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Functions Related with the Srivastava-Khairnar-More
Operator and Exponential Function
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Abstract. In the present paper, we investigate several majorizaton problems for certain classes M;};Z (a,b,c;1n)
and Nﬁ;ﬁ(a, b,c;y) of multivalent analytic functions related to exponential function, which are defined

through the Srivastava-Khairnar-More operator 1 ﬁjz(a, b,c) given by (1.4). Meanwhile, some special cases
of our main results in form of corollaries are given.

1. Introduction
Let C be complex plane and A, denote the class of analytic and p-valent functions of the form
f@) =2+ ) ayd (peN=1{1,2,-])
k=1

in the open unit disk
U={z:zeC and |zl <1}

For convenience, we write A; = A.
In 1967, Macgregor [10] introduced the notion of majorization as follows.

Definition 1.1. Let f and g be analytic in U. We say that f is majorized by g in U and write

f2) <9@) zel),
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if there exists a function ¢(z), analytic in U, satisfying
lp(z)| <1 and f(z) = p(z2)9(z) (z € U). (1.1)

Later, Roberston [17] (see also [19]) gave the concept of quasi-subordination as below.

Definition 1.2. For two analytic functions f and g in U, we say f is quasi-subordinate to g in U and
write

f(2) <4 9(2) (ze W),

if there exists two analytic functions ¢(z) and w(z) in U, such that f ( )

is analytic in U and
lp(z)| <1, w(0)=0 and |w@)<|zl<1 (zeU),

satisfying
f@) = p(@)9(w(z)) (z<€U). (1.2)
Remark 1.1.
(i) For ¢(z) = 1in (1.2), we have
f(@) = 9(w(2)) (z€U)
and say f is subordinate to g in U, denoted by (see [21]; also see [18, 22, 23, 29])

f@) <g@2) (ze ).

(ii) For w(z) =z in (1.2), the quasi-subordination (1.2) reduces to the majorization (1.1).

In 1991, Ma and Minda [9] introduced the following function class 5*(¢), which is defined by using the
above subordination principle:

z2f'(2)
f@@)

where ¢(z) is analytic and univalent in U and for which ¢(U) is convex with ¢(0) = 1 and Re(¢(z)) > 0 for
z e U.

S5'(¢p) := {feﬂ: < ¢(2) (ZEU)},

We observe that, for choosing the appropriate function ¢(z), the class S*(¢p) reduces to one of the well-
known classes of functions. For example,

(i) If we put

1+ Az
= 1< < ;
$@)= 15, ((1sB<A<Lzel),

then we get the class

z f (z) 1+ Az
A, B) -1<B<A<L]I;
S*( {f eA: f(z 1+Bz( <B<AcX< ,zeU)},
which was introduced by Janowski [7]. In particular, for A = 1 —2a and B = -1, we have the class

S*(1 = 2a,—1) = S*(a) of starlike function of order a (0 < a < 1). Further, for A =1 and B = -1, we have the
familiar class S*(1,—1) = S* of starlike function in U.

(ii) If we set

P(2) =€ (zel),
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then we obtain the class )
zf'(z
S,i=qfeA: =—=<¢é (zeU),,
frean 5 <e ceuf
which was introduced and investigate by Mendiratta et al. [11] and implies that
zf' (Z)'
f@)

feSs, = ‘log <1 (zel). (1.3)

For the functions f; € A,, given by
fiz) =2+ iakw,]zk*” (j=1,2z€),
k=1
we define the Hadamard product (or convolution) of f; and f, by
(fir o)) =2 + i ak+p,1ak+p,2zk+p =(f2* f1)(2).
k=1

Recently, Tang et al. [24] introduced a family of linear operators J 2:2(61, b,c) : A, — A,, which is the
generalization of the Srivastava-Khairnar-More operator [20] (see also [30]), defined by

Iy, b,0)f(2) = fuy @,b,0)(2)  f(2) (1.4)
@beC ceC\Z,; Z, ={0,-1,-2,---}; A>-p; 1,62 0; ze 1),
where fﬁ) (a,b,¢)(z) is the function defined in terms of the Hadamard product (or convolution):

zP

Fiop@,b,0)(2) = £y @, b,0)(2) = -

and the function fﬁ,p (a,b,¢)(z) is given by
foo(@,b,0)(2) = (1= pu+0)2 2 Fi(a,b;c;2) + (u = 0)z[2" -2 F1(a,b; ¢; 2)]' + oz’ [ - Fu(a, b; c;2)]”
with the Gauss hypergeometric function »F;(a, b; ¢; z), defined by

k
(“z’égf)k% (@,beC; ceC\Zy; Zy =10,-1,-2,---})

2F1(a,b;¢;z) = Z
k=0

and (v), is the Pochhammer symbol (or the shifted factorial) given, in terms of Gamma function, by
T(v+k) 1 k=0, veC =C\{0}),

W = W)

vv+1)---(v+k-1) (keN; veQ).

In particular, we find, from (1.4), that

I} A +p,a)f@) = f(z) and I{,p,a)f(a) =

zf'(z)
p

and easily deduce that

2T, b, f@)] = (A + )T, b,0)f(z) — AL}yo(a,b,0)f(z) (1.5)
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and

ATy +1,b,0)f(2)] =al}5a,b,0)f(2) — (a—p) T +1,b,0)f(2). (1.6)

We also notice that the operator I ﬁf,(a, b, c) generalizes several previously studied familiar operators,
and we will show some of the interesting particular cases as below:

) I 0(a bc)y=1 ﬁ (a,b,c), which is the Srivastava-Khairnar-More operator [20] (see also [30]);
(i) 7, A, O(a b,c) = I,(a, b, c), which was introduced by Noor [14];

(iii) 7 3/’;(01, 1l,¢)=1 2 (a,¢), which is the Cho-Kwon-Srivastava operator [3];

(iv) I g:f(a, n+1,a) = 1,, which is the Noor integral operator [13].

Based on the above class S; and by virtue of the operator I ﬁ:;’ (a,b,c), we now define the following classes

Mﬁji(a, b,c;n) and Nﬁ:g (a,b,c;y) of functions f € A,.

Definition 1.3. Letp e N; a,be C, ce C\Z;; Z; ={0,-1,-2,---};; A > —pand u,6 > 0. A function
f € A, is said to be in the class Mﬁjg(a, b, c;n) of multivalent analytic functions of order n (0 < 1 < p), related
with exponential function, if and only if

/\,b ’
1 r<,mmmvw>_ﬂ<f

p=n\ I@bof()

(1.7)

Remark 1.2.

(i) For n =01in (1.7), we have the function class

(T35, b,0)f(2))
z(ZLy(a 0)f(2)) pz(pe]N)}.

MM(a, b, c) := M(a,b,c;0) = eEA,:
,u,p( ) p,p( ) f P 2(61 b C)f(Z

(if) For p = 1in (1.7), we get the function class

MY, b,cin) = MY, bcm = { f e A — e b0y F0<y<1)
(@, b,c;n) =M @b, =SfeA: - -nl<ef(0<n< .
! 1 #l 1 1=n{ I3@b,af@) ! !

(iif) Further, forn =p—1 = 0in (1.7), we obtain the function class
z(f“’(a b,0)fz))
f”(a b,c)f(2)

Mﬁ’é(a,b,c) :—M’\é(abCO {fe <ez(z€U)}.

Definition 1.4. Letp e N; y € C; a,b€C;, c€ C\Z;; Z; ={0,-1,-2,---}; A > —pand 11,6 2 0. A
function f € A, is said to be in the class Nﬁjg (a,b,¢; ) of multivalent analytic functions of complex order
y # 0, related with exponential function, if and only if

1 (2T p@+1,b,0)f ()Y .
+ — ¥ -pl<e.
Y ZTupa+1,b,0f(2)

(1.8)

Remark 1.3.
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(i) For y = 1in (1.8), we have the function class

2T +1,b,0)f(2))

Iyha+1,b,0)f(2)

Nuo(a,b,c) := Nyo(a,b,c; 1) = {feﬂp: <(p-1+€&)(p e]N)}.

(if) For p = 1in (1.8), we get the function class

L L 1 (2@ +1,b,0f () . )
Ny (a,b,c;)/):zNyjl(a,b,c;y)= feA: 1+— IM(a+1bc)f(z) -1{<ef(yeC);.

(iif) Further, for p = y = 1in (1.8), we obtain the function class

2T @ +1,5,0f @)
TA@+1,0,0f()

Ny (a,b,c) :—N“(abcl) {feﬂ: <ez(z€1U)}-

A majorization problem for the normalized class of starlike functions has been investigated by Mac-
Gregor [10] and Altintas et al. [1] (see also [2]). Recently, many researchers have studied several ma-
jorization problems for univalent and multivalent functions, which are all subordinate to certain function
P(z) = %:‘g; (-1 £ B < A £1), involving various different operators, for instance, see [5, 8, 16, 27, 28].
More recently, Goyal and Goswami [6], Tang et al. [25], and Panigrahi and El-Ashwah [15] have considered
majorization problems for meromorphic and multivalent meromorphic functions. Nevertheless, only a
few articles deal with the above-mentioned problems associated with exponential function (see[26]). Here,

in the present paper, we aim to investigate the problems of majorization of the classes My 2({1 b,c;n) and

N up(@,b,c;y) defined by the operator I h p(a b, c), which are related with exponential function.

2. Majorization Problem for the Class S, ”1’ s [;A, Bl

Firstly, we give and prove majorization property for the class M) u p(a b,c;n).

Theorem 2.1. Let the function f € A, and assume that g € Mﬁ:ﬁ(u, b,c;n) withelp—n| < |A +1|. If
Ty5(a,b,c)f(z) is majorized by I}y5(a, b, c)g(z) in U, that is, that
Ti5(a,b,0)f(z) < ITyo(a,b,0)9(z) (z € U),

then, for |z| < 71, we have
|I£:;1’b(ll, b, C)f(Z)’ )I)\+1 b

where r1 = r1(p, A, 1) is the smallest positive root of the equation
Ip—nlrze’—|A+n|r2—|p—n|er—2r+|A+17| =0 (peN; A>-p, 0<nn<p). (2.1)
Proof. Since g € Mﬁjg(a, b,c;n), we see, from (1.7), that

1 (2@ b,ag@)

=¢®), 22)
P=n\ Iy@abog@)

where w(z) = c1z + cpz%> + - - - is bounded and analytic in U, satisfying (see, for details, Goodman [4])

w(0)=0 and |w(z)| <]z (ze ). (2.3)
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From (2.2), we easily obtain
2(I5(a,b,0)g(z))
Tip(a,b,0)g(2)

Now, by virtue of (1.5) and (2.4) and making simple computations, we have

=1+ (p—ne®. 2.4)

I a,b, C)g(Z) A+1+(p—n)e“®
I)5(a,b,0)g(2) A+p

7

which, using (2.3), yields the inequality

+p
A+ 1l —p = nle!

735 (a, b, 0)g(2)!. 2.5)

Ti5(a,b,0)g(z)| <
Also, because I 2:‘; (a,b,¢)f(z) is majorized by I ﬁ:ﬁ (a,b,0)g9(z) in U, so we find, from (1.1), that
T05(a,b,0)f(2) = p(2)T5(a,b,0)g(2). (2.6)
Differentiating (2.6) on both sides with respect to z and multiplying by z, we obtain
2(T}5(0,,0f()) =20/ @I 3a,b,)g(z) +2p(2) (T}3(a,b,09()) - 2.7)

By using (1.5) in (2.7), together with (2.6), we have

I}, b,0)f(2) =

PG ip(@,b,0)9(2) + 9T 1 (a,b,0)g(2). (2.8)

On the other hand, noting that the Schwarz function ¢ satisfies the inequality (see, e.g. Nehari [12])

, 1-lp@)P
lp"(2)] < T (zel), 29)
and in view of (2.5) and (2.9) in (2.8), we get
l2I(1 = lp()P)

108, b,0) f(2)] < [lp(2)] + 17551(a, b, 0)g(2)l,

pp

(1= 1zP) (1A + 1l = Ip = nleH)
which, by letting
lzl=71, lp@l=p 0<p<1),
becomes the inequality
T3 (a,b,0) f(2)] < ®1(r, )T (@, b, g (2)],

where
r(1-p?)

+
A=A A +n—-p—me) " *
In order to determine r;, we must choose

(Dl(rr P) =

r1 =max{re[0,1): D:(r,p) <1,Y p e[0,1]}

=max{re[0,1): ¥i(r,p) =0,¥Y p€[0,1]},

where

Wi(r,p)=(1- ) (1A + nl—lp—nle") —r(l + p).
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Clearly, for p = 1, the function W, (r, p) takes its minimum value, namely,
min{W;(r,p) : p € [0,1]} = W1 (r, 1) := P1(r),

where
P1(r) = A=) (1A + 1l = Ip = nle") = 2r.

Further, because y1(0) = |[A + 57| = |p — | > 0 and 11(1) = -2 < 0, so there exists 1, such that 11(r) > 0 for all
r € [0,r1], where 1 = r1(p, A, i) is the smallest positive root of the equation (2.1). This completes the proof
of Theorem 2.1.

3. Majorization Problem for the Class I;l’:’:"[a, b; A, B]
Next, we discuss majorization property for the class N ﬁf? (a,b,c7).

Theorem 3.1. Let the function f € A, and assume that g € Nﬁ:g(a, b,c;y) with ely| < la—yl. If
I ﬁ:ﬁ(a +1,b,c)f(z) is majorized by 1 ﬁ:i(a +1,b,¢)9(z) in U, that is, that

Ia+1,b,0)f(2) < I5(a+1,b,0)9(2) (z€U),

then, for |z| < rp, we have

|72, b,0)f(2)] < | T35, b,0)9(z)], (3.1)

where 1, = r,(a, y) is the smallest positive root of the equation

ylrPe” —la—ylr* =yl —2r+la—y|=0 (y € C'; a € C). (3.2)
Proof. Because g € Nﬁ:g(a, b,c; ), so, from (1.8), we show that
1 (2@ +1,b,0)9()) B

| I@+1,b,090)

=0, (3.3)

where w(z) is defined as (2.3).
From (3.3), it follows that ‘
2(Z @ +1,b,0)9(2))’
5 T o p—y e, (3.4)
Iyp@+1,b,0)g9(z)

Now, using (1.6) in (3.4) and making simple calculations, we get

fﬁf}?(ﬂ, b,c)g(z) _a-y+ ye®
I a+1,b,0)9() a

which, in terms of (2.3), yields the inequality

A0 |al 1,6
|IH,77(11 + 1, b, C)g(Z)| < m|f‘u’p({l, b, C)g(Z)| (35)
Again, since 1 ﬁ:g (a+1,b,¢)f(z) is majorized by 1 ﬁ:g (a+1,b,0)g9(z) in U, then, applying the same process
of (2.6) and (2.7) of Theorem 2.1, we verify, from (1.6), that

I, b,0f(2) = %z<p'(z)zﬁ;;3(a +1,b,0)9(z) + ()L ;;n(a, b, 0)g(2). (3.6)
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Next, in view of (2.9) as well as (3.5) in (3.6), and just as the proof of Theorem 2.1, we have

211 = lp2)P)

I, b < I, b
[Lp(a,b, ) f(2)] < [lp(2)] + A= 12P) (2 =71 = e 1Z1p(a, b, c)g(z)l,
which, by putting
lZl=7 lp@I=p O0<p<1),
reduces to the inequality
) ®2(p)
T35 b,0) @)l < ZF (@, b,0)(2), (37)

=73 (la =yl =1lyle")
where the function ®,(p) given by
Do(p) = —1p* + (L =*) (la =yl = lyle") p + 7

takes its maximum value at p = 1 with r, = r,(a, ) defined by (3.2). Furthermore, if 0 < 0 < r2(a,y), then
the function

Wy(p) = —a0p* +(1=0?)(la—-yl-yle”) p+0
increases on the interval 0 < p < 1, therefore W, (p) does not exceed

Wa(1) = (1 =0 (la =yl = 1yle”) (0<0<m,y)).

Hence, from this fact and (3.7), we conclude that the inequality (3.1) holds true. We complete the proof of
Theorem 3.1.
4. Corollaries and Concluding Remarks

As a special case of Theorem 2.1, when 1 = 0, we get the following result.

Corollary 4.1. Let the function f € A, and g € My (a, b, c) with ep < |A|. If T}y5(a, b, ¢)f(z) is majorized

by I ﬁ;g (a,b,0)g9(z) in U, then, for |z| < r3, we have

|70, b,0)f(2)] < | T35 (@, b, 0)g(2)

where r3 = r1(p, A, 0) is the smallest positive root of the equation
prie’ — AP —pe’ =2r +|A| =0 (p € N; A > —p).

Setting p = 1 and 7 = p — 1 = 0 in Theorem 2.1, respectively, we obtain the following corollaries.

Corollary 4.2.7 Let the function f € Aand g € Mﬁ"s(a, b,c;n) withell —7n| < |A +7nl. If Iﬁ:‘f(a, b,c)f(z) is
majorized by I 2(15 (a,b,0)9(z) in U, then, for [z| < r4, we get

T b,0)f@)| < |25, b, (z)|,
where r4 = r1(1, A, ) is the smallest positive root of the equation
1—nlrPe — A+ =[1-nle =2r+[A+n=0 (A>-1; 0<n<1).
Corollary 4.3. Let the function f € Aand g € Mﬁ"s(a, b,c) withe < |A|. If T 2:‘13({1, b, c)f(z) is majorized by

I 2:(13(51, b,c)g(z) in U, then, for |z| < r5, we obtain

T, b,0f ()| < |13, b,0g(z)|,
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where r5 = r1(1, A, 0) is the smallest positive root of the equation
et — Al —e" =2r+ Al =0 (A > -1).
Putting y = 1 in Theorem 3.1, we have the following result.

Corollary 4.4. Let the function f € A, and g € Nﬁ,’g(a, b,c) withe < |a—-1|. If I 2:2({1 +1,b,0)f(z) is

majorized by I’ :‘,:Z(a +1,b,0)g9(z) in U, then, for |z| < r¢, we obtain

7

703, b,0)f )| < |75, b,0)g(2)

where 74 = 15(a, 1) is the smallest positive root of the equation
e —la—1* —e =2r+la—1=0 (a € Q). (4.1)
Taking p = 1 and p = y = 1 in Theorem 3.1, respectively, we state the following corollaries.

Corollary 4.5. Let the function f € A and g € N;*(a,b,c;y) with ely| < |a —y|. If Igﬁ(a +1,b,0)f(z) is

majorized by I 2;‘13(11 +1,b,¢)g9(z) in U, then,
I,b,0f@)| < [T, b,)g(2)| (2l < 1),
where 1, is given by (3.2).

Corollary 4.6. Let the function f € Aand g € Nﬁfﬁ (a,b,c)ywithe < |a-1|. If I 2‘; (a+1,b,¢)f(z) is majorized
by I%3(@+1,b,0)g(z) in U, then,

Iﬁﬁ(a, b’ C)f(Z)| < 'I:tﬁ(a/ b/ C)g(Z) (IZl < 76)/
where 74 is given by (4.1).

Concluding Remarks. By choosing the suitable parameters p, A, u, 6,4, b and c¢ in all results of this paper,
we easily get the corresponding majorization results for the previously studied familiar operators J :‘, (a,b,0),

T)(@,b,0), T ;,‘ (a,¢) and I, which are mentioned in the introduction.
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