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Abstract. The purpose of this work is to compute the successive derivatives of Fibonacci type polynomials
in two variables; polynomials these introduced by G. Ozdemir,Y. Simsek in [3] and generalized by G.
Ozdemir, Y. Simsek and G. Milovanović in [2] to a higher order. In addition we construct their recursive
formula different of that given in Theorem 2.2 [3] p.6. Finally we define a novel generalized class of those
polynomials similar to that given in [1] and found its recursive formula.

1. Introduction

Let k, h,m,n are positive integers and x, y are two variables, The Fibonacci type polynomials of higher
order in two variables are introduced by the following definition.

Definition 1.1. ([2] p.969 Definition 1.1 and [3] p.6 Definition 2.1) The Fibonacci type polynomials of higher order
in two variables G(h)

v
(
x, y, k,m,n

)
are defined by∑

v≥0

G
(h)
v

(
x, y, k,m,n

)
tv =

1(
1 − xkt − ymtm+n)h

. (1)

For h = 1, we write only G(1)
v

(
x, y, k,m,n

)
= Gv

(
x, y, k,m,n

)
.

In this work we need the following two classical identities. The first is the Leibnitz formula:

(
f1

)( j) =

j∑
i=0

(
j
i

)
f (i)1( j−i) (2)

where f , 1 are two functions of the variable t and f (i) =
di f
dti the derivative at order i of f . If f , 1 are functions

of more than one variable, we derive the following formula

∂ j ( f1
)

∂t j =

j∑
i=0

(
j
i

)
∂i f
∂ti

∂ j−i1

∂t j−i . (3)
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The second is the Cauchy product of two series:∑
n≥0

an


∑

n≥0

bn

 =
∑
n≥0

n∑
i=0

aibn−i. (4)

which can be extended to generating functions of polynomials of two variables by the following expression∑
n≥0

Pn(x, y)tn


∑

m≥0

Qm(x, y)tm

 =
∑
n≥0

 n∑
i=0

Pi(x, y)Qn−i(x, y)

 tn. (5)

This idea helps us to compute the product of the partial sum
∑N

n=0 Pn(x, y)tn with the series
∑

n≥0 Qn(x, y)tn; N∑
n=0

Pn(x, y)tn


∑

m≥0

Qm(x, y)tm

 =
∑
n≥0

min{n,N}∑
i=0

Pi(x, y)Qn−i(x, y)

 tn. (6)

In the proof of this equation, we can write

N∑
n=0

Pn(x, y)tn =
∑
n≥0

Pn(x, y)tn

with Pn(x, y) = 0 for n ≥ N + 1 and by using equation (4) of the Cauchy product we get the result (6).

2. Partial derivatives of higher order

For integers a and b, let us define the set

Ia(b) = {i + bl/ 0 ≤ l ≤ a − i ≤ a}

and the characteristic function χa,b of Ia(b):

χa,b(v) :=
{

1 if v ∈ Ia(b)
0 otherwise. (7)

Denoting A(h) (v, x, y) the polynomial

A(h) (v, x, y) =
∑

v−h
m+n−1≤l≤ v

m+n

(
h

v − (m + n − 1) l

) (
v − (m + n − 1) l

l

)
(−1)v−(m+n−1)l χh,m+n(v)ymlxk(v−(m+n)l). (8)

In those conditions the partial derivative of G(h)
v

(
x, y, k,m,n

)
of order j is stated in the following theorem.

Theorem 2.1. If z ∈
{
x, y

}
then

∂ j
G

(h)
v

(
x, y, k,m,n

)
∂z j = −

min{v,(n+m)h}∑
s=0

j−1∑
i=0

s∑
µ=0

(
j

j − i

)
∂i
G

(h)
µ

∂zi

∂ j−iA(h) (v − s, x, y
)

∂z j−i G
(h)
s−µ. (9)

For any positive integer i let us define the function δi by the following expression

δi( j) :=
{

1 if 0 ≤ j ≤ i
0 otherwise. (10)

In means of this function we obtain the following theorem
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Theorem 2.2.

∂ j
Gv

(
x, y, k,m,n

)
∂x j =

j−1∑
i=0

v−1∑
µ=0

j!
i!

(
k

j − i

)
δk( j − i)xk− j+i

Gv−1−µ
(
x, y, k,m,n

) ∂i
Gµ

(
x, y, k,m,n

)
∂xi . (11)

And for v ≥ m + n

∂ j
Gv

(
x, y, k,m,n

)
∂y j =

j−1∑
i=0

v−m−n∑
µ=0

j!
i!

(
m

j − i

)
δm( j − i)ym− j+i

Gv−m−n−µ
(
x, y, k,m,n

) ∂i
Gµ

(
x, y, k,m,n

)
∂yi . (12)

In the case j = 1, Theorem 3.1 and Theorem 3.2 replace this expression as ”are expressed as follows which
are given in [3] p.973.”

Corollary 2.3.

∂
∂x
Gv

(
x, y, k,m,n

)
= kxk−1

v−1∑
µ=0

Gµ
(
x, y, k,m,n

)
Gv−1−µ

(
x, y, k,m,n

)
(13)

∂
∂y
Gv

(
x, y, k,m,n

)
= mym−1

v−m−n∑
µ=0

Gµ
(
x, y, k,m,n

)
Gv−m−n−µ

(
x, y, k,m,n

)
, v ≥ m + n. (14)

3. Proof of Theorem 2.1 and Theorem 2.2

First let us denoting

H := H
(
x, y, k,m,n, t

)
=

1
1 − xkt − ymtm+n

and
f := f

(
x, y, k,m,n, t

)
= 1 − xkt − ymtm+n

then we get

Hh f h = 1. (15)

Lemma 3.1. For j ≥ 1 and replace this expression as ” z ∈
{
x, y

}
”

∂ jHh

∂z j = −Hh
j−1∑
i=0

(
j

j − i

)
∂iHh

∂zi

∂ j−i f h

∂z j−i . (16)

Proof. The proof consists to use the well-known Leibnitz formula (3). Since Hh f h = 1, we obtain

∂ j(Hh f h)
∂z j =

j∑
i=0

(
j
i

)
∂iHh

∂zi

∂ j−i f h

∂z j−i = 0.

Furthermore

∂ jHh

∂z j f h +

j−1∑
i=0

(
j
i

)
∂iHh

∂zi

∂ j−i f h

∂z j−i = 0

and the result follows.
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Lemma 3.2.(
1 − xkt − ymtm+n

)h
=

(n+m)h∑
v=0

A(h) (v, x, y) tv. (17)

Proof. By using the binomial formula, we get

f h =
(
1 − xkt − ymtm+n

)h
=

h∑
j=0

(
h
j

)
(−1) j (1 − ymtm+n)h− j xkjt j

furthermore

f h =

h∑
j=0

h− j∑
l=0

(
h
j

) (
h − j

l

)
(−1) j+l xkjymlt(m+n)l+ j.

Taking v = (m + n) l + j then v−h
m+n−1 ≤ l ≤ v

m+n and 0 ≤ v ≤ (m + n) h. Hence

f h =

(m+n)h∑
v=0

∑
v−h

m+n−1≤l≤ v
m+n

(
h

v − (m + n)l

)(
v − (m + n)l

l

)
(−1)v−(m+n−1)l χh,m+n(v)xk(v−(m+n)l)ymltv.

Lemma 3.3. For j ≥ 1,

∂ j f
(
x, y, k,m,n, t

)
∂x j = −

k!δk( j)(
k − j

)
!
xk− jt. (18)

∂ j f
(
x, y, k,m,n, t

)
∂y j = −

m!δm( j)(
m − j

)
!
ym− jtm+n. (19)

Proof. The proof is left as an exercise.

Lemma 3.4.

∂ jH
(
x, y, k,m,n, t

)
∂x j =

j−1∑
i=0

j!
i!

(
k

j − i

)
δk( j − i)xk− j+i ∂

iH
(
x, y, k,m,n, t

)
∂xi H

(
x, y, k,m,n, t

)
t. (20)

∂ jH
(
x, y, k,m,n, t

)
∂y j =

j−1∑
i=0

j!
i!

(
m

j − i

)
δm( j − i)ym− j+i ∂

iH
(
x, y, k,m,n, t

)
∂yi H

(
x, y, k,m,n, t

)
tm+n. (21)

Proof. By using the relation (18) Lemma 3.3 we conclude that

j−1∑
i=0

(
j

j − i

)
∂iH
∂xi

∂ j−i f
∂x j−i = −

j−1∑
i=0, j−i≤k

j!
i!

(
k

j − i

)
δk( j − i)xk− j+i ∂

iH
∂xi t

Furthermore from relation (16) of Lemma 3.1 for z = x and h = 1 we get

∂ jH
∂x j =

j−1∑
i=0, j−i≤k

j!
i!

(
k

j − i

)
δk( j − i)xk− j+i ∂

iH
∂xi Ht.

The same idea is used to prove the second expression (21), just taking z = y.



M. Goubi / Filomat 32:14 (2018), 5149–5159 5153

3.1. Proof of Theorem 2.1

Let z ∈
{
x, y

}
the series expansion of ∂iHh

∂zi is

∂iHh

∂zi =
∑
v≥0

∂i
G

(h)
v

(
x, y, k,m,n

)
∂zi tv.

Furthermore
∂iHh

∂zi Hh =

∑
v≥0

∂i
G

(h)
v

(
x, y, k,m,n

)
∂zi tv


∑

v≥0

G
(h)
v

(
x, y, k,m,n

)
tv


then

∂iHh

∂zi Hh =
∑
v≥0

 v∑
µ=0

∂i
G

(h)
µ

∂zi G
(h)
v−µ

 tv

and

∂iHh

∂zi Hh ∂
j−i f h

∂z j−i =

∑
v≥0

 v∑
µ=0

∂i
G

(h)
µ

∂zi G
(h)
v−µ

 tv


(n+m)h∑

v=0

∂ j−iA(h) (v, x, y)
∂z j−i tv


hence

∂iHh

∂zi Hh ∂
j−i f h

∂z j−i =
∑
v≥0

min{v,(n+m)h}∑
s=0

s∑
µ=0

∂i
G

(h)
µ

∂zi

∂ j−iA(h) (v − s, x, y
)

∂z j−i G
(h)
s−µ

 tv.

Finally

∂ j
G

(h)
v

(
x, y, k,m,n

)
∂z j = −

min{v,(n+m)h}∑
s=0

j−1∑
i=0

s∑
µ=0

(
j

j − i

)
∂i
G

(h)
µ

∂zi

∂ j−iA(h) (v − s, x, y
)

∂z j−i G
(h)
s−µ.

3.2. Proof of Theorem 2.2
Here we develop two methods for the proof of Theorem 2.2.

• Let z ∈
{
x, y

}
, the first one consist to use the series expansion of ∂ jH

∂z j which is

∂ jH
∂z j =

∑
v≥0

∂ j
Gv

(
x, y, k,m,n

)
∂z j tv.

Furthermore
∂iH
∂zi H =

∑
l≥0

∂ j
Gl

(
x, y, k,m,n

)
∂z j tl


∑

l≥0

Gl
(
x, y, k,m,n

)
tl

 .
Using the Cauchy product of two series (5) we deduce that

∂iH
∂zi H =

∑
l≥0

 l∑
µ=0

∂i
Gµ

(
x, y, k,m,n

)
∂zi Gl−µ

(
x, y, k,m,n

) tl.

From the relation (20) Lemma 3.4 we conclude that

∑
v≥0

∂ j
Gv

(
x, y, k,m,n

)
∂x j tv =

∑
v≥0

 j−1∑
i=0,

j!
i!

(
k

j − i

)
δk( j − i)xk− j+i

v∑
µ=0

∂i
Gµ

(
x, y, k,m,n

)
∂xi Gv−µ

(
x, y, k,m,n

) tv+1
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and

∑
v≥1

∂ j
Gv

(
x, y, k,m,n

)
∂x j tv =

∑
v≥1

 j−1∑
i=0,

j!
i!

(
k

j − i

)
δk( j − i)xk− j+i

v−1∑
µ=0

∂i
Gµ

(
x, y, k,m,n

)
∂xi Gv−1−µ

(
x, y, k,m,n

) tv.

After identification we obtain the desired result (11) Theorem 2.2.

Now from the relation (21) Lemma 3.4 we obtain

∑
v≥0

∂ j
Gv

(
x, y, k,m,n

)
∂y j tv =

∑
v≥0

j−1∑
i=0

v∑
µ=0

j!
i!

(
m

j − i

)
δm( j − i)ym− j+i ∂

i
Gµ

(
x, y, k,m,n

)
∂yi Gv−µ

(
x, y, k,m,n

)
tv+m+n

and

∑
v≥0

∂ j
Gv

(
x, y, k,m,n

)
∂y j tv =

∑
v≥m+n

j−1∑
i=0

v−m−n∑
µ=0

j!
i!

(
m

j − i

)
δm( j − i)ym− j+i ∂

i
Gµ

(
x, y, k,m,n

)
∂yi Gv−m−n−µ

(
x, y, k,m,n

)
tv

which means that
∂ j
Gv

(
x, y, k,m,n

)
∂y j = 0, v < m + n

and

∂ j
Gv

(
x, y, k,m,n

)
∂y j =

j−1∑
i=0

v−m−n∑
µ=0

j!
i!

(
m

j − i

)
δm( j − i)ym− j+i ∂

i
Gµ

(
x, y, k,m,n

)
∂yi Gv−m−n−µ

(
x, y, k,m,n

)
, v ≥ m + n

• The second method consist to compute the expression (9) of Theorem 2.1 for h = 1

∂ j
Gv

(
x, y, k,m,n

)
∂z j = −

min{v,n+m}∑
s=0

j−1∑
i=0

s∑
µ=0

(
j

j − i

)
∂i
Gµ

∂zi

∂ j−iA(1) (v − s, x, y
)

∂z j−i Gs−µ

A(1) (v, x, y) =
∑

v−1
m+n−1≤l≤ v

m+n

(
1

v − (m + n − 1) l

)(
v − (m + n − 1) l

l

)
(−1)v−(m+n−1)l χ1,m+n(v)ymlxk(v−(m+n)l)

We have
I1 (m + n) = {0, 1,m + n}

furthermore
A(1) (0, x, y) = 1,A(1) (1, x, y) = −xk and A(1) (m + n, x, y

)
= −ym.

But for 0 ≤ i ≤ j − 1,
∂ j−iA(1) (0, x, y)

∂x j−i =
∂ j−iA(1) (m + n, x, y

)
∂x j−i = 0

and by the formula (18) Lemma 3.3

∂ j−iA(1) (1, x, y)
∂x j−i = −

k!δk( j − i)(
k − j + i

)
!
xk− j+i.
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In those conditions the sum
∑min{v,(n+m)h}

s=0 will be reduced to s = v − 1 and then

∂ j
Gv

(
x, y, k,m,n

)
∂x j = −

j−1∑
i=0

v−1∑
µ=0

(
j

j − i

)
∂i
Gµ

∂xi

∂ j−iA(1) (1, x, y)
∂x j−i Gv−1−µ.

Since (
j

j − i

)
∂ j−iA(1) (1, x, y)

∂x j−i = −
j!
i!

(
k

j − i

)
δk( j − i)xk− j+i

then

∂ j
Gv

(
x, y, k,m,n

)
∂x j =

j−1∑
i=0

v−1∑
µ=0

j!
i!

(
k

j − i

)
δk( j − i)xk− j+i

Gv−1−µ
(
x, y, k,m,n

) ∂i
Gµ

(
x, y, k,m,n

)
∂xi .

We do the same for
∂ j
Gv(x,y,k,m,n)

∂y j .

4. Recursive expression of G(h)
v
(
x, y, k,m, n

)
In this section, we state an interesting general recursive formula for the polynomials G(h)

v
(
x, y, k,m,n

)
different of that given in Theorem 2.2 [2] p.6:

G
(h1+h2)
v

(
x, y, k,m,n

)
=

v∑
i=0

G
(h1)
i

(
x, y, k,m,n

)
G

(h2)
v−i

(
x, y, k,m,n

)
. (22)

More precisely we get the following theorem.

Theorem 4.1.

G
(h)
v

(
x, y, k,m,n

)
= −

min{v,(m+n)h}∑
i=1

A(h) (i, x, y)G(h)
v−i

(
x, y, k,m,n

)
for v ≥ 1. (23)

Proof. From the formula (16) Lemma 3.1 and the expression (15) we deduce that(n+m)h∑
v=0

A(h) (v, x, y) tv


∑

v≥0

G
(h)
v

(
x, y, k,m,n

)
tv

 = 1.

Using the Cauchy product (5) we get

∑
v≥0

min{v,(m+n)h}∑
i=0

A(h) (i, x, y)G(h)
v−i

(
x, y, k,m,n

) tv = 1.

Which means that A(h) (0, x, y)G(h)
0

(
x, y, k,m,n

)
= 1 and for v ≥ 1:

min{v,(m+n)h}∑
i=0

A(h) (i, x, y)G(h)
v−i

(
x, y, k,m,n

)
= 0.

But A(h) (0, x, y) = 1 then G(h)
0

(
x, y, k,m,n

)
= 1 and

G
(h)
v

(
x, y, k,m,n

)
= −

min{v,(m+n)h}∑
i=1

A(h) (i, x, y)G(h)
v−i

(
x, y, k,m,n

)
.
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In the case h = 1, the recursive formula becomes.

Proposition 4.2.

Gv
(
x, y, k,m,n

)
= xvk, v < m + n. (24)

Gv
(
x, y, k,m,n

)
= xk
Gv−1

(
x, y, k,m,n

)
+ ym

Gv−m−n
(
x, y, k,m,n

)
, v ≥ m + n. (25)

Proof. The application of the relation (23) Theorem 4.1 to h = 1 helps us to deduce that

Gv
(
x, y, k,m,n

)
= −

min{v,m+n}∑
i=1

A(1) (i, x, y)Gv−i
(
x, y, k,m,n

)
.

But
A(1) (1, x, y) = −xk, A(1) (m + n, x, y

)
= −ym

and the others are zero. Thus if v < m + n we obtain

Gv
(
x, y, k,m,n

)
= xk
Gv−1

(
x, y, k,m,n

)
furthermore

Gv
(
x, y, k,m,n

)
= xvk

and if v ≥ m + n
Gv

(
x, y, k,m,n

)
= xk
Gv−1

(
x, y, k,m,n

)
+ ym

Gv−m−n
(
x, y, k,m,n

)
.

The Theorem 2.2 in [3] is immediate from this proposition. More precisely we obtain the following corollary
and it’s proof is different of such given in the work [3] of G. Ozdemir and Y. Simsek.

Corollary 4.3. ([3] p.971. Theorem 2.2)

Gv
(
x, y, k,m,n

)
=

b
v

m+n c∑
c=0

(
v − c (m + n − 1)

c

)
ymcxvk−mck−nck (26)

Proof. for v < m + n the result is trivial. Now consider v ≥ m + n, and the proof is given by the following
recurrence processus. Suppose that

Gv−m−n
(
x, y, k,m,n

)
=

b
v−m−n

m+n c∑
c=0

(
v −m − n − c (m + n − 1)

c

)
ymcx(v−m−n)k−mck−nck

and

Gv−1
(
x, y, k,m,n

)
=

b
v−1
m+n c∑
c=0

(
v − 1 − c (m + n − 1)

c

)
ymcx(v−1)k−mck−nck.

Furthermore from the relation (25) Proposition 4.2 we deduce that

Gv
(
x, y, k,m,n

)
=

b
v−1
m+n c∑
c=0

(
v − 1 − c (m + n − 1)

c

)
ymcxvk−mck−nck

+

b
v−m−n

m+n c∑
c=0

(
v −m − n − c (m + n − 1)

c

)
ym(c+1)x(v−m−n)k−mck−nck
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The Euclidean division of v over m + n conducts to v = a + (m + n) b with 1 ≤ a < m + n then
⌊

v
m+n

⌋
= b. It

follows that
⌊

v−m−n
m+n

⌋
= b − 1 =

⌊
v

m+n

⌋
− 1 and

Gv
(
x, y, k,m,n

)
=

b
v

m+n c∑
c=0

(
v − 1 − c (m + n − 1)

c

)
ymcxvk−mck−nck

+

b
v

m+n c−1∑
c=0

(
v −m − n − c (m + n − 1)

c

)
ym(c+1)x(v−m−n)k−mck−nck

Gv
(
x, y, k,m,n

)
=

b
v

m+n c∑
c=0

(
v − 1 − c (m + n − 1)

c

)
ymcxvk−mck−nck

+

b
v

m+n c∑
c=1

(
v − 1 − c (m + n − 1)

c − 1

)
ymcxvk−mck−nck

From the identity (
a
b

)
+

(
a

b − 1

)
=

(
a + 1

b

)
we deduce that

Gv
(
x, y, k,m,n

)
= xvk +

b
v

m+n c∑
c=1

(
v − c (m + n − 1)

c

)
ymcxvk−mck−nck.

Finally

Gv
(
x, y, k,m,n

)
=

b
v

m+n c∑
c=0

(
v − c (m + n − 1)

c

)
ymcxvk−mck−nck.

5. New generalization of Fibonacci type polynomials of higher order in two variables

Let A
(
x, y

)
be a polynomial of two variables, here we give a generalization of Fibonacci type polynomials

of higher order in two variables similar to such given in [1] for Catalan polynomials.

Definition 5.1. Generalized two variable Fibonacci type polynomials of higher order
(
x, y

)
7→ G

h,A
v

(
x, y, k,m,n

)
are

defined by the following generating function∑
v≥0

G
h,A
v

(
x, y, k,m,n

)
tv =

1 + A
(
x, y

)
t(

1 − xkt − ymtm+n)h
. (27)

It’s obvious that

G
h,A
v

(
x, y, k,m,n

)
= G(h)

v
(
x, y, k,m,n

)
+ A

(
x, y

)
G

(h)
v−1

(
x, y, k,m,n

)
. (28)

Theorem 5.2.

G
h,A
v

(
x, y, k,m,n

)
= −A(h) (v, x, y) − v−1∑

i=1

A(h) (i, x, y)Gh,A
v−i

(
x, y, k,m,n

)
, v ≤ (m + n)h (29)

G
h,A
v

(
x, y, k,m,n

)
= −

(m+n)h∑
i=1

A(h) (i, x, y)Gh,A
v−i

(
x, y, k,m,n

)
, v > (m + n)h (30)
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Proof. From the relation (28) and the expression (23) of Gh,A
v

(
x, y, k,m,n

)
in Theorem 4.1 we deduce that

G
h,A
v

(
x, y, k,m,n

)
= −

min{v,(m+n)h}∑
i=1

A(h) (i, x, y)G(h)
v−i

(
x, y, k,m,n

)
− A

(
x, y

) min{v−1,(m+n)h}∑
i=1

A(h) (i, x, y)G(h)
v−i−1

(
x, y, k,m,n

)
If v ≤ (m + n) h then

G
h,A
v

(
x, y, k,m,n

)
= −

v∑
i=1

A(h) (i, x, y)G(h)
v−i

(
x, y, k,m,n

)
− A

(
x, y

) v−1∑
i=1

A(h) (i, x, y)G(h)
v−i−1

(
x, y, k,m,n

)
and

G
h,A
v

(
x, y, k,m,n

)
= −A(h) (v, x, y) − v−1∑

i=1

A(h) (i, x, y) (G(h)
v−i

(
x, y, k,m,n

)
+ A

(
x, y

)
G

(h)
v−i−1

(
x, y, k,m,n

))
Furthermore

G
h,A
v

(
x, y, k,m,n

)
= −A(h) (v, x, y) − v−1∑

i=1

A(h) (i, x, y)Gh,A
v−i

(
x, y, k,m,n

)
.

If v > (m + n)h then

G
h,A
v

(
x, y, k,m,n

)
= −

(m+n)h∑
i=1

A(h) (i, x, y)G(h)
v−i

(
x, y, k,m,n

)
− A

(
x, y

) (m+n)h∑
i=1

A(h) (i, x, y)G(h)
v−i−1

(
x, y, k,m,n

)
and the result (30) Theorem 5.2 follows.

5.1. Application to generalized Catalan and Humbert polynomials

Now we extend this result to the generalized Catalan polynomialsPh,A
v,m

(
y
)

defined in [1] by the following
generating function

fm,h,A
(
y, t

)
=

1 + A
(
y
)

t(
1 −mt + ytm)h

=
∑
v≥0

P
h,A
v,m

(
y
)

tv.

First let us denoting

Hh,A (
x, y; k,m,n, t

)
=

1 + A
(
x, y

)
t(

1 − xkt − ymtm+n)h
.

Without lost generalities we can only consider all the powers of x in the polynomial A(x, y) are zero, and
write A(x, y) = A(y). Then

Hh,A (
m,−y; 1, 1,m − 1, t

)
=

1 + A
(
y
)

t(
1 −mt + ytm)h

= fm,h,A(m,y)
(
y, t

)
.
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Furthermore
G

h,A
v

(
m,−y, 1, 1,m − 1

)
= Ph,A

v,m
(
y
)

We already proved the following Corollary concerning the recursive formula satisfied by the generalized
Catalan polynomials.

Corollary 5.3.

P
h,A
v,m

(
y
)

= −A(h) (v,m,−y
)
−

v−1∑
i=1

A(h) (i,m,−y
)
P

h,A
v−i,m

(
y
)
, v ≤ mh (31)

P
h,A
v,m

(
y
)

= −

v−1∑
i=1

A(h) (i,m,−y
)
P

h,A
v−i,m

(
y
)
, v > mh (32)

One can found the similar recursive formula for the generalized Humbert’s polynomials Πh,A
n,m (x) defined

in [1] in means of the following generating function

1 + A (x) t

(1 −mxt + tm)h
=

∑
v≥0

Πh,A
v,m (x) tv.

Comparing with the generating function Hh,A (
x, y; k,m,n; t

)
we get

1 + A (mx) t

(1 −mxt + tm)h
= Hh,A (mx,−1; 1, 1,m − 1; t)

it follows that
Πh,A(mx)

v,m (x) = Gh,A
v (mx,−1, 1, 1,m − 1)

Finally we deduce that

Πh,A(mx)
v,m (x) = −A(h) (v,mx,−1) −

v−1∑
i=1

A(h) (i,mx,−1) Πh,A
v−i,m (x) , v ≤ mh (33)

G
h,A
v

(
x, y, k,m,n

)
= −

v−1∑
i=1

A(h) (i,mx,−1) Πh,A
v−i,m (x) , v > mh. (34)
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