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Abstract.

In this paper, we introduce the notion of I,-convergence in Ty spaces, and study the fundamental
properties of I,-topology which is determined by I,-convergence according to the standard topological
approach. Then, we give a sufficient condition for I,-convergence to be topological. Finally, we introduce
a special class of T, spaces, called IDC-spaces, and then present a sufficient and necessary condition for
I,-convergence to be topological in IDC-spaces.

1. Introduction

Convergence plays an important role in the research of general topology and order theory. Just because
of this, the convergence problems have been considered by many researchers (see [1, 5, 6, 9-13, 15, 17-19]).
In particular, an important convergence is the lim-inf convergence in complete lattices (see [6]), which is
introduced by Scott to characterize continuous lattices. A net (x;);c; in a complete lattice L is said to lim-inf
converge to an element x if x = sup{inf{x; | i > k} | k € I}. A basic question arises naturally: is the lim-inf
convergence in a complete lattice L topological? That is, there exists a topology 7 on a complete lattice L
such that a net (x;);cr in L lim-inf converges to x if and only if it converges to x with respect to the topology 7.
It has been shown by Scott that the lim-inf convergence in a complete lattice L is topological if and only if L
is a continuous lattice (see [6]). Later on, a general result showed that the lim-inf convergence (also be called
S-limit in [5]) in a dcpo L is topological if and only if L is a domain (see [5]). As a generalization of lim-inf
convergence in dcpos, Zhao and Zhao (see [15]) introduced the lim-inf convergence in a partially ordered
set, and proved that for a poset P the lim-inf convergence is topological if and only if P is a continuous
poset.

In a recent invited talk at the Sixth International Symposium on Domain Theory, Lawson emphasized
the need to develop the core of domain theory directed in Ty spaces instead of posets. Towards this new
direction, motivated by the definition of the Scott topology, Zhao and Ho [16] introduced a method of
deriving a new topology out of a given one. They called this topology the irreducibly-derived topology (or
simply, SI-topology). Furthermore, they introduced SI-continuous spaces, which lead to a generalization
of the concept of continuous posets. In [7], Heckmann and Keimel presented a topological variant of
Rudin’s Lemma where irreducible sets replace directed sets. Moreover, in [14], as a generalization of lim-inf
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convergence in posets, the authors introduced the concept of Irr-convergence in a wider context of Ty
topological spaces, and present a sufficient and necessary condition for Irr-convergence to be topological
in Ty spaces.

Erné (see [4]) introduced the concepts of S;-convergence in posets through filter and S,-continuous
posets by making use of the cut operator instead of join. The above notions have the advantage that not
even the existence of directed joins has to be required. Moreover, Erné proved that the S;-convergence in
a poset P is topological if and only if P is an S,-continuous poset. In this paper, we continue to respond to
Lawson’s call to develop the core of domain theory directly in topological spaces by establishing a topology
parallel of the aforementioned result. More precisely, as a common generalization of both 5;-convergence
and Irr-convergence, we introduce a new convergence in Ty spaces, called I,-convergence, and hope to
find a satisfactory sufficient and necessary condition for I,-convergence to be topological. We introduce the
notion of I;-continuous spaces, and prove that the I,-convergence is topological in I-continuous spaces.
Furthermore, we introduce a special class of T spaces, called IDC-spaces, and then obtain the main result
of this paper, that is, we give a sufficient and necessary condition for I,-convergence to be topological in
IDC-spaces, generalizing the known result of 5;-convergence to be topological in posets.

2. Preliminaries

Throughout the paper, we refer to [5] for domain theory, and to [2] for general topology.

Let P be a poset. A non-empty subset D of P is directed if every finite subset of D has an upper bound
in D. A subset A of Pis upperif A =TA = {x € P: x > y for some y € A}. The Alexandroff topology Y(P) on
P is the topology consisting of all its upper subsets. A subset U of P is called Scott open if (i) U = TU and
(ii) for any directed subset D, \/ D € U implies D N U # @ whenever \/ D exists. The Scott open sets on P
form the Scott topology o(P). Obviously, a subset U of P is a Scott open set if and only if U is a Alexandroff
open set and for any directed subset D, \/ D € U implies D N U # @ whenever \/ D exists.

Let P be a poset. An upper (resp., a lower) bound of a subset A of P is an element x such that y < x
(resp., x < y) for all y € A. The set of all upper (resp., lower) bounds of A will be denoted by A* (resp., A').
Given any two elements x and y in P, we say that x <, y if for any directed set D C P with y € D", there
exists d € D such that x < d. The set {y € P | y <, x} will be denoted by |}, x. P is called S,-continuous (see
[4]) if for any x € P, |}, x is directed and x = \/ |, x. In fact, we have that x = \/ |, xiff x € (|, x).

Proposition 2.1. ([3]) Let P be a poset. Then the following statements hold:
(1) Let A, B be subsets of P. If A C B, then B* C A" and B' C A%;
(2) Foralla e P, (la)* = |a.

Definition 2.2. ([16]) Let P be a poset. A subset U of P is called o,-open if the following conditions are
satisfied:

MHu=14;

(2) For any directed set D € P, D" N U # 0 implies D N U # 0.

The collection of all o,-open subsets of P forms a topology, it will be called o,-topology of P and will be
denoted by g, (P).

Given a topological space (X, ), a non-empty subset F of X is called a 7-irreducible set (or simply,
irreducible set) if whenever F C A U B for closed sets A, B C X, one has either F C A or F C B. The set of
all 7-irreducible sets of X will be denoted by Irr.(X). X is called sober if for every irreducible closed set F,
there is a unique point x € X such that F = cl({x}). Notice that every sober space is necessarily Tj.

For any Ty space (X, 1), the specialization order < on X is defined by x < y if and only if x € cl({y}).
Unless otherwise stated, throughout the paper, whenever an order concept is mentioned in the context of
a Ty space X, it is to be interpreted with respect to the specialization order on X.

Proposition 2.3. ([5]) Let (X, t) be a Ty space. Then the following statements hold:
(1) Forallae X, la = {x € X | x <a} = clx({a}).
(2) If U C X is an open subset. Then we have TU = U.
(3) If D C X is a directed set with respect to the specialization order, then D is irreducible.
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Definition 2.4. ([16]) Let (X, 7) be a T space. A subset U of X is called SI-open if the following conditions
are satisfied:

MHUer;

(2) For any F € Irr.(X), \V F € U implies F N U # @ whenever \/ F exists.

The set of all SI-open sets of (X, 1) is denoted by 7s;. We can see that 7g; is a topology on X. We call
g1 the irreducibly-derived topology of 7. The space (X, ts;) will also be simply written as SI(X). Moreover,
complements of SI-open sets are called SI-closed sets.

Proposition 2.5. ([16]) Let (X, t) be a Ty space. Then the specialization orders of spaces X and SI(X) coincide, and
Irr(X) € Irre g (X).

3. I,-Topology

Based on the S;-convergence in posets, we introduce the notion of I,-convergence in Ty spaces by
replacing the directed subsets with irreducible subsets. In this section, we study the properties of I-
convergence and the I,-topology, which is obtained by I,-convergence.

Let X be a set and P(X) the family of all subsets of X. By a filter ¥ in X we mean a non-empty subfamily
F C P(X) satisfying the following conditions:

MHoesF;

(2 IfA,BeF,thenANBe¥F;

B)IfAecF and ACBeP(X), thenBeF.

Given a topological space (X, 1), a filter ¥ in X is said to converge to x € X with respect to the topology
tifforany Ue twithxe U, UeF.

Definition 3.1. ([4]) Let P be a poset. A filter  in P S,-converges to a point x € P if there exists an ideal D
such that x € D and for eachd € D, 7d € .

Definition 3.2. Let (X, 1) be a T space. A filter ¥ in X I,-converges to x € X if there exists an irreducible
subset F of X such that

(1) x € F4;

(2) Foreache e F, Te e F.

. . L
In this case, we write ¥ — x.

Remark 3.3. (1) Let P be a poset. Then I,-convergence in the Alexandroff topological space (P, Y(P))
coincides with S;-convergence in P. In particular, when P is a dcpo, I,-convergence in a Ty space (P, Y(P))
coincides with S3-convergence in P (see [4]).

(2) Let Fi5y = T{{x}} denote the filter generated by the filter-base {{x}}, then ¥y Ly
(3) Let X be a Ty space and D be a directed subset of X. Then T{Td | d € D} is a filter in X and

t1d | d e D} 225 x for any x € D".
(4) Let ¥ = x,and y < x. Then F — .

Definition 3.4. Let (X, 7) be a Ty space. Then

1, ={UCX| whenever?iwcandxell,UET}

is a topology, called the I,-topology on X. U € 7, is called I,-open. Complements of I,-open sets are called
Ir-closed sets.

Remark 3.5. (1) Let (X, 7) be a Tj space. If ¥ R x, then ¥ converges to x with respect to the topology 7,.
(2) Let P be a poset. Then 0,(P) = t,, where T, space is the Alexandroff space.
(3) Let (X, 7) be a Tj space. Then 7 and 7, are independent. Please see Example 3.7.
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Proposition 3.6. Let (X, 7) be a Ty space and U C X. If for any irreducible set F, F*' N U # 0 implies Te C U for
some e € F, then U is an I,-open set.

Proof. We first show that U is an upper set. Given x < y with x € U, consider F = {x}, which gives Tx € U

andsoy e U. LetF 2, x and x € U. Then there exists an irreducible set F such that x € F*, and for each
ecF,TecF. Thus F¥ N U # 0, and so Te C U for some e € F. Therefore U € F. [

Example 3.7. (1) Let ¢ be the usual topology on the set of real number R. Then (R, ¢) is a T, space. Let
U = {x} for some x € R. Suppose that F is an irreducible set, and F*/ N U # (. Then F is a single point set.
Without loss of generality, suppose that F = {a}. Then F*' = {a}, and thus a = x. So we conclude that Tx C U.
It follows from Proposition 3.6 that U € 7j,. Obviously, U ¢ €.

(2) Let X = N U {w1, w,}. Define the order on X as follows:

0<1<---<---<@wand0<1<-- <<y

Then (X, Y(X)) is a Ty space. Obviously, {w1} € Y(X). By Remark 3.3(3), we have that T{Tn | n € IN} N w1,
but {w1} ¢ T{Tn | n € N}. Therefore, {w} is not an I,-open set.

Proposition 3.8. Let (X, t) be a Ty space. Then (X, ty,) is a Ty space.

Proof. Let x € X. Suppose that F is an irreducible set with F*/ N X\ | x # 0. Then there exists y € F/ N X\ | x.
Assume that FN (X \ |x) = 0. Then F C |x, and thus x € F*. It follows from y € 4 that y < x, whichis a
contradiction. Therefore F N (X \ |x) # 0, that is, there exists e € F N (X \ |x). Therefore Te € X\ [x. By
Proposition 3.6, we have that X \ | x is an [,-open set. Then (X, t;,) is a Ty space. [J

4. I,-Continuous Spaces

Definition 4.1. Let X be a T space. For x, y € X, define x <, y if for every filter ¥ in X which I,-converges
toy, TxeF.
We denote the set {x € X | x <, a} by |, a4, and the set {x € X | a2 <}, x} by 1, a.

Remark 4.2. (1) Let P be a poset. Then x < y if and only if x <, y, where the topology on P is the
Alexandroff topology.
(2) Let X be a Ty space, x, y € X. Then x <, y implies x < y.

Proposition 4.3. Let X be a Ty space. Then the following statements hold:
(1) x <y, y implies x <y forall x, y € X.
(2)a <b<y, c <dimpliesa <, d foralla,b,c,d € X.

Proof. (1) By Remark 3.3(2), we have that the filter T{{y}} I-converges to y. Since x <, y, we have that
Tx € T{{y}}. Then {y} € Tx, and thus x < y.

(2) Let ¥ L, 4. 1t follows from ¢ < d that & -2 ¢. Since b <, ¢, we have that Th € F. Then Ta € F,
and so we conclude thata <, d. O

Proposition 4.4. Let X be a Ty space, x,y € X. If for any irreducible set F, y € F* implies x < e for some e € F, then
X <L Y.

Proof. Let x, y € X. Suppose that ¥ L, y. Then there exists an irreducible set F such that y € F*/, and for
each e € F, Te € . By hypothesis, there exists e € F such that x <e. Then Tx € ¥, and thus x <, y. [

Definition 4.5. A T space X is called an I,-continuous space, if for each a € X, the following conditions are
satisfied:

(1) U, a is an irreducible set and a € (|, a)*;

(2) M, ais an L-open set.
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In fact, it follows from Proposition 4.3(1) that a € ({5, ) if and only ifa = \/ |y, a.

Remark 4.6. (1) Let Pbe a poset. Then P is an S;-continuous poset if and only if (P, Y(P)) is an I,-continuous
space.
(2) Every T space is an I,-continuous space.

Theorem 4.7. Let X be an I,-continuous space. Then ¥ L x if and only if the filter ¥ converges to x with respect
to the topology Tj,.

Proof. By Remark 3.5(1), the necessity is clear. Conversely, suppose that the filter # converges to x with
respect to the topology 7;,. Since X is an I,-continuous space, |};, x is an irreducible set and x € ({;, x)*. For
all y €|, x, we have that x €f};, y. Since I, y is I,-open, we have that f};, y € #. It follows from fl;, y € Ty

that Ty € . Therefore ¥ S O

5. I,-Convergence in IDC-Spaces

In this section, we introduce a special class of Ty spaces, called IDC-spaces. The relationships between
IDC-spaces and other spaces are investigated. I,-convergence in IDC-spaces is also studied.

Definition 5.1. A T space X is called an IDC-space if for each irreducible set F, there exists a directed set
D C | F such that D" = F“.

Example 5.2. (1) Let P be a poset. Then (P, Y(P)) is an IDC-space.
(2) Let X = (N X (IN U {oo})) with the partial order defined by

(mq,n1) < (mo, np) iff my = my, ny < npy < 0o orny = oo, ny < M.

Now, we consider the Scott topology space (X, 6(X)). Itis proved in [8] that X is an irreducible set. Obviously,
X" = X. Assume that there exists a directed set D C X such that D" = X" = X. Since X is a dcpo, we have
that \/ D exists. Then D = |(\/ D), and thus X = |(\/ D). But this is a contradiction. Thus (X, o(X)) is not
an IDC-space.

(3) Let X be a C-space. Then X is an IDC-space. But the converse may not be true. For example, let
X={a;|ie NJU{b; | i € N} U (T}, where N denotes the set of all positive integers. The order < on X is
defined as follows:

()ay<ap<---<a,<---<T;

{)b1 <bp<---<by <--- < T
Then (X, <) is a poset. Next, we shall prove that (X, 0(X)) is an IDC-space. If F is finite, then (J,r lx is a
finite union of closed sets. Since F is irreducible and F C |J,.r | ¥, there is x in F such that F € |x. This
x is the greatest element of F, and F4 = {x}*. If F is infinite, then at least one of FN {g; | i € N} and
Fn{b; | i € N} must be infinite. Whenever F N {g; | i € IN} is an infinite set, F N {a; | i € IN} is a directed set
and F' = (FN {a; | i € N})* = | T. Similarly, we can explain the case that F N {b; | i € N} is an infinite set.
Therefore, (X, 0(X)) is an IDC-space. Suppose that (X, 0(X)) is a C-space. Then X is a continuous poset. In
fact, | a; = 0, then X is not a continuous poset. But this is a contradiction, so we conclude that (X, 0(X)) is
not a C-space.

(4) Every T, space is an IDC-space. In fact, if F is an irreducible set, then F is a single point set. Thus F
is a directed set. Therefore, X is an IDC-space. But the converse may not be true. Please see the following
example.

Example 5.3. Let X = {4; | i € N}. The order < on X is defined as follows:
A <ap<---<a,<---.

Then (X, <) is a poset. By Example 5.2(1), we have that (X, Y(X)) is an IDC-space. Obviously, (X, Y(X)) is
not a Ty space. Moreover, one can see that {a; | i € N} is a directed set. But there does not exist x € X such
that {a; | i € N} = |x. Thus (X, Y(X)) is not a sober space.
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Remark 5.4. (1) A T; space may not be an IDC-space (see Example 5.5(1)). Moreover, An IDC-space may
not be a T; space (see Example 5.3).

(2) An IDC-space may not be a sober space (see Example 5.3). Moreover, a sober space need not be an
IDC-space (see Example 5.5(2)).

Example 5.5. (1) Let X be an infinite set, and
T ={A C X | the complement of A is finite } U {0}.

Then (X, 7) is a T; space. Let A and B be closed sets, and X € A U B. Assume that X € A and X ¢ B. Hence
A # X and B # X. Since A and B are closed sets, A and B are finite sets. But this contradicts with the fact
that X is an infinite set. Therefore, X is an irreducible set. Obviously, X# = X. Assume that there exists a
directed set D such that D = X*.. Since D is a single point set, there exists x € X such that D = {x}. Then
DY = {x}* = {x} # X. Therefore, X is not an IDC-space.
2) Let X = (IN X (N U {o0})) U {T}. The order < on X is defined as follows:
i) for any (m,n) € N X (N U {oo}), (m,n) < T;

(i) for any (m1,n1), (m, n2) € IN X (IN U {oo}), (m1,11) < (mo, n2) iff my = my, ny < ny < 00 0r ny = oo,
np < my.
Then (X, <) is a poset, and thus (X, 0(X)) is a Ty space. Let F = IN X (IN U {o0}). One can conclude that F is
an irreducible Scott closed set. Then F is an irreducible set in SI(X). Since \/ F = T, we have that F = | T.
But there does not exist directed set D C F such that D" = | T. Thus, SI(X) is not an IDC-space. One can
conclude that every irreducible closed set in SI(X) is exactly a principle ideal. Therefore, SI(X) is a sober
space.

o~ o~

Proposition 5.6. Let X be an IDC-space. Then for any irreducible set F, there exists a filter ¥ such that F Ly
forall x € F*.

Proof. Let F be an irreducible set. Since X is an IDC-space, there exists a directed set D C |F such that
D" = F#. By Remark 3.3(3), we have that 1{1d | d € D} is a filter and T{1d | d € D} N y for all y € D¥.
Therefore, T{Td | d € D} Ly forallx e F. O

The above proposition may fail for a Ty space. Please see Example 5.8.

Lemma 5.7. Let X bea Ty space. If a filter ¥ such that 2, x, then there exists a net (x7)ier satisfying the following
conditions:

(1) There exists an irreducible set F such that x € [,

(2) ¥ e € F, there exists iy € I such that e < x; for any i > i.

Proof. Letl ={(a,A)|a€ A€ F}. Thenl # 0. The pre-order < on [ is defined as follows:

(a,A) < (b,B) if and only if B C A.

Then I is a directed set. Let x; = a for i = (a,A) € I. Then (x;);; is a net. Since F N x, there exists an
irreducible set F such that x € F¥, and Te € ¥ foralle € F. Ve € F,letiy = (¢, Te) € I. Then b € B C Te for any
i=(b,B) iy, and thuse < x; foralli > ip. O

Example 5.8. Let (X, 7") be a T; space defined in Example 5.5(1). By Example 5.5(1), we have that (X, 7") is

not an IDC-space and X is an irreducible set. Assume that there exists a filter ¥ such that ¥ L, x forall
xe X=X By Lemma 5.7, there exists a net (x;)ic; and for any x € X", the net (x;);e; satisfies the following
conditions:

(1) there exists an irreducible set F such that x € F*;

(2) Y e € F, there exists iy € I such that e < x; for any i > i.
Suppose that |F| > 2. Then F is an infinite set. Take e; € F. By (2), there exists i; € I such that e; < x; for
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any i > i;. Take e; € F such that e; # e;. By (2), there exists i, € I such that e, < x; for any i > 7. Since [ is
a directed set, there exists i3 € I such that 71,7, < i3. Then ey, e; < x; for any i > i3. Since X is a T; space, we
have that e; = e,. But this is a contradiction. We conclude that |F| = 1. Since x € F¥, we have that F = {x}.
Then there exists iy € I such that x < x; for any i > iy, and thus x = x; for any i > 7. Since X is a infinite set,
there exists y € X such that x # y. Repeat the above process, we also have that there exists i, € I such that
x; = y for any i > i4. Then there exists i5 € I such that x; = y = x for any i > i5. But this is a contradiction.

Therefore, there does not exist filter # such that F L, xforallx e X¥ = X.

Proposition 5.9. Let (X, 7) be an IDC-space and U € X. Then U € 1y, if and only if the following two conditions
are satisfied:

(1) U is an upper set;

(2) For any irreducible set F, F*' 0 U # 0 implies FN U # 0.

Proof. By Proposition 3.6, sufficiency is clear. It suffices to prove the necessity. By Proposition 3.8, we have
that (X, 7;,) is a Ty space. By Proposition 2.3(2) again, we have that U is an upper set. Let F be an irreducible

set. Then there exists a directed set D C |F such that D¥ = F and 1{1d | d € D} L, aforalla € D. Since

F AU # 0, there exists a € F/ N U. Then 1{1d | d € D} —% a € U, and thus U € 1{1d | d € D}. Hence, 1d C U
for some d € D. Obviously, there exists m € F such thatd < m. Therefore, m e FN U, ie, FNU #0. O

Proposition 5.10. Let X be an IDC-space and x,y € X. Then the following statements hold:
(1) For any irreducible set F, y € F* implies x < e for some e € F;
2)x <y, .

Proof. By Proposition 4.4, (1)==(2) is clear.
(2)=(1) Let x <, y, and let F be an irreducible set with y € F*. Since X is an IDC-space, there exists a

directed set D C | F such that D = F*. By Remark 3.3(3), we have that T{1d | d € D} N y. Since x <, Y,
we have that T x € T{1d | d € D}. Then Td C Tx forsomed € D,and thusx <d <m forsomem € F. []

Proposition 5.11. Let X be an IDC-space. Then the filter  in X I,-converges to x € X if and only if the filter F in
X Sy-converges to x under the specialization order.

Proof. Sulfficiency is clear. Next, we shall prove the necessity. Let the filter ¥ in X I,-converges to x € X.
Then there exists a filter I such that x € F*, and for any ¢ € F, Te € . Since X is an IDC-space, there exists
a directed set D C | F such that D = F*. Then for any d € D, there exists e € F such that d < e, and thus
Te C Td. So we conclude that Td € . Therefore, ¥ S,-converges to x under the specialization order. [

Proposition 5.12. Let X be an IDC-space. Then X is an I-continuous space if and only if X is an Sp-continuous
poset under the specialization order.

Proof. Necessity. Let x € X. By Remark 4.2(2), we have that |;, x C|}» x. Since X is an I,-continuous space,
we have that |J;, x is an irreducible set and x € (|, x)".. Then there exists a directed set D Cly, x such that
Dl = g, x)*, and thus |, x is an irreducible set and x € ({, x)*!. Therefore, X is an S,-continuous poset
under the specialization order.

Sufficiency. Let x,y € X satisfying x <, y. Let F be an irreducible set with y € F*/. Then there exists a
directed set D C | F such that y € D" = 1 and thus x < d for some d € D. So we conclude that x < m for
some m € F. By Proposition 5.10, we have that x <, y. It follows from that {J;, x =, x is an irreducible
set and x € (5, x)*. It suffices to prove that fl;, x is an -open set. Let G be an irreducible set satisfying
G"n M, x # 0. Then there exists y € G*n M1, x, thatis, x <, y € G". Since X is an IDC-space, there exists
a directed set D; C |G such that D?l = G so we conclude that x <, Y€ D’l‘l. Then x <, d; for some
dy € Dy, and thus x <, z for some z € G. Hence I, xN G # 0, and so we conclude that X is an Ir-continuous
space. [
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In the following, we consider I,-convergence in IDC-spaces, and prove that when X is an IDC-space,
the I,-convergence is topological in X if and only if X is an I,-continuous space.

Proposition 5.13. Let X be an IDC-space. If the I,-convergence in X is topological, then X is an I,-continuous space.

Proof. Suppose that I-convergence in X is topological. Then there exists a topology 7 on X such that

F 2 xifand only if ¥ converges to x with respect to the topology 7. By Proposition 5.11, we have that
the filter ¥ S>-converges to x under the specialization order if and only if # converges to x with respect to
the topology 7. Then X is an S,-continuous poset under the specialization order. By Proposition 5.12, we
have that X is an I-continuous space. [J

By Theorem 4.7 and Proposition 5.13, we have the following theorem immediately.

Theorem 5.14. Let X be an IDC-space. Then the I-convergence is topological if and only if X is an I,-continuous
space.

Example 5.15. (1) Let Pbe a poset. Then the S;-convergence is topological if and only if P is an S,-continuous
poset.
(2) Let X be a T space. Then the I,-convergence in X is topological.
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