).

The same result of [12] also allows us to obtain the following expression for central moments.
Lemma 2.2. For m € Ny,
M[% i—m S m V—j—l V! m—v
TERTED IR0 M (4 (i | TCTER s

=0 v=2j

fu—

where we denote [y, (x) = Py((t — x)™, x).

Proof. From (3) we have that

abx

LX) = €% S((t = X)", Bx) = €% S, ((t — Bx + (B — 1)x)"™, px)

and now binomial’s formula and [12, Lemma 2.1] give us the result after properly arranging the order of
the sums. [

This lemma yields the formulae

no() =€, @ =" -1y, () =e ((ﬁ - 1% + z;:j),
6pE - DY | “j)
n

n2

L a(x) =" ((ﬁ ~1)% +

- 12(B—1)Bx>  24(B—1)px> +128°x>  24Bx

_,u 144

Una(x) =6 ((ﬁ 1)*x* + " + " + el

Since lim,,—,.o (8 — 1) = —(a + b), from the above lemma is is straightforward that p,, ,,(x) = O (n‘[% ) as it
is usual for all classical sequences of linear positive operators and, moreover,

m

m! : :
@x z, if m is even,

1 [M] = -1
21_1:1;1071 2 .un,m(x) { (ﬁ)lx% <_(g +b)x + mT—l), if m is odd.

(5)
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In particular,
lim ppo(x) =1, lim np, (x) =—(@+b)x, lLim np,2(x) = 2x. (6)

In this manner we see that it is possible to find suitable formulas for polynomial monomials and moments
but let us go further and study closed expressions for non-polynomial functions and moments of the type
e“'t" and et (t — x)™.

Lemma 2.3. Forany c € R, r € Ny and n > ¢, we have
, ) )

ctr) r(n—;zl:?)-%-abt 7’_! r— ]_ (7’1 - a)](n - b)] ]

Pofe) = ,._Zoﬂ(j—l) o

Proof. Since @9 = Y2 ¢!#"% we can use the idea of the moments generating functions to deduce that
P, (¢t") = L-]o—oP,(e@*9"). It is a simple computation that

O(n-a—b)+ab

Pye™)=e ! (7)
and from here it is also immediate that

Pn(e(9+c)t) (‘(H [:, b)+abte(n z:l)(l: b) — ?7 i’

. . . . . 0 i i yeo
Now if we combine the expansion for the exponential function ¢* = } ;2 z//j! with (ﬁ) =Y - 1)z and

we rearrange the order of the sums we obtain

(n an-b) o St — (n - a)f(n - b)] i
n—c  n—c—0 —t] r
z[z L e
from which we deduce the result by differentiating with respect to 0 as we indicated before. [

It is clear that Lemma 2.2 can be also deduced from Lemma 2.3.
In particular, for c = a we have

Sl (r—1\(n-b) ,
P, (eattr) = T( . ) . t,
;)4 N\j=1/(n-a)
which proves the fact announced by item (3) on page 5072, namely P,(¢"t) = et for a = b. The analogous

formula for ¢ = b also holds.
From this last lemma it is immediate that

c(n—a—b)+ab ¢

Pn ((ZCt) =¢ n
p, (et) = s (1= =),

(n—c 7
v, [((n=a)n =)\’ ,  2(n—a)(n—Db)
R e o

from which we also conclude that

2
. oo 2(n —a)(n - b) (c2 +n(@a+b-2c) - ab)
P, (et(t—X)z,x) =e [ PR CErE x2].

(8)

Furthermore, (8) means that P, (e“(t - x)2,x) = O(n™!) for all x € [0, ). Actually we can extend this last
property to check that these kind of moments also perform the usual behavior for polynomial moments in
the sense that we show in the following result.
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Corollary 2.4. For m € INy,

m+1 ]

Py (e (t = )", x) = (1 + 2" Ox (1)),

Furthermore, for a < ¢ < b the infinitesimal expression is uniform on x € [0, 00).

Proof. From Lemma 2.3 it is clear that we can write

c(n—a—b)+ab

Py(e(t =", ) = ¢ ) i) =) o)
i=0

for certain polynomials g; with degree m. Since P, are linear positive operators, it a simple matter that a
Schwartz type identity is satisfied and for any f, g : [0, 00) — R in the domain of P,, we have that

1 1
Pu(f - 9)] < (Pa(F)” (Pu®)”
Therefore, if we take f = ¢, g = (t — x)", and we use Lemma 2.2 and (7), with 6 = 2c, it follows that

1
2c(n—a—b)+ab 1

P (¢ — )", )| < (672)2 O.(n%) = O,(n?).

But then, in (9), we have that go(x) = -+ = q[mT4](x) = 0 and we finally obtain the result if we take into
account that we can write

c(n—a—b)+ab c(c—a—=b)+ab
e n—c x = eCXe n-c

Moreover, for a < ¢ < b, in the last expression, the coefficient in the exponent of the second exponential

satisfies c(c —a — b) + ab < 0 and therefore such an exponential is bounded on [0, o) so that in this case the
infinitesimal expression of the lemma is uniform on [0, c0). [

We finish this section including a technical result that will be useful in the rest of the paper.
Lemma 2.5. Given A € R, ¢ > 0 and ay < c, for N > 0 big enough there exists a constant K > 1 such that

ell()f _ e(ﬂo+%)f
—_— <

K__ W
e(c—a)N-A"

ct
€ [0,00)

Moreover, for A > 0 we can take K = 1.

t a +A t
Proof. Tt is not difficult to check that f = 2=<"*" f]fills £(0) = 0 and, for N big enough, lim,_e f(x) = 0.

ect
Therefore, since f is not constant (for A # 0), the function has to have a relative extreme in (0, c0) which, as

a matter of fact, is unique and we can easily compute as xo = ¥ log ((C(_C;:)‘}\)f\_] ) ) Then

Al A\
£ o) = [ f(x0)] = c—ag)N - A (1 (c—aN ) '

But the last factor is equal to g(m) where g = (1 — ) which is a continuos decreasing function with
lim, o g(x) = 1 so that we can easily finish the proof. [J
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3. Convergence analysis

In this section we will briefly study the approximation properties of the operators P, calling attention to
the fact that they present important differences depending on the values of the parameters 2 and b. First we
analyze the uniform convergence on [0, o) that cannot be guaranteed for all values of a,b. In the general
situation, even in those cases when the uniform convergence fails, we can study weighted approximation
properties and therefore that is our second analysis.

Let us denote by C*[0, o0) the subspace of real-valued continuous functions which possess finite limit at
infinity endowed with the uniform norm. The uniform convergence on noncompact domains for sequences
of linear positive operators has been studied in several papers [6, 13]. In particular in [13] Holhos uses
the classical argument of Shisha and Mond [15] to obtain a quantitative estimation in terms of moduli
of continuity. A rapid analysis shows that we can adapt the idea of Holhos to be valid not only for test
functions e™!, e, as it appears in [13], but also, in general, for a?!, >, with any A < 0. For this purpose
we consider the modulus of continuity

W' (f,0)=  sup  |f(x1) - f(x)|

x1,X220

[et*1—e22 | <5
and then Theorem 2.1 of [13] can be rewritten as we show below.

Theorem A ([13, Theorem 2.1]). Given A < 0, ifL, : C*'[0, 00) — C*[0, o0) is a sequence of linear positive operators
with

ILn (1) = ljo,00) = s L () = eMllio,e0) = B ILn (€)= e lfo,00) = Vs

where ay,, By and y, tend to zero as n goes to infinity, then

“Lnf - f”[O,OO) < an”f”[O,cc) +2+ an)a)*(f/ Van + Zﬁn + yn)/
for every function f € C*[0, o0).
With the aid of the result by Holhos, we study the uniform convergence of P,, on C*[0, c0).

Theorem 3.1.

1. Forab # 0, P, is not an approximation method in (C*[O, ), ||'||[o,oo)>.
2. Forb = 0, we have that

1Paf = fllosy < 26°(f, 1| ="2),

for certain constant c, that for a < 0 can be taken as ¢, = |a| and fora > 0 as ¢, = 3a + 4.

Proof. 1. From Lemma 1 we know that P,(1) = e and therefore, for ab # 0,

abt +oo, ifab>0,
1Pu(1) = Ty = lle™ = Tl ={ 7 o0
and we do not have uniform convergence for the constant function 1 € C*[0, c0).

2. In this case, P,,(1) = 1 and then, in Theorem A, a,, = 0. On the other hand, from (7) we also have that

Olr—abysab (@+ W)t
=e .

Py(e”)=e "0 (10)
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If a < 0, in Theorem A we can take A = a and then B, = [IP,(¢") — ¢"[lj,.0) = 0. To compute y,,, from (10) we
have

24 Mzt )t

Pn (eZat) — 6’( n—2a
and now, in Lemma 2.5 we take c = 0, ap = 24, A = 24%> — ab and N = #n — 24 to obtain

1 |af
=P eZut _ eZat o < = .
Vn = |[Pn(e™) IIf0,c0) i

If 2 > 0, we choose A = —1 and, again, in a similar way, combining Lemma 2.5 with (10),

_ _ la+1 _ _ la+2
Bu = IPu(e™) = eloegy < - -1 yu = IPale™) =) < - —.

O

This last result shows that not always the operators P, present convergence for the uniform norm. How-
ever the situation is different if we consider weighted approximation. For an increasing weight function
p : [0,00) = R, such that lim, .. p(x) = +c0 and p(0) > 0, we consider the spaces B,([0, ®)) = {f : [0, c0) —
R : [f(x)] < Myp(x), x > 0}, C,([0,00)) = C([0, 00)) () B([0, o)) and C([0, 00)) = {f € C, ([0, 20)) : lim, o £ =

plx)
kf exists and it is finite} endowed with the norm |[|f|l, = SUP 1¢[0,00) VPE—?' (see [2]). The convergence of se-

quences of linear positive operators for this last norm in these spaces of functions has been analyzed in
several papers. In [7] Bustamante et al. offer us a nice survey on the topic that, moreover, includes new
results and many interesting comments. In particular in [7, §4.] the convergence for |||, in C’;([O, 0)) is
studied by means of several theorems that allow to determine whether a set of functions {yg, 1,72} is a
Korovkin system for (C’[‘,([O, )), [Illp); that is to say, the convergence for )y, y1, )2 implies the convergence

for all function in C’;([O, ©0)). Since, many of the classical linear positive operators preserve linear functions,
a typical choice for the first two functions of a Korovkin system is yp = 1 and y1 = £; in [7, Theorem 4.5] the
functions y, that along with 1, t form a Korovkin system are characterized.

Theorem B  ([7, Theorem  4.5]). Consider —a  weight  function p  such  that
%iII;xHOO 1/p(x) = limy—e x/p(x) = 0. Given the function y, € C’;([O, 0)), the following assertions are equiva-
ent:

(i) {1,¢,v2} is a Korovkin system for (C'f‘)([O, 00)), II1l,)-
(ii) {1,t,y2} is a Chebyshev systems on [0, o) (that is to say, on every finite subinterval of [0, 00)) and

lim 7>(x)/ p(x) # 0.

Notice that the notation for the weight function in [7] is slightly different from the one that we use here
since Bustamante considers the inverse weights but the translation is simple and direct. By means of this
last result we can prove the following theorem for our operators.

Theorem 3.2. Ifa < band b > 0, for any r € Ng and p, = e"(1 + ") we have that
WPuf = fllp, = 0
forall f e C’;r([O, 0)).
Proof. From Lemma 2.1 we know the explicit expression for both P,(1) and P,(t). Then, on the one hand, in
Lemma 2.5 we takeag = 0,c = b, A = aband N = n to obtain

1—et

Imer (1K W
2l

IPu(1) = Tl = <s——
)

[0,00
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On the other hand, as b > 0, we can take € with 0 < ¢ < b and applying again Lemma 2.5, now withc =b—c¢,

the definition of B of page 5073 and a simple bound for %, for n big enough we obtain

T—et  1-B\ ¢t
( ob—o)t p+ e(be)t) ett
[0,00)
1(K |ab| (n—a)(n—->b) N (@a+bn—ab 1
“2\e(b-¢eyn—ab n2 n2

t—eSipt

IPAB) =ty = | —55

< =
2

1 ’

[0,00)

ce’

Accordingly, in the conditions of the theorem we always have convergence for 1 and ¢ in the weighted norm
[Illp,- Of course, it is evident that we also have convergence for both functions for ||, forany r = 1,2, ...
Let us study now the convergence for p, with ||-[|,,. From Lemma 2.3 it is not difficult to deduce that

—1 1 =1\ (n=a)l —a\
Pulp) —pr  Lijco 5G0)Gmiyt + (=) -
o B 1+t

and then we conclude that for certain K; > 0

K
Wmm—mmsﬁ

and again we have convergence (as P, (") = ¢, the case r = 0 was anyway obvious).
Finally since the wronskian

Wt pr) = e (r(r = F2 4+ 26r8 ™ + B2(1 + 1))

is non vanishing for all cases, we have that, for r € Ny, {1, ¢, p;} is an extended Chebyshev system. It is
evident that if we take p = p;, all the conditions of Theorem B are fulfilled and we thus finish the proof. [J

Remark 3.3. Since our operators preserve e and e, it could have been more natural to take {1,a™, "} as Korovkin
system because no additional computation is necessary to prove the convergence of these two functions. Actually,
essentially with the same proof, we can also propose the following modification of Theorem B.

Theorem B. Consider two functions yo,y1 € C’;([O, 00)) such that lim,_,. ys(x)/p(x) = 0, s = 0, 1. Given a third
function y, € C’;([O, 0)), the following assertions are equivalent:

) {y0, 71,72} is a Korovkin system for (C’,‘J([O, 00)), [Ill,)-

(ii) {yo,y1} and {yo, v1, Y2} are Chebyshev systems on [0, 00) and lim,_, Y2(x)/p(x) # 0.

The only important difference with respect to the proof by Bustamante we need now is that instead of the determinant
that we find in the last line of the proof of [7, Theorem 4.5] we will have this other one

yo(x1)  yo(x2)
yo(x1) yi(x2) |’

suitably multiplied by weight functions, which does not vanish due to the conditions included in (ii) and then we
reach the conclusion as in [7].

Anyway, although this version allows to prove many of the cases of Theorem 3.2 with less computations, some
others (for instance, a = b) finally need the test system {1,t,e" (1 + t")} considered in the proof above and for this
reason the initial version of Theorem B allows to study all possible situations in a more unified way.
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In the case a < b < 0, for all weight function p = e with ¢ > 0, from (10), since ¢* — (a + b)c + ab > 0, we
have that

‘Pnp—p

p
and then ||P,(p) — pll, = +oo for all n. Therefore P, does not converge for any increasing exponential weight
function and the problem makes no sense in this case.

[Zf(wb)cwzl; t
= |le n-c —

[0,00)

= 400
[0,00)

Of course, in theorems 3.1 and 3.2, the role of 4 and b can be easily permuted.

4. Asymptotic behavior

To finish with the description of the approximation properties of the operators P, we analyze the asymptotic
behavior of the sequence. Although we showed several cases for which we do not have uniform or weighted
convergence, from the definition of the operators it is straightforward that for any locally integrable function
f of exponential growth (that is to say ( f | < Ke! for certain K, ¢ > 0), P,(f, x) is defined for all x € [0, o) and,
moreover, if f is continuous at x then P,(f,x) — f(x) (actually, Lemma 4.1, for g = 0, could be considered
a proof of this fact). As a consequence, for any continuous function of exponential growth we will always
have pointwise convergence and now we prove that it is possible to obtain asymptotic expansions for
that class. In particular we show the explicit expression for the expansions of order 1 (that is to say, a
Voronovskaja formula) and order 2.

The classical result by Sikkema [16] allows to establish asymptotic expansions for functions of polynomial
growth for a wide class of linear positive operators. We will make use of this result but in order to obtain
expansions valid for functions of exponential growth we need to apply a localization argument so we first
prove the following localization result.

Lemma 4.1. Let g be an even number and let f : [0, 00) — R be a locally integrable function such that, for certain
K,c >0, |f| < Ke®* on [0,00) and consider x € [0,00) such that f is differentiable of order q at x with f0(x) = 0,
i=0,...,q9. Then

Pu(f,x) = o(n”).
Proof. In the conditions of the lemma, the g order Taylor series expansion of f at x is

f=ht-x-x)7,
where h : [-x,00) — R is a function continuous at 0 with /#(0) = 0. Therefore, for any ¢ > 0 we can find
0 > 0 such that for all x; € Is = (x = 5,x + 6) N [0, 00) we have |[h(x; — x)| < . It is also obvious that using the
bound that the statement of the lemma establishes for f we can find a constant K, > 0 and r; > g such that
( f (x1)| < Kee™(xq —x)" for all x1 € [0, 00) — Is5. Therefore, since P, is positive,
|f] < e(t = x)7 + Kee(t = )" = [Py f| < ePu((t = %)7) + KcPy (= x)").
But from Lemma 2.2, Corollary 2.4 and (5) it is immediate that
!
q: o3
q
(3)

and since ¢ is an arbitrary positive number we finish the proof. O

lim n%Pn(f,x)’ <e¢
n—oo

Theorem 4.2. Let q be an even number and let f : [0, 00) — R be a locally integrable function such that, for certain
K,c >0, |f] < Ke on [0, 00) and consider x € [0, co) such that f is differentiable of order q at x. Then

1, £ , \
Pu(f) =) %Pn ((t =), x) + o).
=0
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Proof. [16, Theorem 3] proves that the theorem holds for any g : [0, c0) — R with polynomial growth. For
a suitable 0 > 0, let us consider a neighborhood of x, I = (x — 6, x + 6) N [0, o) and take a locally integrable
function 4§ : [0,00) — R such that § is bounded on [0, o) and gl; = f|;. § is under the conditions of [16,
Theorem 3] so that we have an asymptotic expansion for it. Moreover, § — f is under the conditions of
Lemma 4.1 and accordingly P,(§ — f,x) = o(n~2). Now, since 7 (x) = fO(x), fori = 0,...,q, the asymptotic
expansion that [16, Theorem 3] yields for § at x is actually valid for f and this ends the proof. O

As the expansion for e is known, Lemma 2.2, expressions (4) along with the last theorem allow to
obtain explicit asymptotic expansions of any order. Thus, given f, locally integrable with |f| < Ke®, for
q = 2,if f is twice differentiable at x we have

Pulf, %) = £ + x (@b f(x) ~ (@ + b)) + () - +olo ™), ay

:Ef/l,fl (x)

or for g = 4 and f four times differentiable at x,
Py(f,x) = Ef1n(x) + %(Lﬂbzxf(x) + 2ab(1 = (a + b)x) f'(x)

+ ((Zub +(@+b))x -2+ b)) 7(x) + 2(1 = (@ + b)x) £ (x) + x fD(x) % +o(n7?).

With our last result we try to offer a quantitative estimate of the Voronovskaja formula (11) in the line of
many papers that deal with the problem of expressing the remainder term of the asymptotic formulae in
terms of moduli of continuity. Here we have to tackle the question of the non-compactness of the domain of
the operators P, and therefore again we need to consider weighted norms and moduli with the purpose of
establishing results for the wide class of functions for which the sequence is an approximation method. This
kind of problem has been studied by several authors for concrete sequences of operators (see for instance
[1]) and also for general sequences in the case of polynomial weights [4]. In [19], Gupta et al. extend already
known results in the topic to the case of functions of exponential growth in the interval [0, o0) establishing
quantitative expressions in terms of the modulus of continuity with exponential weight defined as

o(f,50)= sup |f()— flx+h)le™.

h<6,0<x<00

They also consider the spaces Lip(«a, a), 0 < a < 1, that consist of all function such that w:(f, 6,a) < M6* for
all 6 < 1.

Theorem C ([19, Theorem 1.1]). Let E be a subspace of C[0, c0) which contains all continuous functions with
exponential growth and let L, : E — CJ0, oo) be a sequence of linear positive operators preserving the linear functions.
We suppose that for each constant A > 0 and fixed x € [0, o) the operators L, satisfy

L ((t = x%e™, x) < C(A, x) - pih 5 () ()

where C(A, x) is some function depending on A and x, and we denote ‘Ltﬁ ,(x) =Ly ((t - x)Z,x).
If in addition f € C?[0,00) NE and f” € Lip(a, A), 0 < @ < 1, then we have, for x € [0, 00),

. C(Ax) +CAx) I NTENEY)
= |:82A + 2 + 2 jl ’ Aué,z(x) T W1 f 4 #ﬁ:(x),A

L) = ) = 3" @it
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We would like to make a couple of remarks about this theorem. First, in the inequality that appears in
[19], we find ¢** but from the proof contained in that paper it follows that it should be read e*!* instead
and thus we correct here this missprint including the proper coefficient in the inequality of the theorem.
Second, although it is assumed that f” € Lip(a, A), the theorem also holds for any function for which
wi(f”, h,A) P 0.

We can see that in Theorem C it is supposed that the operators of the sequence preserve linear functions.
However this restriction is not essential and the original proof [19] remains valid for a general sequence of
linear positive operators if we replace inside the absolute value in the left hand side of the final inequality
—f(x) with the terms — luﬁ/o () f(x)- yﬁ’l (x)f’(x) thatin the case of linear preservation simplify to the inequality
showed above.

We know that P, fixes ¢ and ¢ but on the contrary, from Lemma 2.2, it is immediate that no polynomial
is preserved. Therefore this last remark is important here. Anyway, once considered the slight modification
proposed in the preceding paragraph, the crucial step is to prove that condition (+) holds.

From Lemma 2.2 and (8),

2
= (-7 ) = [ (st} )

2
=A, -3,
awaea [ 2(n = a)(n = b) (c2 +n(@a+b-2c) - ab)2
P, (e“(t - x)z,x) =e [ o X+ oo xz].
=A, =B,

Let us see that we can prove (x) for every c > 0.

For any di,d; € R, if we consider the constant Ky, 4, = max{1, |dy —d; + 1|}, it is immediate that |” ) | <
Kthdz forn>d, + 1.
Using the notation that we have just introduced, for a + b # 0 it is easy that

2
~ - +b-2
A <K A, and B, < (%) K. KB, (12)
a+b-2c’ a+b
Therefore we can take C(a, b, ¢, x) = max{Kgc, (”;ﬁ‘bzc) K, ﬂKg/C}e”‘ for n > N(a, b,c) = max{a,b,c, - +b} +1

a+b=2c” a+b

2ab

MB for n > 25 and then we

24(ab)?
accordingly modify the definition of C(a, b, ¢, x) and N(a, b, c) for this case).

For a + b = 0, the inequality in (12) for A, and A, also holds and in a similar way

(in the special case a + b — 2c = 0 it is simple to check that B, <

B, <2c21<gC1<§2 L, KepAn

and therefore we can take C(a, b, c, x) = maX{KS’ o Zcng CKfZ ., K.p}(1+x)e forn > N(a, b, c) = max{a,b,c} +1

Thus, in all cases,
P, (e” (t—x)%, x) <C(a,b,c, x)yi :’z(x), forn > N(a,b,c).

This all, together with (4), makes possible to apply Theorem C to obtain a quantitative version of
Voronovskaja formula (11).
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Theorem 4.3. Let f € C[0, 00) be such that |f| < Ke for certain K, c > 0. If f € C?[0, 00) (Eand f” € Lip(a, c),0 <
a <1, then, with C(a, b, c, x) and N(a, b, c) as given before, we have for n > N(a, b, c) and x € [0, o0) that

Pn(frx)_e%x

f) +(B—1D)xf'(x) + ((ﬁ - 1)%x% + Z:zﬁ) f”(x)]

2

+/C(a, b, 2c,
< | + C@b,c x) + @ &%) 2 (x) w1 | f7, ‘unA(x),C .
2 2 fhn,2(%)

Of course, in the same way that we did to obtain the explicit expression for Ey, ,(x) in Voronovskaja

formula (11), we can use the expansion for e to rewrite the last inequality in order to give rise to a more
precise description of the error for (11). If we call Ry ,(x) to the right hand side of the inequality of the last
theorem, it is easy that

abx

[Pu(f,) = Eguu()] <Rzu(@) + (e -1- 7) [F@)+ (% - 1)
2 - 1>x) f()
n

f7)
2

Hna (x)f,(x) + [—ln,Z(x)

+

2

Bar e+ (i6- 17 +
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