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Abstract. We introduce the notion of ideally supported achievement sets for a series of real numbers.
We analize their complexity and topological properties. We compare the notion of ideal achievement
sets with the notion of ideally supported sum range of real series, considered by Filipéw and Szuca. We
complete Filipéw and Szuca characterization of ideal sum ranges, [R. Filipéw, P. Szuca, Rearrangement of
conditionally convergent series on a small set, J]. Math. Anal. Appl. 362 (2010), no. 1, 64-71.], and we obtain
some generalization of Riemann’s Theorem.

1. Introduction

By the achievement set of a series }.,~; x, we mean the set A(x,) = {Y,eaXs : A € N}. By SR(x,) =
{Ye1 Xo(n) © 0 € Swo} we denote the set of all convergent rearrangements Y., Xo(:) Of X1 Xy, that is the sum
range of the series ), x,. Kakeya in [12] proved that if a series )., x, of reals is absolutely convergent
and contains infinite many non-zero terms, then

e A(x,)is a compact perfect set;

e A(x,)ishomeomorphic to the Cantor set for quickly convergentseries ),"; x,,, thatisif [x,| > Y72, 1 [x«l
for every n € IN;

e A(x,) is a finite sum of closed intervals, if |x,| < Y2, [x| for almost all n € IN.

The full topological characterization is due to Guthrie, Nymann and Sdenz [8, 20], who showed that the
achievement set of an absolutely summable sequence of reals is one of the following form: a finite set, a finite
union of intervals, a homeomorphic copy of the Cantor set or a Cantorval, which is a set homeomorphic to
the union of the Cantor set and sets which are removed from the unit segment by even steps of the Cantor
set construction. This characterization is not valid for series of complex numbers and for multidimensional
series, see [4].

Theory of achievement sets for absolutely convergent series is equivalent to the that of ranges of finite
purely atomic measures. If y1 is finite and purely atomic on a set X, then there is a countable set S = {a1, a5, . . .}
such that u(S) = Yoo p({an}) = u(X), where a, is an atom of u. Let x, = u({a,}), then u(A) = Y.,cg Xn, where
E ={n:a, € A}. Thus range(u) = {1(A) : A is a measurable subset of X} = {}},cx ¥, : E C IN} = A(x,).
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During last decades many authors have defined ideal versions of important Analysis notions and
proved many remarkable results. Since the convergence is a basic notion in Analysis, most of them deal
with ideal convergence of sequences [2],[16],[21]. The following list of topics and related papers is far from
being complete and it gives only a flavor of these matters: ideal convergence of sequences of functions [1];
ideal convergence of series [7],[17]; ideal convergence in measure [15],[19]; ideal versions of combinatorial
theorems [5]; ideal versions of the Riemann rearrangement theorem and the Levy-Steinitz theorem [6],[14];
ideal version of the Banach principle [10].

We define the ideal achievement set in a natural way, namely A;(x,) = {Y,caXs : A € I}. Thisis a
subset of A(x,). We study how properties of Aj(x,) = {¥,ca X» : A € I} and its possible form depend on the
properties of a given ideal I and a sequence (x,). Note that for a sequence (x,) € {; and an ideal I 2 Fin,
I # Fin we have A(x,) = Ai(y.), provided (y,) € {1 is defined as follows: y;,, = x, for n € N and y; = 0 for
k & B, where B = {b,}" | is an infinite set from I. If we consider {] = {(x,) € {1 : x, # 0 for each n € N}, then
the theory of ideal achievement sets differs from the theory of standard achievement sets, in particular for
a non-maximal ideal I one can construct a sequence (x,) € €] for which the set A;(x,) is open, see Theorem
4.9.

The paper is organized as follows:

In Section 2 we give background definitions and facts, which we use in next sections. In Section 3 we
consider conditionally convergent series and divergent series. We prove the generalization of the Riemann’s
Rearangement Theorem and show that ideally supported sum range of any conditionally convergent series
is one of the following: a point, a real line or a set, which contains a halfline and in some particular cases it
is exactly a closed halfline. We also prove that for any conditionally convergent series }.,_; x, there exists
an ideal I such that A;(x,) = R and the stronger condition, defined in Theorem 3.1 (ii) - Filipaz”w and Szuca
characterization of ideals for which thesis of Riemann’s Theorem holds - is not satisfied. In Section 4 we
study absolutely convergent series. We give many examples of ideally supported achievement sets with
high Borel complexity. We also show that it can be a set, which is not measurable. Moreover, we prove that
for any ideal I 2 Fin we may construct a series )., x, such that A;(x,) is equal to A(x,) up to a point and if
I'is not maximal, then Aj(x,) can be an open set. In Section 5 we show how we can modify Aj(x,) to remain
symmetry of A(x,). Section 6 is dedicated to examples, which show inclusions between ideally supported
achievement sets and in Section 7 we give some open problems.

2. Background

We use standard set-theoretic notation, [13]. We say that I € P(IN) is an ideal if for every A,B € [ we
have AUB € [ and for every A € I and every B € A we have B € I, moreover IN ¢ I. By Fin we denote the set
{A C IN : |A] < oo} of all finite subsets of IN which is clearly an ideal. In the sequel, we will consider ideals
I, which contain Fin, symbolically Fin C I. Put [;) = {A CIN : Y ,c4 a4, converges}, where )" ; a, is a given
divergent series of positive terms; such family of sets forms a so-called summable ideal. By I; we denote
the ideal of statistical density zero, i. e. I; = {A C N : lim; 0 Al 0}. We say that an ideal I is dense if
for every set A with |A| = oo there exists B C A such that |B| = oo and B € I. Anideal I is not maximal if there
exists an ideal | such that I ¢ |. Otherwise we say that I is maximal. It is well known that I is maximal if
and only if for each A C IN either A € [ or N\ A € I. By A + Fin ((k,) + Fin) we denote the smallest ideal
generated by A and Fin (by {k, : n € IN} and Fin, respectively).

Let us consider the function f : {0, 1N - R defined as f(xa) = Ypea Xn, where Y. 1 x,, is absolutely
convergent. We will call f an associated function of the series ), x,. We equip {0, 1}N with Tichonov’s
topology, that is a topology given by sub-base {{0, 1 x {1} x {0, 1N,k € N,i € {0,1}}. Identifying sets
A c N with their characteristic functions x4, we may consider on P(IN) the topology inherited from {0, 1}N.
Therefore we may consider topological properties of ideals I C P(IN). We say that I is Borel (F,, Fss, of the
Baire property, measurable) provided {x4 : A € I} is Borel (F;, etc. respectively) in {0, 1\N. On the real line
we consider the natural topology. If (x,) € {1, then f is continuous. Moreover if f is one-to-one (for example
if the series Y-, x, is quickly convergent), then f is a homeomorphism between {0, 1}N and A(x,). Hence
Aj(xy) = f(I) and f~1(As(x,)) = I. Since homeomorphic pre-images of Borel (X0, I10) sets are Borel (X9, I19),
then the descriptive complexity of A and f~(A) is equal provided f is a homeomorphism onto its image.
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Let u,({0}) = u,({1}) = % for each n € IN. We consider the product measure p = [],~; pn on {0, 1}N and
the function f : {0, 1}N3 xa = Y4 % By A we denote the Lebesgue measure on [0,1]. Then

e If X c {0,1}N is measurable, then f(X) is measurable on [0,1] and u(X) = A(f(X)), i. e. f preserves
Lebesgue measure;

e If X is non-measurable, then f(X) is also non-A-measurable;
e If X is meager, then so is f(X).

We say that F ¢ P(IN) is a filter if for every A, B € F we have AN B € F and for every A € Fand every B> A
we have B € F, moreover 0 ¢ F. For an ideal I we consider its dual filter F; = {A : N\ A € I}. We also
consider Ar, (x,) = {Y.ea Xn : A € Fi}. It is well-known that if [ is an ideal (F is a filter), then I (F) has a Baire
property if and only if I (F) is meager. Similarly I (F) is measurable if and only if I (F) is null, [22]. From this
we easily obtain that maximal ideals neither satisfy Baire property nor are Lebesgue measurable. Indeed,
if I is maximal, then its complement equals to its dual filter F;, which is maximal as well. If [ would have
Baire property, then I would be meager. Since x4 — xn\4 is @ homeomorphism of {0, 1}, then F; is also
meager, and we reach a contradiction. The argument for measure case is the same — we use the fact that
XA P XN preserves the measure 1 on {0, 1N,

Definition 2.1. We say that ¢ : P(IN) — [0, co] is a submeasure iff
* ¢0)=0;
e P(AUB) < Pp(A) + ¢(B) for each A,B C IN;
o P(A) < ¢(B) foreach A c B C IN.
Moreover if p(A) = lim,e P(AN{1,...,n}) for every A C IN then we say that ¢ is upper-semicontinuous.

There is a nice characterization of F,;-ideals by Mazur, in terms of submeasures, [18]:

Theorem 2.2 (Mazur). An ideal I is F, if and only if there exists upper-semicontinuous submeasure ¢ : P(N) —
[0, o] such that I = Fin(¢) = {A C IN : ¢p(A) < oo}.

Using Mazur’s characterization we can simply show that Fin and any summable ideal I,y are F;-ideals.
Indeed, Fin = Fin(¢) for ¢p(A) = |Al and I,,) = Fin(¢p) for ¢(A) = ).,.ca 34 The following result is folklore but
we present its short proof.

Proposition 2.3. Ideal I O Fin is not a Gs-set. In particular Fin is not Gs.

Proof. Note that Fin and Fr;, are dense in {0, 1})N. The space {0, 1N is compact, which implies its complete-
ness. Since I D Fin, we know that I is dense. Suppose that I is Gs. Since x4 — xn\4 is @ homeomorphism
of {0,1}N onto itself we obtain that F; is also Gs and since F; D Fr;, we obtain its density. Furthermore
I'N F; = 0, which by Baire’s theorem leads to a contradiction. [J

3. Conditionally convergent series of reals

Let Y., X, be a conditionally convergent series of reals. By the Riemann Theorem we know that
SR(x,) = R and it is also known that A(x;,) = R, see [11]. The set Afi,(x,) is dense on the real line, because
every sum of the series can be approximated by its partial sums. Since I O Fin, we get A;(x,) = R.

To our best knowledge this is the first paper in which achievement set is considered with respect to an
ideal, although ideal-sum ranges have been considered before. In [6] Filipéw and Szuca defined an ideally
supported sum range SR;(x,) = {Lyoq Xo@m) : 0 € Seo, supp(c) = {n : a(n) # n} € I} for an ideal I. Filipéw
and Szuca were interested whether SR;(x,) = R for any conditionally convergent series }.,_; x,. They
characterized ideals I with this property, where a crucial role was played by summable ideals. Filipéw and
Szuca’s characterization reads as follows:
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Theorem 3.1. The following assertions are equivalent:

(i) ideal I is not contained in any summable ideal;

(ii) for every conditionally convergent series ), X, there exists W € I such that the series Y.,y Xy is conditionally
convergent;

(iii) for every conditionally convergent series Y., X, we have {},,"1 Xo@m) : supp(o) € I} = R.

In our notation (iii) can be written as SR;(x,) = R. From (ii) we immediately obtain A;(x,) = R. However,
the equality A;(x,) = R does not imply (ii) in general, which is shown in the following examples.

Example 3.2. Define xp,-1 = (_Tl)”,xZn = zl,, Let us consider I = 2NN + Fin. Note that the series ). x,
is condtionally convergent and for each A UF € I, where A c 2NN and F € Fin, we have Y, caur lxal =
Yonea Xnl + Ypepa lxnl £ 1+ X,cpa [Xul < o0, since F € Fin. Hence }.,caur X, is absolutely convergent, so it
cannot be conditionally convergent. In particular, it implies that SR;(x,) = {),~; X»}, since a rearrangement
of absolutely convergent series does not change its limit.

On the other hand, for each x € R one can find a finite set G € 2N — 1 such that x — ) ,,cc x, = y € [0,1]. Let

B c2INbesuchthaty =), x:. ThusBUG €I and x = ) ,,cp ¢ X»- Hence Ar(x,) = R.

Example 3.3. Letx, = % forne Nand I = I(l). Then A;(x,) = R. Indeed, fix x > 0. Since x;, — 0 and

Y eq Xan = oo, then there exists F € 2N such that ),,.r x, = x. Clearly F € I. For x < 0 we take F ¢ 2N — 1.
Suppose that there exists W € I such that )}, X, is conditionally convergent. Then }.,cpwron Xn =
and Y ,cwron-1 Xn = —o0. Hence Y ,cw % = Y ew Xul = o0, which means that W ¢ I. Finally, note that I
is a dense ideal, while that defined in Example 3.2 is not dense. Moreover, I is a summable ideal and
SRi(x,) = {220:1 Xn}

Now we will show that for every conditionally convergent series )., X, we can construct ideal I such that
Aj(x,) = R and Theorem 3.1(ii) is not fulfilled.

Theorem 3.4. Let Y. x, be a conditionally convergent series. Then foranya,b € R, a < b there exists its absolutely
convergent subseries Y4 Xy, such that A(xy,) contains the interval [a, b].

Proof. Let x = b —a. Then one can find a sequence of finite sets of indices (Fy),;_, such that

1. maxF, < minF, for every n € IN;
L e )
2. for each j € U | F, we have x; > 0;
3. &t <y, < 2%, where Yo = X, Yn = Yoper, Xk for each n € IN;

Note that by (1) we get that A((xn)neu= r) C A(xn) and by (2) and (3) we obtain that Zneu;ile Xy is absolutely
convergent. Fix y € [0,x]. Then y = Y.;7 €4y, where we define (¢,)°, inductively in the following way e, = 1
ify— Z,’(';ll &Yk = Yyn and &, = 0 otherwise. Hence A((xn)neu;:’:lsz) D> A(yy) D [0,x]. One can find an absolutely

convergent subseries Y.," | x, = a with each term not greater than x and such that (p,) N U2 Fx = 0. Hence
(kn) = (pu) U Uy Fi = 0 satisfies the thesis. [

Corollary 3.5. Let Y.,"; x,, be a conditionally convergent series, then there exists an ideal I such that Aj(x,) = R
and the assertion of Theorem 3.1(ii) is not satisfied.

Proof. Let Y, xx, be an absolutely convergent subseries such that A(xy,) D [a,b]. Define I = (k,) + Fin. Note that
LneN\(k,) Xn is conditionally convergent, so A((xn)neN\k,)) = R and what is more Zp,-n((xn)neN\(k”)) =R. Fixxe R
On can find F ¢ N\ (k,) such that y = Y ,cp X € (x —b,x —a). Since x — y € (a, b) one can find G C (k,) such that
X—Y =Y pegXn Thusx =Y ,cruc¥n. Notethat FUG € I, so x € Aj(x,). Hence Aj(x,) = R. On the other hand
foreach A € T'we have Y. ,c 5 |x,| < 00, so the second condition in 3.1 is not satisfied. [

Here we complete the characterization of Filipé6w and Szuca. We show that SR;(x,) can be a singleton,
the whole line or halfline, while SR(x,) can be a singleton or IR only.
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Proposition 3.6. Let ), x, be a divergent series of positive terms such that lim, . x,, = 0. Then for any x > 0
there exists 0 € Seo such that Y., (Xy — Xo(m)) = X.

Proof. For x = 0 we simply take 0 = id. Fix x > 0. Assume that we have defined o(1),0(2),...,0(k — 1) for some
k € IN. We define o(k) in the following way:

1. Ilefl;ll(xn — Xo(n)) < X, then we define o(k) = min({n : x, < F}\ {o(l): 1=1,2,...,k-1})
2. Ile,‘l;ll(xn — Xom)) = X, then we put o(k) € {1,...,k}\{o(l) : 1 =1,2,...,k—1} such that x5 = max{x, : n €
d1,...,k\{o():1=1,2,...,k—=1})}

Assume that Zﬁ;ll(xn — Xg(m)) < X for some k € IN. Then by (1) we have Zﬁzl(xn — Xo(m)) — Zﬁ;ll(xn — Xo(m) =
Xk — Xo(k) > %xk. Since Y, Xy = oo, then there exists r € N, r > k such that Y, _;(x, — Xom)) = x and for every
petk—1,...,r =1} wehave Y} _ (x, — Xo(m) < x. Note that

r r r—1
0< Z(xn — Xo(n)) — X < Z(xn — Xo(n)) — Z(xn — Xo(n)) = Xr — Xg(r) < Xy
n=1 n=1 n=1

Now let us assume that Zﬁ;ll(x,, — Xo(n)) = x for some k € N. Ifk ¢ {o(l) : | =1,2,...,k =1}, then by (2) we
get Xogy = X Otherwise, if k € {o(l) : I = 1,2,...,k — 1}, then by (1) we get x,@) > xr. Hence there exists
s € IN such that the sequence of partial sums (ZZ (e — x(,(n)));:k_1 is nonincreasing, Y.y _1(Xn — Xo(m) < x and
Zzzl(xn—xg(n)) > xforeachp € {k—1,...,s—1}. Indeed, by (2) it is clear that s < m = max{o(l) : [ = 1,2,...,k—-1},
because if Zzzl(xn — Xom)) = X for eachp € {k—-1,...,m =1}, then o({1,...,m}) = {1,...,m} and we have
Yot (Xn — Xo(m)) = 0 < x. Furthermore

s s—1 s
O<x- Z(xn = Xo(m)) < Z(xn = Xo(n)) — Z(xn = Xo(n)) = Xa(s) = Xs < Xo(s)
n=1 n=1 n=1

Finally, since lim, e X, = 0 as well as lim, . X5(»y = 0, we obtain that (Zﬁzl(xn = X))oy 18 Cauchy. Clearly
Lot (Xn = Xo@) = x.
O

Remark 3.7. Proposition 3.6 is a generalization and strengthening of the Riemann Theorem. Let Y., x, be a
conditionally convergent series with a limit y. To obtain Y, Xy = X for a given x € R we define o as follows: if
x <y, then by Proposition 3.6 there exists o with supp(c) C {n : x, > 0} such that

y-—x= i(xn = Xo(n)) = ixn - ixﬁ(n) =y- ixa(n).
n=1 n=1 n=1 n=1

Otherwise we use Proposition 3.6 to find an appropriate o with supp(c) C {n : x,, < 0}.

Remark 3.8. Note that if Y, x, satisfies the assumption of Proposition 3.6 and the terms tend monotonously to
0, then for any 0 € Se we have Y"1 (Xy — Xo(n)) > 0. Indeed, since the terms are non-increasing for every k € IN,
we have sup{Z,';:1 Xon) 1 0 € Seo} = Zﬁzl Xn. Thus, for every k € N and o € So, we get 2];:1 Xp — Zﬁzl Xom) = 0.
Hence by Proposition 3.6 we get the equality {Y.,_1(Xy — Xo(n)) : 0 € Seo} = [0, 00).

Note that there exists a divergent series )., x,, of positive terms with lim,_,« X, = 0 such that each of
its subseries with non-increasing terms is convergent.

Example 3.9. Let (x,)=(%,t, 1,11 11 L 1 1 1 1 L L1.L )

Hence Y521 x4 = Yoy - = 00. Moreover for any subseries Y., Xy, of non-increasing terms we have Y,;" xy, <
1,1, 1 .1, 1 —y® _1_

statstgt . =Yl mg <
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Corollary 3.10. Fixa < 0. Then there exists a divergent series of positive terms Y., x, such that {Y,,"; (X, = Xo(m)) :
0 € Seo} = [a, ).

Proof. We need to construct a series Y., x,, which satisfies two conditions:
(i) for every o € S we have Y 1 (Xy — Xo(n)) = 4.
(it) for any x > a there exists 0 € Seo such that Y"1 (Xn — Xo(m)) = X;

Let Y07y yn be a divergent series of positive, non-increasing terms. By Proposition 3.6 let T € Su be such that
Yore1 (Yn — Yemy) = —a. Let us consider ¥.,,_ X, with X, = Y(n) for each n € N. By Remark 3.8 we know that for any
0 € S we have Yy (Yn — Xo(m) = 0,50 Yoy (Xn — Xo(n) = Lone1 (Xn = Y + Yn — Xo(m)) = a. Hence we obtain (i).

Fix x = a+b for some b > 0. By Proposition 3.6, we can find 7t € S such that Y., 1(Yu = Ynw)) = b. Let 0 = T (n).
Thits £ (6 = Xo(n) = Lot (B = Yo + Y = Xetgom) = Lot (¥ = Yo + Y = Yui) = @+ b, which gives us (ii). ]

Proposition 3.11. Let )", x,, be a divergent series of positive terms such that lim, . X, = Qand let S = {};_; (x,—
Xo(n)) 1 0 € Seo}. If b€ S, then [b, 00) C S.

Proof. Letb € S, b = Y, 1(Xy — Xo(m))- Fix y € [b, co) and denote x = y — b > 0. From Proposition 3.6 applied to
Yome1 Xo(ny One can find T € Seo such that ¥, 1 (Xo(my — Xe(o(ny) = X. Hence

Z(xn = Xe(o(n)) = Z(xn — Xo(n)) + Z(x(r(n) —Xeomy)) =b+x=y
n=1 n=1 n=1

O

Proposition 3.12. There exists a divergent series of positive terms Y, Y, such that lim,_,e y, = 0, for which
S= {2211(%1 - y'[(n)) ITE Soo} =R

Proof. Let Y., x, be a divergent series of positive terms such that lim,_. x, = 0. Let Ay € N be such that
Yea, Xn = 0 = Y, cnna, Xn- By Proposition 3.6 let 01 € S with supp(o1) C Ay be such that Y571 (X, = Xg,(m) = 1.
We construct inductively a sequence (Ax) of subsets of IN such that Ag.q € IN '\ U’;:1Ap and Y ,ep,, Xn = 00 =
Z‘WEN\ULl A, Xn for each k € N and a sequence (o) C Seo with supp(ox) C Ax such that Yoot (Xn — X)) = 1 for each
k € N. Let 0 € Sw be given by o(n) = ox(n) iff n € Ax and o(n) = n for n € N\ Uy Ax. Define y, = Xgm). Fix
y€Z,y <0. Let us define T € S, by the formula 1(n) = o~ (n) for n € U, | Ax and 1(n) = nforn e N\ U, 7, Ay
Hence

00 -y -y -y
Z(yn - ]/T(n)) = Z (]/n - ]/T(n)) = Z Z(]/n - yT(n)) = Z Z(xak(n) —Xy) = Z -1= y
n=1 ”Euizl Ax k=1 neAy k=1 neAy k=1

Hence S © Z. By Proposition 3.11, we obtain that S = R. [

Corollary 3.13. Let )", x, be a divergent series of positive terms such that lim,_c x, = 0. Then the set S =
(Yt (X = Xo(n)) : 0 € Seo} is either R or a halfline, bounded from below.

Proof. Combine Propositions 3.11 and 3.12. [

Theorem 3.14. Let ), x,, be a conditionally convergent series of reals and I be an ideal. Then:

1. For every A € [ we have Y4 x| < oo if and only if SRi(x,) = {Y.5eq Xn};

2. If there exists A € I such that Y ,ca X} = Y.pea X; = 00, where x* = max{x, 0}, x~ = max{—x, 0} for every
x € R, then SRi(x,) = R;

3. Ifthere exists A € I such that ). X, = oo and for every A € I such that ). x;; = 0o we have },,c4 X, < 00,
then SR(xy) D (=00, Y0ty Xul;
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4. if there exists B € I such that Y,,cp x;; = o0 and for every B € I such that },.p x,, = 0o we have ) ,cp X < 00,
then SR;(x,) D [Y;q Xn, ).

Proof. Proofs of (1) and (2) are obvious.

Let us assume that a conditionally convergent series Y., x, satisfies (3). Let A € I be such that Y., x;; = oo.
By simply taking the subset of A we may assume that the series Y, X;t has positive terms, that is x}: = x,. Fix
y € (=00, Y., xu]. We use Proposition 3.6 for x = Yo" 1 X, —y > 0. Let ¢ be such that },,c 4(xXy — Xo(n)) = x. Define
t(n) = o(n) forn € Aand t(n) = nforn € N\ A. Thus Y.;71 Xe(n) = Lopet Xn + Y = Loyt Xn = V-

The proof of (4) is very simillar to (3). [

Note that for each conditionally convergent series exactly one of the four assumptions imposed on the
series above holds. Indeed if (1) holds then neither (2) nor (3) nor (4) hold. If (3) or (4) hold then (2) does
not hold and vice-versa. Moreover if we suppose that (3) and (4) are both satisfied and A € I and B € I are
such that )4 xt =coand ), g x, =00, then AUB eland Y ,caup X = Xoneaus X, = 99, s0 (2) holds, which
gives us a contradiction.

Remark 3.15. Note that the implication (2) in Theorem 3.14 cannot be reversed. Indeed, by Proposition 3.12 we get
that the equality SR;(x,) = R can hold when the assumptions of (3) or (4) are satisfied.

4. Complexity of ideally supported achievement sets
Let us start from presenting the following examples.

Example 4.1. Let x, = 5 for n € N and I = Fin. Note that Fin is an Fs-set, which is not a Gs-set. Since f is a
homeomorphism, we obtain that also Ari(x,) is an Fs-set, which is not a Gs-set. Moreover for any | O Fin we know
that ] is not a Gs, so Aj(xy,) is not a Gs.

Example 4.2. Letx, = % forn € Nand I = 1. In[9] the authors proved that 1; is an Fs-set, which is not a Gss-set.
Hence Ay, (x,) is an Fys-set, which is not a Gss-set.

Theorem 4.3. Aj, (%) is a null subset of [0,1] = A(%).

on

Proof. Indeed by the Borel’s Theorem on Normal Numbers the set F = {}.,cp 2 : limy o0 Bflea) - 3} has Lebesgue
measure 1, for the proof see [23]. Suppose that there exists x € F N Ar,(x,). Then there exists A € 1 and B with

limy, 00 %”} = such that x = Y en zl =Y B zl Clearly B ¢ 13, s0 A # B. Observe that almost every point

x€[0,1] has a umque representation by the set E of those indices n, such that x = ¥, 2. Hence x = % for some
ke Nandme{1,...,25. It implies that A C {1,...,k}, which gives us the inclusion B > {k + 1,k + 2, ...}. Thus
im0 Boll..n) 1, which yields a contradiction. Thus F N A,(x,) = 0. Since A(F) = 1, we get that A (x,) is
null. O

Examples 4.1 and 4.2 recall that if a series’ associated function f is a homeomorphism, then ideal
achievement sets are usually of a high Borel class. Now we will show the opposite of that fact, namely if f
is not an injection, then we can have more regular ideal achievement sets. In particular for I # Fin we can
obtain that f(I) is a compact set up to some finite set, see Theorem 4.7, and if I is not maximal then f(I) can
even be an open set, see Theorem 4.9.

We have the following inclusions Ari,(x,) C Aj(x,) C A(x,). Now we will study if these inclusions
have to be strict or not. The simple observation shows that if (x,) € coo then Ar;,(x,) = A(x,). Moreover if
{n : x,, # 0} € I, then infinitely many of terms of our series are equal to zero and Aj(x,) = A(xy).

Proposition 4.4. Let I # Fin be an ideal and (x,) € €] . Then Ariy(xy) is a strict subset of Aj(xy).

Proof. Note that Apin(xn) = {Y.ea Xn : A € Fin} = {Z 21 EnXy (en) k k € N} and hence it is countable.

Since (xn) € (] then one can find a subsequence (m,)", € I such that ImeI < ‘X"’"l for each n € IN. Note that
{0, 1N 3 (8,) > Y07 q OuXm, is one-to-one, so Aj(x,) is uncountuble Hence Apm(xn) + Al(xy). O
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Proposition 4.5. For every (x,) € ¢, there exists an ideal I # Fin such that A;(x,) is meager and null.

Proof. Let (x,;) € ;. Then for I = B + Fin, where B = {m, : n € IN} is defined as in Proposition 4.4,
we get that Aj(x,) is a subset of an algebraic sum of Ar;,(x,;) and a set which is homeomorphic to the
Cantor set. Since Ap;,(x,) is countable we get that A(x,) is meager. Moreover if we take (m,);”; € I with

X, .| < ‘%’”l for each n € N, then by the formula given in [3] we have u(A(x,,)) = limi—« 2%r.. Note that
T = Lot Xy < Loiat 1| < s | T 37 < 3y, [37F. Hence p(A(xy,)) = 0. Thus u(A;(x,)) = 0 and by
the first part of the proof A;(x,) is also meager. [

Proposition 4.6. Let I be an ideal and (x,) € {}. Then Aj(x,) is a strict subset of A(x,).

Proof. Let A ={n:x, >0}, then N\ A ={n:x, <0} Putx =} ,cpXn, Y = Yyen\a Xu. Then x,y are obtained
in the unique way presented above and x,y € A(x,). Suppose that x,y € Aj(x,). Thus A € I and N\ A € I, which
gives us contradiction. [J

Note that for a convergent series ), ; x,, the set Ar;,(x,) is a dense, countable subset of A(x,). Hence A(x,)
is also a dense subset of A(x,,) for each I O Fin.

Theorem 4.7. Let I be an ideal which is not equal to Fin. Then there exists a sequence (x,,) € ¢] and x > 0 such that
A(xn) \ Ap(xy) = {x}

Proof. Let A = {ay <ap < ...} e Iand ag = 0, a1 > a; + 1for i € No. Define X, , = 5 and xg,, = — 557 for
n € IN. Moreover let x,, = zfn €lai+1,...,a;1 — 1} for every i € No. Note that (x,) € £} and it satisfies

21+2(a 1_’11
the following equalities Zi’*:l +11 = 5z for every i € No. By the construction of (x,) we get Aj(x,) D [-3,5
Moreover A(x,) = [-3,x]. Fixz € (3,x). Since }.,en\aXn = 5 one can find a finite set D C IN \ A such that
5> YuepXn >z—5>0. Let EC Abesuchthat },,cp Xy =2~ },ep Xu. Put F=DUE. Since D € I and E € I we

get that F € I. Note that z = ), ,cr Xy, 50 2 € Af(xy,). By Proposition 4.6 we obtain the thesis. [

Remark 4.8. Note that by Proposition 4.6, the point x from Theorem 4.7 has to be either max A(x,) or min A(x,).
The proof of Theorem 4.7 shows that it is possible to obtain A(x,) \ Ar(x,) = max A(x,). Note that by simply taking

Yn = =Xy, we get A(yu) \ A1(y,) = min A(y,).
Theorem 4.9. Let I be an ideal which covers and is not equal to Fin. The following assertions are equivalent:

1. there exists a sequence (x,) € €] such that Aj(x,) is open
2. I is not maximal

Proof. =. Suppose that (x,) € €] is such that Aj(x,) is open and I is maximal. Let A = {n : x, > 0}. IfA 0 or
A = NN then 0 € Ar(x,) and Ar(x,) N (0,00) = 0 or Ar(x,) N (—00,0) = O respectively. Hence Ar(xy) is not open.
Assume that @ # A # IN. Then A € Ior IN\ A € I. Without loss of generality assume that A € Iand fix x =}, e Xn.
Then x € Ai(x,) and Ar(x,) N (x,00) = 0, so A(x,,) is not open. If N\ A € I, then by a simillar reasoning we get that
Aj(xy) is not open, which gives us contradiction.

<. Assume that I is not maximal. Let A C N be such that A ¢ land B=IN\A &I Let Ce I\ Fin. Then ANC is
infinite or BN C is infinite. Without loss ofgenerality assume that D = ANC s inﬁnite Since D ¢ C we have D € 1
and E = A\C&ZI Denote B=1{b; <by <...},D={dy <dy<...},E={e1 <ep <...J. Definex;, = 2,,,xh”=—2ln,
Xe, = o for every n € N. We have A(x,) = [-1,2]. Since D € I we get Ar(xy) D {Yerxn : F € D} =[0,1].
Fix x € (1,2). One can find finite subset G of E such that 1 > Y., .cx, > x — 1. There exists H C D such that
YoneG Xn+ Yonerr Xn = Yonegun Xn = X. Since H € Iand G € T we have GUH € 1,s0 x € Aj(x,,). Hence Aj(x,) O (1,2).
In the simillar way we prove that Aj(x,) D (=1,0). We get Ai(x,) D> (=1,2). Observe that },,cyw X, = 2 if and
onlyif W=DUE=A¢Iland } . x, = —1ifand only if U = B ¢ I. Hence 2 ¢ A(x,) and =1 ¢ Aj(xy,), so
Ar(x) = (=1,2). O

A simple modification of the series defined in Theorem 4.9 shows that if A;(x,) is an open subset of A(x,),
then A;(x,) does not have to be the interior of A(x,).



J. Marchwicki / Filomat 32:14 (2018), 4911-4922 4919

Example 4.10. Let I be an ideal, which is not maximal and (x,,) be the sequence defined in the second part of the proof
of Theorem 4.9. Define 41 = x,, for everyn € N and y; = 3. Let [ ={ACIN: (A-1)NN € I}. Clearly | is an
ideal, which is not maximal. Then A(y,) = [-1,5] and A;(y,) = Ar(x,) U (3 + Ar(x,)) = (-1,2) U (2,5).

Remark 4.11. Let x,, = zl for each n € N and I be maximal. Then A[(x,) is a non-measurable set, which does not
satisfy the Baire property. In particular, it means that Ar(x,) is not a Borel set.

The next example shows how different the properties of continuous functions are from those of homeomor-
phisms.

Example 4.12. One can construct a continuous function with an open image and a domain, which is non-measurable,
without Baire’s property.

Proof. LetI; and I, be maximal ideals on 2IN -1 and 2N respectively. Let us define] = {A CIN: AN2N-1 €
L,AN2N € I,}. Then: 2N -1 ¢ I and 2N ¢ I, so I is not maximal. Since {0, 1}N = {0,1}*N-! x {0, 1}*N
we may view I as a product I} X I,. Thus I neither has Baire property (by the Kuratowski—Ulam Theorem
[13, 8.41]) nor is measurable (by the Fubini Theorem). We construct (x,) in the same way as in the proof of
Theorem 4.9. Thus f : I — R defined as f : {0, 1}N 3 x4 — Y. ,e4 X» completes the proof. [

We introduce the following definition

Definition 4.13. Let I be an ideal which is not dense and let A be such that |A| = oo and for every B C A, B € I we
have B € Fin. We say that I has supset property if for every set A with the given properties, there exists C > A such
that for every D € C, D € I we have D € Finand N\ C € L.

Note that if I # Fin, I D Fin then N \ C ¢ Fin.

Example 4.14. Let |[E| = oo, [N \ E| = co and I = E + Fin. We will use the notation as in Definition 4.13.

Note that A satisfies the assumptions from Definition 4.13 if and only if AN E € Fin. Hence I is not dense. Put
C=AUIN\E). Then for every D C C, D € I we have D N E € Finand D N (IN \ E) € Fin, so D € Fin. Note that
IN\C CE,so N\ C € 1. Hence I has the supset property.

Theorem 4.15. Let I be an ideal which has the supset property. Assume that C satisfies the assumptions from
Definition 4.13. Then there exists (x,) € €] such that A(x,) is an interval and Aj(x,) is meager and null.

Proof. Denote C = {c; < ¢ < ...}, N\ C ={dy < dy < ...}. Definex., = %, x5, = % fori € N. Note that
A(x,) = [0,1] and A(x,,) is the ternary Cantor set. Hence A(x,) = [0,2]. Moreover Ar(xn) = {YepXn : F €I} =
{YecunXn : GEFinNnC,HCIN\C} = A + B, where A = {Zﬁzl % : (e,) € {0, 1)K, k € IN} is the set of all dyadic
numbers from interval [0, 1) and B is the ternary Cantor set. Hence Aj(x,) is a null, meager and dense subset of [0, 2]
as a countable union of nowhere dense, null sets. [J

Theorem 4.16. For every ideal I, which is meager and null, the achievement set A((5) is a meager and null subset
of [0,1] = A(3). In particular the above holds for Borel ideals.

Proof. As we mentioned in the Background, the function f(xa) = Y.,ea %, f:{0, 1N - [0,1] preserves meager and
null sets. Since a Borel ideal I is meager and null, so is Al(zin) =f(). O

Theorem 4.17. Assume that I is maximal and Y., ; x,, converges and x, # 0 for each n € N. If A(x,) is nonmeager,
then Aj(x,) is nonmeager. If A*(A(x,)) > 0, then A*(Ar(xy)) > 0, where A is the outer Lebesgue measure.

Proof. Since A(x,) = Ar(xy) U (Xpeq X0 — Ar(xy)) and x — (Y21 X, — X) is an isometry of A(x,) onto itself, the
proof is finished. [J

Corollary 4.18. Assume that I is maximal, (x,) € {] and A is comeager in A(x,), where A = {x € A(x,) : x =
Yoe1 EnXy for the unique sequence(e,)}. Then Aj(x,) cannot be comeager in A(xy).

Proof. Suppose that Aj(x,) is comeager in A(x,). Then B = AN Aj(x,) and C = AN (X1 xu — Ar(xy)) are
comeager in A(x,,). But BN C = 0, which is not possible. [
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5. Symmetrization of ideal achievement sets

The achievement set A(x,) is symmetric, while its ideal counterpart A;(x,) lacks symmetry. To fix the
symmetry we add to Aj(x,) its filter counterpart Ar,(x,). Simply observations shows that if x = } .4 x
for some A € I 'then Y';2 x, —x = ¥, cnva Xn € Af,(x,) and vice versa. Hence Af, (x,) = Y01 %, — Ar(xy).
It is clear that Aj(x,) N Ap(x,) and Aj(x,) U Af,(x,) are symmetric with a point of reflection %2211 Xy
Moreover if I is maximal, then Aj(x,) U Af, (x,) = A(x,) and if every point of A(x,) is obtained uniquely, then
AI(xn) N Apl(xn) =0Q.

Proposition 5.1. Let I be an ideal and (x,) € £]. Then A(x,) N Af,(xn) C A(x,) \ {max A(x,,), min A(x,,)}.

Proof. By Proposition 4.6 we obtain that A;(x,) C A(x,) \ {max A(x,)} or Ar(x,) € A(x,) \ {min A(x,)}. Since
AR () = Yoy Xn—A1(xn) we get Ar, (x,) € A(x,)\{min A(x,,)} or A, (x,) € A(x,)\{max A(x,)} respectively. [

Example 5.2. Let (x,,) be the sequence defined in the proof of Theorem 4.9, then A(x,) = [-1, 2] and Ai(x,) = (=1,2).
Hence Ar,(x,) = (=1,2), s0 Ar(x,) N Ar,(x,) = A(x,) \ {max A(x,,), min A(x,)}.

Example 5.3. Let (x,) be the sequence defined in the proof of Theorem 4.7, then Ar(x,) N Ar,(xn) = A(xy) \
{max A(x,), min A(x,)} and Ar(x,) # Ar,(x,). Note that Aj(x,) U Af,(x,) = A(x,) despite of I does not need to be
maximal.

Now we consider the case when A;(x,) N Af,(x,) is a singleton.
Proposition 5.4. Let (x,) € {]. Assume that Aj(x,) N Af,(x,) = {x}. Then

Lx=1y"x,
2. ifx =Y eaXn = Lyenp Xn for A,B € I then A =B
3.0 X =Y enXn = Yope Xn for A,BeIthen A=B

Proof. 1. Since Ap,(x;) = Yoy Xn — A(xy), it is clear that x = 1 Y7 x,,.

2. Letx = Y, ea Xn = Lyens X for some A, B € . If there exists k € AN (N \ B), then x — x¢ = Y, ca\y Xn
and x — x; = Zne]N\(BU{k}) X, SO X — X € Ap(xn) N Ap,(x,), which gives us a contradiction. Hence
AN(N\B) = 0. If there exists k ¢ AU (N \ B), then x + xx = ¥, cauppg Xn and X + xx = Y..enypuk) Xns SO
x + xi € Ar(x,,) N Ap,(x,,), which yields a contradiction. Hence A U (IN \ B) = IN. We proved that N \ B
is a complement of A, so A = B.

3. Since Y pepXn =X =2x— X @ Y1 Xn = Yonep Xn = Luen\p Xn, DY (2) we obtain A = B.

O

Example 5.5. There exists a sequence (x,) € (] such that for each ideal I we have that Aj(x,) N Ar,(x,) is a singleton.

Proof. Define x; = 1, xy41 = % for n € IN. Note that A(x,) = CU (1 + C), where C is the ternary Cantor
set. Let I be an ideal. Since 1 = x; = Y, x,, we get 1 € Aj(x,) N A, (x,). Fix x # 1. There exists a unique
set A € IN such that x = ), .4 x,. Assume that x € Aj(x,) N Ar,(x,). Thus A € I and A € F;, which gives a

contradiction. Hence Aj(x,) N Ag,(x,) ={1}. O

6. Injectivity of the associated function

Here we consider when the equality A;(x,) = Aj(x,) holds for two distinct ideals I # J. Let us consider
an instructive example.

Example 6.1. LetXp,1 = 5, X2, = 3 forn € NandI = 2N—-1+Fin, | = 2N+Fin. Hence A(x,) = [0,2) = Aj(xy).
Note that I N | = Fin.
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Now let us consider two ideals I, | from which one is bigger that the other, thatis I C |. We ask if it is possible
to obtain Aj(x,) = Aj(x,). Note that in Theorem 4.7 we have considered an ideal I about which we only
assumed that some sequence of indices (a,) € I, thatis I D (a,) + Fin and we obtained that A;(x,) = A(x,) \ {x}
for some x > 0. By Proposition 4.6 we get Aj(x,) = A(x,) \ {x} for any | O I. The idea of Theorem 4.7 was
to construct for an ideal I the series for which Aj(x,) is “big”. In this chapter we reverse this dependence,
that is we solve the problem when for a series we can find two distinct ideals I, | such that A;(x,) = Aj(xx).
Clearly the series cannot be quickly convergent, since then for I # | we always have Aj(x,) # Aj(x,).

Proposition 6.2. Let ), x,, be an absolutely convergent series. Let us consider the following conditions:

1. the associated function f is injective;
2. for every ideals I # | we have A(x,) # Aj(xy);
3. for every ideals I C | we have Aj(x,) G Aj(xy).

Then the condition (1) implies (2) and the condition (2) implies (3).
Proof. Proofs of both implications are clear. [J

All three conditions look quite simillar, however none of the implications in Proposition 6.2 can be reversed,
which is showed by the following examples.

Example 6.3. Let us consider x, = %. It is clear that f is not injective, since each dyadic number is obtained for
two sets of indices. Hence the condition (1) from Proposition 6.2 is not satisfied. We will show that the condition (2)
is satisfied. Fix two ideals I # ]. Let A € J\ I (if ] € I we simply take A € I\ ]). 1t is clear that A is infinite since it
is not an element of ideal I and A is not cofinite since it is an element of ideal ]. Suppose that there exists B € I such
that X = Y,,ea Xn = Yunep Xn. But it is possible only when x is a dyadic number, so A is finite or cofinite and we get

contradiction. Hence x € Aj(x,) \ A1(xy), S0 Yoy Xn satisfies the condition (2) from Proposition 6.2.

Example 6.4. Let (y,) satisfy the inequality y, > 2 Y12 .1 Y for each n € N. We define x,-1 = X2, = Yy for every
n € IN. Then it is clear that Aj(x,) = Aj(x,) for I = 2IN — 1 + Fin and | = 2IN + Fin. Hence the condition (2) from
Proposition 6.2 is not satisfied for the series Y1 X,. Now let I C J. Then there exists A € J\I. Since A ¢ I, we obtain
that at least one of the sets AN (2IN —1) or AN2IN is not an element of the ideal I. Assume that E = AN(2IN-1) ¢ L
Fix x = }.,cp Xu € Aj(x,). Suppose that Aj(x,) = Ar(x,). Hence x € Aj(xy), that is x = },,cp X, for some F € I.
Note that by the definition of (x,) we have x = Y,cp,1 Xn, then by the condition y, > 2 Y2, .1 Y, we obtain that
F c EU(E + 1) and for every 2n — 1 € E either 2n —1 € F or 2n € F. Moreover E\ F € J \ I. Note that
(E\F)+1 = (E+1)NF €I (in particular if I is shift-invariant, that is B € I if and only if B+ 1 € I, then we
immediately get the contradiction, since E\ F ¢ [ and (E\ F) +1 € I). Define G = (E\F)U ((E\F) +1), then
GeJ\L Fixy = Y cc Xn. Since yn > 2 Y1, 11 Yk, then the equality y = Y., iy Xy, holds if and only if H = G. Hence
y € Aj(xy) \ Ar(x,). We proved that the series Y., x, satisfies the condition (3) from Proposition 6.2.

Intersection of two ideals is also an ideal. The following proposition is connected with such ideal.
Proposition 6.5. Assume that I and | are ideals. Let Y., x, be an absolutely convergent series such that its
associated function f is injective. Then Ainy(x,) = Ar(x,) N Aj(xy,).

1-1
Proof. We have Ajnj(xn) = fUN]) = f(D) N f(J) = Ap(xn) N Ar(xy,). O
We can strengthen Proposition 6.5 by modifing its assumptions:

Proposition 6.6. Let )., x, be an absolutely convergent series. If the associated function f is injective on W =
{0, N\ {xa : |A] < 00 or [N\ A| < oo}, then for every ideals 1, ] we have Arnj(xa) = Ar(xn) N Aj(xn).

Proof. Let us take two ideals I, | and fix x € Aj(x,) N Aj(xy), that is x = Y,,enXn = YipepXn for A€l and B € J.
If A = B, then x € Ajnj(x,). Suppose that A # B. Since A, B cannot be cofinite as elements of ideals, we get
AeFincIn]orBeFinclIn]. Hencex € Apnj(x,). O

Example 6.7. Let x, = o for each n € N. Since },;" x, satisfies the assumptions of Proposition 6.6, we obtain
Arnp(xn) = Ar(xn) N Aj(x,) for all ideals 1, ].



J. Marchwicki / Filomat 32:14 (2018), 4911-4922 4922
7. Open problems

In Remark 4.11 for a maximal ideal we constructed a sequence for which Aj(x,) does not have the Baire
property. In particular it means that A;(x,) is neither a meager nor a comeager set. Other examples lead us
to state the following;:

Problem 7.1. Assume that A((x,) has the Baire property. Is it true that A;(x,) is meager or comeager ?

Section 6 was dedicated to some equalities and inclusions connected with ideally supported achievement
set. We considered the following conditions:

1. for all ideals I, ] we have Ajnj(x,) = Ar(x,) N Aj(xy);
2. for every ideals I # | we have Aj(x,) # Aj(xu);
3. for every ideals I ¢ | we have Aj(x,) C Aj(x,).

We showed that if the associated function f of the series Y., x, is incjective, then all three above conditions
are satisfied. Moreover we presented examples, which show that the above implication cannot be reversed
for all three conditions.

Problem 7.2. Characterize classes of series, which satisfy the above conditions.

Acknowledgment. I would like to thank my PhD’s supervisor prof. Szymon Giab for a very careful
analysis and fruitful discussions on this article. I would also like to thank the referee for remarks, which
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References

[1] M. Balcerzak, K. Dems, A. Komisarski, Statistical convergence and ideal convergence for sequences of functions, J. Math. Anal.
Appl. 328 (2007), no. 1, 715-729.
[2] M. Balcerzak, S. Gtab, A. Wachowicz, Qualitative properties of ideal convergent subsequences and rearrangements, Acta Math.
Hungar. 150 (2016), no. 2, 312-323.
[3] A. Bartoszewicz, M. Filipczak, F. Prus-Wisniowski, Topological and algebraic aspects of subsums of series, Traditional and
present-day topics in real analysis, 345-366, Faculty of Mathematics and Computer Science. University of £L6dz, £6dz, (2013).
[4] A.Bartoszewicz, S. Glab, Achievement sets on the plane — perturbations of geometric and multigeometric series, Chaos Solitons
Fractals 77 (2015) 84-93.
[5] R. Filipéw, N. Mrozek, 1. Reclaw, P. Szuca, Ideal version of Ramsey’s theorem, Czechoslovak Math. J. 61(136) (2011), no. 2,
289-308.
[6] R.Filipéw, P. Szuca, Rearrangement of conditionally convergent series on a small set, ]. Math. Anal. Appl. 362 (2010), no. 1, 64-71.
[7] S. Glab, M. Olczyk, Convergence of series on large set of indices, Math. Slovaca 65 (2015), no. 5, 1095-1106.
[8] J.A.Guthrie, J].E. Nymann, The topological structure of the set of subsums of an infinite series, Colloq. Math. 55:2 (1988), 323-327.
[9] K.Haseo, T. Linton, Normal numbers and subsets of N with given densities, Fundamenta Mathematicae 144 (1994).
[10] G. Horbaczewska, A. Skalski, The Banach principle for ideal convergence in the classical and noncommutative context, J. Math.
Anal. Appl. 342 (2008), no. 2, 1332-1341.
[11] R.Jones, Achievement sets of sequences, Am. Math. Mon. 118:6 (2011), 508-521.
[12] S.Kakeya, On the partial sums of an infinite series, Tohoku Sic. Rep. 3 (1914), 159-164.
[13] A.Kechris, Classical Descriptive Set Theory, Springer New York (1995)
[14] P.Klinga, Rearranging series of vectors on a small set. ]. Math. Anal. Appl. 424 (2015), no. 2, 966-974.
[15] A.Komisarski, Pointwise I-convergence and I-convergence in measure of sequences of functions, J. Math. Anal. Appl. 340 (2008),
no. 2, 770-779.
[16] P.Kostyrko, T. Salat, W. Wilczyniski, I-Convergence, Real Anal. Exchange 26 (2000/2001) 669-689.
[17] A. Leonov, C. Orhan, On filter convergence of series, Real Anal. Exchange 40, Number 2 (2015), 459-474.
[18] K. Mazur, F,-ideals and wyw)-gaps in the Boolean algebras P(w)/I. Fund. Math. 138 (1991), no. 2, 103-111.
[19] N. Mrozek, Ideal version of Egorov’s theorem for analytic P-ideals, J. Math. Anal. Appl. 349 (2009), no. 2, 452—458.
[20] J.E. Nymann, R.A. Sdenz, On the paper of Guthrie and Nymann on subsums of infinite series, Colloq. Math. 83 (2000), 1-4.
[21] T.Salat, On statistically convergent sequences of real numbers, Math. Slovaca 30 (1980), no. 2, 139-150.
[22] M. Talagrand, On T. Bartoszyriski’s structure theorem for measurable filters. C. R. Math. Acad. Sci. Paris 351 (2013), no. 7-8,
281-284.
[23] P.Walters, Ergodic theory—introductory lectures. Lecture Notes in Mathematics, Vol. 458. Springer-Verlag, Berlin-New York, 1975.



