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Abstract. The purpose of this work is to compute the successive derivatives of Fibonacci type polynomials
in two variables; polynomials these introduced by G. Ozdemir,Y. Simsek in [3] and generalized by G.
Ozdemir, Y. Simsek and G. Milovanovi¢ in [2] to a higher order. In addition we construct their recursive
formula different of that given in Theorem 2.2 [3] p.6. Finally we define a novel generalized class of those
polynomials similar to that given in [1] and found its recursive formula.

1. Introduction

Let k,h, m, n are positive integers and x, y are two variables, The Fibonacci type polynomials of higher
order in two variables are introduced by the following definition.
Definition 1.1. ([2] p.969 Definition 1.1 and [3] p.6 Definition 2.1) The Fibonacci type polynomials of higher order
in two variables g;’” (x, y, k, m,n) are defined by

Z Qs,h) (x,y,k,m,n)t° = 1

= (1 — k¢ — ymtm+n)h '

1)

For h = 1, we write only gﬁ,” (x,y,k,m,n) =G, (x,y,k m,n).

In this work we need the following two classical identities. The first is the Leibnitz formula:
o_y (i
D _ (@) (j=0) 2
(f9)” =) ( l.)f g 2)

i=0

where f, g are two functions of the variable t and ) = 'g—tf,-( the derivative at order i of f. If f, g are functions
of more than one variable, we derive the following formula

\9f g
i) ot ot-i”

I o)y
2=y

i=0

3)
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The second is the Cauchy product of two series:
Ze| (o) £ o "
n>0 n=0 n=0 i=0
which can be extended to generating functions of polynomials of two variables by the following expression
[Z Py(x, y)t”] [Z Qm(x, y)t'"] = Z [ Pi(x, )Qu-ix, y)] . )
n>0 m>0 n>0 \ i=0
This idea helps us to compute the product of the partial sum Y\ P, (x, y)t" with the series ¥,50 Qu(x, y)t";
N min{n,N}
[2 Py(x, y)t”] [Z Qm(x, y)t'"] = Z [ Pi(x, y)Qu-ix, y)] . (6)
n=0 m=0 n=0 i=0
In the proof of this equation, we can write
N
Z Py(x, y)t" = Z Py(x, y)t"
n=0 n=0

with P,(x, y) = 0 for n > N + 1 and by using equation (4) of the Cauchy product we get the result (6).

2. Partial derivatives of higher order
For integers a and b, let us define the set
L()={i+bl/0<]<a-i<a)

and the characteristic function x,; of I,(b):

|1 if vel(b)
Xap(0) = { 0 otherwise. @)
Denoting A® (v, x, y) the polynomial
h v—(m+n-1)I1 mn— _
(h) — _1\v—(m+n=1)I ml ., k(v—(m+n)l)
A (lely) }ZI ) (U—(m+7’l—1)l)( l )( 1) Xh,m+1’l(v)y X . (8)
Sl

In those conditions the partial derivative of gg’” (x, y,k,m, n) of order j is stated in the following theorem.

Theorem 2.1. Ifz € {x, y} then

>

PG (v y kmm) T ’i - ( j )B'Gﬂ” IAD (0~ s, x, )
A j

()
9z 97 dzi-i Gou ©)

-1

1l
[}

s i=0 u=0

For any positive integer i let us define the function 6; by the following expression

~ 1 ifo<j<i
0i(j) = { 0 otherwise. (10)

In means of this function we obtain the following theorem
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Theorem 2.2.
G, (x,y,k,m,n) 1ol i ok N G (x,y,k,m,n)
— J° _ j+i
e ZO‘ Za i\ i = DX Goa (o y K ) o : ()
Andforv>m+n
G (x,y,k,m,n)

(12)

DGy (x,y, kmn) RS m
dy/ B il\j

)6711(] - i)]/m_j+igv—m—n—y (x/ ]// k/ mr n)
i=0 u=0

j—1i Ay

In the case j = 1, Theorem 3.1 and Theorem 3.2 replace this expression as “are expressed as follows which
are given in [3] p.973.”

Corollary 2.3.
a v-1
agv (x, y,k,m,n) = k" Z G (x,y,k,mn) G-y (x,y,k m,n) (13)
u=0
a - v—-m-—-n
a—ygv (x,y,k,m,n)=my Z Gy, kmn)Gomny (X, y,k,m,n), vzm+n. (14)
u=0

3. Proof of Theorem 2.1 and Theorem 2.2

First let us denoting
1

H = H(x,y,k,m,n,t) = W

and
fi= foykmn,t) =1 — x5t —ymgmn
then we get
Hi fr=1. .
Lemma 3.1. For j > 1 and replace this expression as " z € {x, y} ”
-1

jrgh N\ it gi-i fh
i :_HhZ( J )‘9H f (16)

0z i \j— i) dz' dzi

Proof. The proof consists to use the well-known Leibnitz formula (3). Since H" f* = 1, we obtain

Ji(H" 1) ZJ: (j)&iHh dii fh
= = =0

0z i \i| dzi Qzi
Furthermore
IH i1 j\oiH" i fh
52 +Z(i) o7 om0

i=0

and the result follows. [
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Lemma 3.2.
; (n+m)h
1
(1 —xkt— y'”t”’”‘) = Z AP (v, x,y) .
v=0

Proof. By using the binomial formula, we get

h

fh — (1 — kg — ymtm+n>h — Z (];) (_1)] (1 _ ymtm+n)h—j it
=0
furthermore

j=0 1=0

h—

—j
()( )( 1)]+l k]ymlt(m+n)l+]

o , i
Taking v = (m +n)l + jthen ;22 <1<

(m+n)h " o )l
h _ 2 z - (m+n-1)I k(v—(m+n)l), ml o
- 1 h,m+n tY.

! e R (v —(m+ n)l)( ! )( )" Xinman (V)X y

Lemma 3.3. Forj>1,

If oy kmn ) KOG g
xi BT

If(x,y,k,mnt) mlow(j) min,
: = y i
dy! (m—j)!

Proof. The proof is left as an exercise. []

Lemma 3.4.

JdH (x,y,k,m,n,t) Ut

ox/

‘N

'( ) i iy ]+18’H(x v, k,m,n,t)

- E H(x,y,km,mn,t)t.

~.

i=0

1

! d'H (x,y,k,m,n,t)

dy!

JdH (x,y,k,m,n,t) U
oyl

‘\A

s
i=0

Proof. By using the relation (18) Lemma 3.3 we conclude that

S o |
j \@HIf ik L LOH
; (] - 1) oxt JxJ-i iz(;_iSk il ] —i k(] l)x _axl

Furthermore from relation (16) of Lemma 3.1 for z = x and h = 1 we get
, -1 .
JH «— ! k OH
— = Ok(j — i) ——Ht.
oxJ i—(]]Z—Kk 1! (] ) (] i)x oxt

The same idea is used to prove the second expression (21), just takingz = y. O

H(x,y,k,m,n,t) """,

5152

(17)

(18)

(19)

(20)

(21)
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3.1. Proof of Theorem 2.1

Let z € {x, y} the series expansion of 2 T is

IH" oy k),
azi v>0 aZl
Furthermore o
IH" [y 2Ge vy kmm) , (i 0
WH _[;‘ = t ;gv (x,y, k,m,n)t
then (h)
ath 3 071g (h) P
oz Go-u
020 \ u=0
and
iph gimifh v oig® (n+mh 2i=ia®
TH S |y |y g ||y AT @x),
7 dzi- i b R K — dzI™
020 \ =0 v=0
hence
i g minfo,(n+m)h)  pj-i
07z 9z~ ~ - 82’ oz
>0 5= u=0
Finally

3@;}1) (x,y,km,n) min{o,(n-+mh} =1 s j 8fgﬂ” IAD (0 —s,x,y)
Jz/ - —i\j—i] oz 2

s=0 i=0 u=

3.2. Proof of Theorem 2.2
Here we develop two methods for the proof of Theorem 2.2.

e Letz € {x, y}, the first one consist to use the series expansion of H which is

8]H a]g‘(l (x/ y/k/m/ n) v
B Z 0z '

Furthermore

; 9iG1 (x, y, k.
%H:[Z Ql(xayZ mn) ][Zgl(xy,kmn)tl]

=0 >0
Using the Cauchy product of two series (5) we deduce that

aiH ! azg L (x/ ]// k/ ml 7’1)
EH = Z [Z 2 azi gl—y (x, Y, k, m, 71) tl.

>0 \ u=0

From the relation (20) Lemma 3.4 we conclude that

h
6",

5153

8]g7) (X, ylkrm/ 7’1) v _ & j' k ke it B’Q“ (x, y,k, m,n) il
Z ox/ t —Z Zl, i- [0k = D)x J Z o Goy (x, y,k,m, ) |t

020 020 \ i=0, u=0
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and
G, (x,y,k,m,n) B = ik i it Gy (x, y,k m,n) i}
; E t —; ; - 6k(] L Go-1-u (X, 4, k,m,m) [ £°.

After identification we obtain the desired result (11) Theorem 2.2.

Now from the relation (21) Lemma 3.4 we obtain

RTINS )

i
020 020 i=0 u=0 ay

and

a]g’() (x/ ]/, k/ m/ Tl) v o_ j_l " ]' m . N —i+i alg}i (x/ ]// k/ m’ n) v
2, E r=) Z 2 i ifonli =Dy oy Goomony (%, y by, m)

v>0

which means that '
ajgv (x/ ]// k/ m/ n)
ay/

=0, v<m+n

and

o-mn—u (X, ¥, k,m,n), v=m+n

G, (x, y,k m, n) el mei2i9'Gu (X, y, k,m,n)
Z _Jomti =y 57

The second method consist to compute the expression (9) of Theorem 2.1 for h =1

G, (x,y,k,m,n minforsml IS0 \DG, dFAD (v — s, x,
ey YN L) e

72 2 o

s=0 i=0 u=0

1 v—(m+n-1)1 (e _
O] = _qyo—(m+n=1) il k(o—(m+m)])
AW (v,x,y) ) (v Cmn—1) l)( ; )( 1) X1,mn(0)y" x
m+r1 1=
We have
Ii(m+n)=1{0,1,m+ n}
furthermore

AD0,x,y) =1,AY (1,x,y) = —x* and AD (m +n,x,y) = -
Butfor0<i<j-1,
AW (0,x,y)  ITAD (m+n,x,y)
oxJ-i - oxJi
and by the formula (18) Lemma 3.3

=0

7iAM (Lxy)  Ko(j—1) a
oxJ-i B (k ]+l)l
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min{o,(n+m)h}

-0 will be reduced to s = v — 1 and then

In those conditions the sum }_

2iG, (x, y,k mn) _ S 1( j )alg I AD (1%, )

i=0 u=0 oxi ox/—i o-l-pe
Since P40 \ '
JNZAT A xy) kN ke
(j - i) FREE | P S
then
1 9-1 . .
a]gv('x y’km 7’1) ] ]' . . — i+ &Zgy(x/]//k/mzn)
— ; 1_1 6k(] - l)xk I gv—l—y (x,y,k,m,n) E .
We do the same for wg”();z;k )

4. Recursive expression of Q:}h) (x, y, k,m,n)

In this section, we state an interesting general recursive formula for the polynomials g;’“ (x,y,k,m,n)
different of that given in Theorem 2.2 [2] p.6:

g)hl+h2) (x’ y’ k’ m’ 7’1) = Z gz('hl) (x/ y/ k/ mr n) g;h_zl) (x/ y/ k/ mr 7’1) . (22)

i=0
More precisely we get the following theorem.
Theorem 4.1.

min{ov,(m+n)h}
(h)

Dy kmmy== Y AY(,x,y) G, (x,y,kmn) forv>1. (23)

i=1

Proof. From the formula (16) Lemma 3.1 and the expression (15) we deduce that

(n+m)h
Z AN (v,x,y) t”] [Z G (x, v, k,m,n) t”] =1

020

Using the Cauchy product (5) we get

min{ov,(m+n)h}
Z( Y, av (i,x,y)QgZ(x,}/,k,m,n)]t”=
>0

i=0
Which means that A% (0, x, y) géh) (x,y,k,m,n) =1and for v > 1:

min{o,(m+n)h}

Z AD (i, x, Y) Qg'_)l (x,y,k,m,n)=0.

i=0
But A® (0,x,y) = 1then Qéh) (x,y,k,m,n)=1and

min{v,(m+n)h}

;h) (x, y,k,m,n)=— Z AW (i,x,y) Qih_)l (v, y,k,m,n).

i=1
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In the case h = 1, the recursive formula becomes.

Proposition 4.2.
Go(x,y,k,m,n) = kv <m+n. (24)
Go (%, y,k,m,n) = G, 1 (x, v k,mn)+y"Gomn (x,y,k,m,n), v=m+n. (25)
Proof. The application of the relation (23) Theorem 4.1 to 1 = 1 helps us to deduce that

gv (x/ y/ k/ m, n) = - A(l) (l/ X, ]/) g‘(]—i (x/ ]// k/ m, n) .

min{v,m+n}
1

i=

But
AD1,x,y) = =, AD (m+n,x,y) = —y"

and the others are zero. Thus if v < m + n we obtain

Go (x,y,k,m,n) = ¥G, 1 (x,y,k,m, n)
furthermore
g‘l) (x/ y/ k/ mr n) = ka
andifvo>m+n
Go (x,y,k,m,n) = Gy (x, y,k,m,1) + YY" Gon (X, y, k, m, 1) .
O

The Theorem 2.2 in [3] is immediate from this proposition. More precisely we obtain the following corollary
and it’s proof is different of such given in the work [3] of G. Ozdemir and Y. Simsek.

Corollary 4.3. ([3] p.971. Theorem 2.2)
lgg! v—cm+n-1)
g‘l} (x/ ]//k/m/ n) = Z

. )ymcka—mck—nck (26)

c=0

Proof. for v < m + n the result is trivial. Now consider v > m + n, and the proof is given by the following
recurrence processus. Suppose that

L]
gv—m—n (x/ ]// k/ mr n) = (

v—-m—-n-c (m +n- 1))ymcx(v—m—n)k—mck—nck
c=0 ¢

and

L
-1- -1
Go (x’ v, k,m, n) = Z (U c(m+n ))ymcx(v—l)k—mck—nck.

Cc
c=0

Furthermore from the relation (25) Proposition 4.2 we deduce that

v—-1-cm+n-1
Go(x,y,k,m,n) = ( (c ))ymcka—mck—nck
c=0
L& o cman-1) ) ok
+ c ym(c )x(v m—n)k—mck—nc

c=0
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The Euclidean division of v over m + n conducts tov = a + (m + n) b with 1 < a < m + n then \_ J =b. It

follows that [” 1= ”J =b-1= [—J —1and

m+n

m+n

L5
Go (x v, km 7’1) = Z (U —l-c(m+n- 1))ymcka—mck—nck
7 7y 7 C
c=0
7)1
N (U -m-n—c(m+n-— 1))ym(c+1)x(v—m—n)k—mck—nck
s
c=0
L5751 1 ,
= mc ,.vk—mck—nck
gv(x/]//k/m/n) - (U_ —C(::n‘i'ﬂ— ))y X
c=0
I_VVI+PZ 1 1
+ (U —l-c(m+n- ))ymcka—mck—nck
c—1

From the identity
a a a+1
b) T\b-1 b

I-”l+7l

(U - (m +n- 1)) mc ,.vk—mck—nck

E y"x .
Cc

we deduce that

Go(x,y,k,m,n) = X7k 4

c=1

Finally

gv (x/ y/k/m/ 7’1) =

L5 ]
Z (U —C (mC+ n- 1))ymcka—mck—nck.

c=0

5. New generalization of Fibonacci type polynomials of higher order in two variables

Let A (x, y) be a polynomial of two variables, here we give a generalization of Fibonacci type polynomials
of higher order in two variables similar to such given in [1] for Catalan polynomials.

Definition 5.1. Generalized two variable Fibonacci type polynomials of higher order (x, y) — G (x, y, k, m, n) are
defined by the following generating function

Z G (x,y, k,mn) = 1+Ax ! - (27)
20 (1 = xkt — ympmn)
It’s obvious that
vy komn) = G (xy komn) + A(x,y) G (xy,kom,n). (28)
Theorem 5.2.
hA (x,y,k,m,n) = —-A® (v,x,y) - Z’Zl AD (i, x,y) ng‘l (x,y,k,m,n), v<(m+n)h (29)

i=1
(m+n)h

hA (x,y,k,m,n)=— Z AP (i,x,v) g’;j (x, y,k,m,n), v>(m+nh (30)

i=1
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Proof. From the relation (28) and the expression (23) of QQ'A (x,y,k, m,n) in Theorem 4.1 we deduce that

minfo,(m+n)h}

=), AYGx G (xy kmn)
i=1
min{v—1,(m+n)h}

- Ay Y, AYGxy) G (ykmn)

i=1

A (x, y, k, m, 1)

If v < (m + n) h then

%

=Y AD G2, ) 6, (x,y, k,m, )

i=1

A (x, v,k m, )

v—1
- Axy) Z AD G2, ) GV (x,y,k,m,m)
i=1

and

v-1
Gi* (e, kmym) = =A® (0,,9) = Y AD (i, 9) (G2, (v, .k mym) + A, ) G (e, y,k,m,m)

i=1

Furthermore

v—1
VA y kom ) = =AY (0,5,9) = ) AD %, y) G (g, K m,n).

i=1
If v > (m + n)h then

(m+n)h
ey kmn) = = Y AY (2, G, (x, v,k m,n)
i=1
(m+n)h

Aloy) Y AD G,y 6P (6 y k mn)

i=1

and the result (30) Theorem 5.2 follows. [

5.1. Application to generalized Catalan and Humbert polynomials

Now we extend this result to the generalized Catalan polynomials Pf’,ﬁ (y) defined in [1] by the following
generating function

1+A()t A
ia (0,8 = ——— LY pha o
f y (1 —mt + ytmY' ;)' /
First let us denoting
1+A(x,y)t
HA (x, y;k,m,n,t) = (x y)

(1- xkt — ymthrn)h '

Without lost generalities we can only consider all the powers of x in the polynomial A(x, y) are zero, and
write A(x, y) = A(y). Then

1+A(y)t

H'A (m,-y;1,1,m-1,t) = ——————
(1-mt+ yt’”)h

= funaomy (Y, 1)
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Furthermore

Z’A (m/ -Y 1,1,m- 1) = 7)% (y)

We already proved the following Corollary concerning the recursive formula satisfied by the generalized
Catalan polynomials.

Corollary 5.3.
v—1
P (1) = =AY (0,m,~y) = " AV G,m, )P, (v), 0 < mih (31)
i=1
v—-1
Pl (y) ==Y AD (i,m,—y) P (), 0> mh (32)
i=1

One can found the similar recursive formula for the generalized Humbert’s polynomials HZ’,',?I (x) defined
in [1] in means of the following generating function

1+A(x)t _Znh,fl (x)tv
= v,m .
(1 — mxt + t’”)’1 =

Comparing with the generating function H"* (x, y; k, m, n; t) we get

1+A t
T = HA L m =130
—mx

it follows that
Hziﬁ(mx) (x) = QZ’A (mx, _1/ 1/ 1/ m-— 1)

Finally we deduce that

v—1
My ™ (1) = =A® (@,mx,~1) = Y| AD (i, mx, ~1) 11 (x), 0 < mh (33)
i=1
v—1
Z’A (x,y,k,m,n)=— Z AW (G, mx, 1) HZ'_AZ, (), v>mh. (34)

i=1
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