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Abstract. In this paper, we first improve the boundary Schwarz lemma for holomorphic self-mappings
of the unit ball B", and then we establish the boundary Schwarz lemma for harmonic self-mappings of the
unit disk ID and pluriharmonic self-mappings of B”. The results are sharp and coincides with the classical
boundary Schwarz lemma when n = 1.

1. Introduction

Let C" be the complex Euclidean n-space. In this paper, we write a point z € C" as a column vector of
the following n X 1 matrix form

%)
Zn
and the symbol T stands for the transpose of vectors or matrices. For two points z = {zj,...,z,}! and
w = {ws,...,w,)T of C" the standard Hermitian scalar product on C" is given by (z,w) = ), zxwy and the
k=1
Euclidean norm of z is given by |z| = (z, z>%. Throughout this paper, we denote by B” = {z € C" : |z| < 1} the
unit ball of C", and JB" the boundary of B".

For n = 1, the planar case, welet D = {z € C : [z]| < 1} be the unit disk and T := {z € C: |z| = 1} be the
unit circle. In this paper, we always use w(z) stands for the harmonic (or pluriharmonic) mapping and f(z)
stands for the holomorphic mapping. We will first improve the boundary Schwarz lemma for holomorphic
mappings and then establish similar results for harmonic mappings and pluriharmonic mappings.

The classical Schwarz lemma states that any holomorphic mapping f maps D into itself, with f(0) =0,
satisfies |f(z)| < |z] in ID.
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It is well known that the Schwarz lemma has become a crucial theme in many branches of mathematical
research for more than a hundred years. One can refer to the references [1, 9, 11-15, 17, 20, 21] for
generalizations and applications of this lemma.

The classical Schwarz lemma at the boundary is as follows:

Theorem A. ([3, Page 42]) Suppose f is a holomorphic self-mapping of ID with f(0) = 0, and, further, f is
holomorphic at z = 1 with f(1) = 1. Then, the following two conclusions hold:

1. /(1) =1

2. /(1) = lifand only if f(z) = z.

Theorem A has the following generalization.

Theorem B. ([9, Theorem 1.1']) Suppose f is a holomorphic self-mapping of ID with f(0) = 0, and, further, f is
holomorphic at z = a € T with f(a) = p € T. Then, the following two conclusions hold:

1. Bf (@a = 1.
2. Bf'(@)a = 1ifand only if f(z) = €%z, where ¢ = fa~" and 6 € R.

We remark that, when a = = 1, Theorem B coincides with Theorem A.

The study on the boundary version of the Schwarz lemma has been attracted much attention. For more
discussions in this line, see, e.g., [15] for functions with one complex variable, and [9-11, 17, 20] for functions
with several complex variables.

In this paper, we first improve Theorem A as follows.

Theorem 1.1. Let f be a holomorphic self-mapping of ID. If f is holomorphic at z = 1 with f(1) = 1, then
201 - f(O)F

L=1fOP +1f )

The above inequality is sharp with the extremal function

- B+ O
1+ Bf0AG)

=

()

where § = %% € T and

(A= IfO)P)z+If O)
A® =2 /0 + IF Ok

Remark 1.2. In Theorem 1.1, if f(0) = 0, then we have

, 2
)= —1+|f'(0)| > 1

The last equality holds if and only if f(z) = e®z where « is a real number. This improves the classical boundary
Schwarz lemma.

Theorem 1.1 has the following generalization.

Theorem 1.3. Let f be a holomorphic self-mapping of D. If f is holomorphic at z = « € T with f(a) = p € T, then

21 - BF(0)P
1= [fO)P +If )

When o = = 1, then Theorem 1.1 coincides with Theorem 1.3.

)

Bf (@)a >
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Furthermore, if we fix points a,b € ID such that f(a) = b, then we can obtain the boundary Schwarz lemma
for f as follows.

Theorem 1.4. Let f be a holomorphic self-mapping of ID satisfying f(a) = b, where a,b € ID. If f is holomorphic at
z=a € Twith fl(a) =p €T, then

_ 1—lal 11— BB 2
> 1-la? ' 4
Bf a2 T e T e 1, hEI (@) ’

When a = b = 0, then (4) coincides with (18).
For the higher dimensional case, we have some similar results which are given as follows.

Theorem 1.5. Let f be a holomorphic self-mapping of B". If f is holomorphic at z = o € IB" with f(a) = p € IB",
then we have the followng inequality holds.

211 fO)F
_T 2 4
1-[6' £ + 10

where ||]¢(0)|| is the norm of ] ¢(0) and the norm || - || is defined in (13).
When n = 1, then Theorem 1.5 coincides with Theorem 1.3.

B I (@a > )

Theorem 1.6. Let f be a holomorphic self-mapping of B" satisfying f(a) = b, where a,b € B". If f is holomorphic
atz = o € dB" with f(a) = p € IB", then

-T

7 1—la? 11-0b BP 2

B J(@)a = Ao . i ' ©
1=1bP p-a"ap 1+ 2Lyy,@)

where ||]¢(a)l| is the norm of J¢(a) and the norm || - || is defined in (13).
When n = 1, then Theorem 1.6 coincides with Theorem 1.4.

The proofs of Theorem 1.1 ~ Theorem 1.6 will be given in the section 3.
A twice continuously differentiable, complex-valued mapping w defined on Q C C is harmonic on Q if
it satisfies the following Laplace equation.

Aw(z) = 4w,:(z) =0 for ze€ Q.
Forany z = re'® € D and a € [0,27], the directional derivative of w is defined as follows

w(z + re’) — w(z)

Quto(z) = lim =Tt = P (2) + ¢ we(2) )
Then

max [9,0()| = Au(2) = w:(2)] + w2 ®)
and

min 9,0()] = Au(2) = e:() - [w:(] ©)

According to [8], w is locally univalent and sense-preserving in ID if and only if its Jacobian [, satisfies the
following condition: For every z € ID,

Jo(@) = [w, ) - lw=(z)]* > 0.

In the second part of this paper, we will establish the boundary Schwarz lemma for harmonic mappings
and pluriharmonic mappings. We first improve Heinz’s result [4, Lemma] as follows.
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Theorem 1.7. Suppose that w is a harmonic self-mapping of ID satisfying w(0) = 0. Then we have the followng
inequality holds.

lw(z)| < é arctan Izlw for zeDD (10)
n 1+ $A4(0)z] ’
We remark here that since A, (0) < %, and for 0 < r < 1 the function ¢(x) = % is an increasing function
4

of x, we know that the following inequality

|zl + §Aw(0)

4
_ < - t
1+ %Aw(O)IZI) = g arcan 2,

4
— arctan (Izl
e

holds for all z € D.

By using Theorem 1.7, we prove the following theorem which is the so-called boundary Schwarz lemma
for harmonic mappings.

Theorem 1.8. Suppose that w is a harmonic self-mapping of ID satisfying w(0) = 0. If w is differentiable at z = 1
with w(1) = 1, then we have the followng inequality holds.

Re[w, (1) + wz(1)] = 4 !

1+ EA(0) (11)

The above inequality is sharp.

Remark 1.9. According to [2, page 71, a harmonic mapping w of ID has the representation w = h + g, where h
and g are holomorphic in ID. Furthermore, if g(0) = 0, then the representation is unique and is called the canonical
representation of w.

Under the hypotheses of Theorem 1.8, if ¢ = h — g is holomorphic at z = 1, then

Im[w-(1)] = 0 = Im[w=(1)],

and the symbol “Re” in (11) can be removed. See Remark 4.1 for the proof.

4

Example 1.10. Let ¢1(z) = &5 and ,(z) = %gz be the holomorphic automorphism of D, where a =

1-az 1
p=1- %5 + 1. Consider the harmonic mapping

and

Lt
2

w(z) = azyn(z) + bzyn(z) for ze D,

where a,b € C.
Ifw(0) =0, w(l) = 1 and |w(z)| < 1 for all z € D, then we have a = % and b = %3. Therefore, w,(1) = 1 and
ws(1) = g both are real numbers.

Theorem 1.11. Suppose that w is a harmonic self-mapping of D satisfying w(a) = 0. If w is differentiable at z = «
with w(a) = B, where a, p € T, then we have the followng inequality holds.

Reff [w-(@)a + w.(@)al) > = 1 1 |ap

— . 12
1+ FAua)(1 —|al?) 1 - aal? (12)

When o = =1 and a = 0, then Theorem 1.11 coincides with Theorem 1.8.

A continuous complex-valued function w defined on a domain G C C" is said to be pluriharmonic if for
each fixed z € G and 6 € JB", the function w(z + 6C) is harmonic in {C : |C| < dg(z)} where dg(z) denotes the
distance from z to the boundary dG of G. If G is simply connected, then a real-valued function u defined
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on G is pluriharmonic if and only if u is the real part of a holomorphic function on G. Clearly, a mapping
w : B" — Cis pluriharmonic if and only if w has a representation w = h + g, where 1 and g are holomorphic
in B". We refer to [5], [6], [7] for more details on pluriharmonic mappings.

For a complex-valued and differentiable function f from B" into C we introduce

If f: B" — C™ is differentiable, then we introduce

A functionw = {wy, -+, w,)T : B" — C" is said to be pluriharmonic, if each componentw; (j =1,---,m)
is a pluriharmonic mapping from B" into C. Let w = h + g be a pluriharmonic mapping from B" into C".
Then, the real Jacobian determinant of w can be written in the following form

det]w:det( o 9g)

dg oh
and if £ is locally biholomorphic, then the determinant of [, can be written as follows

det J,, = | det oh|* det(I,, — dg[oh] ' dg[on]).
If w is planar harmonic mapping of ID, then its Jacobian is given as follows
det Jy = lw* = [l = ' ~ lg'P".
For an n X n complex matrix A, we introduce the operator norm

IA]l = sup M = max{||A0]| : 6 € JB"}. (13)
=0 |l

Theorem 1.12. Let w be a pluriharmonic self-mapping of B" satisfying w(a) = 0, where a € B". If w(z) is
differentiable at z = a € JB" with w(a) = B € dB", then we have the followng inequality holds.

_ _AT o T=
Re{ﬁT [wz(a)ll_%lg(a —a)+ wg(a)ll_%;‘(a - a)]} (14)
4 1
T+ IA@) || - )

where Ay(a) = |lw-(@)|| + [lwz(a)ll. If a = 0, then we have

= _ 4 1
Re[lgT(wz(a)a + wz(a)a)] > gm

(15)
Remark 1.13. Since the following inequalities

278 —ap 2

|- 1aP) < 1+ e
and

1+ |a
1~ lal’

o —al <

1-a"a
1 - |af?
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hold, we obtain that

4 1
71+ FAu(a)(1 + |al)?

(16)

<[f" @@ -a)||z="2

II2

+ [ weo@- >|‘ —E
< (@) + lros@I) (113

Therefore

lal 1
Aw(a) = _(1 N |a|) 1+ ZAq(a)(1 + la)?

The proofs of Theorem 1.7 ~ Theorem 1.12 will be given in the section 4.

2. Preliminaries

In this section, we shall introduce some necessary terminologies, recall several known results.

The following results are due to Osserman [15] which is the Schwarz lemma at the boundary.
Theorem C. ([15, Lemma 1 and Lemma 2]) Let f : ID — D be a holomorphic self-mapping of ID satisfying
f(0) =0. Then

|z + 1£7(0)]
L+1f7(0)llzl

Moreover, if for some b € T, f(z) extends continuously to b with |f(b)| = 1 and f’(D) exists, then

If(2)] < |zl for |z| < 1. 17)

Ol - a8)

If o)

By using the classical Schwarz lemma for f, we know that |f'(b)| > 1 unless f(z) = €'z and 6 is a real number.
Theorem D. ([15, Lemma 4]) Let f : ID — D be a holomorphic self-mapping of D. If for some b € T, f(z) extends
continuously to b with |f(b)| = 1 and f'(b) exists, then

2(1 - If(O)))?
1=1fOP +1f O

|f"(0)l > (19)

The following lemma will be used in the proofs of Theorem 1 6 and Theorem 1.12.

Theorem E. ([18, Theorem 2.2.2]) For given a € B", let A = s, + %, where s = /1 — |a|? and I, is the unit square
matrix of order n. Then

et

a—z
q’u(z) :A =T

1-az

is a biholomorphic automorphism of B" which interchanges 0 and a. Moreover, @, is biholomorphic in a neighborhood
of B", and
I, (a-2z)a
1-a'z (1-a'22]
In 2016, Tang et al proved the following theorem which is an improvement of Theorem B.

Theorem F. ([19, Theorem 3.1]) Let f : B" — B" be a holomorphic mapping, and let f(a) = a for some a € B".
Then we have the following two conclusions:

A? = szln + aET, Aa=a, (p;1 = Qa, ](pﬂ(z) =A|-
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1. If f is holomorphic at z = a € dB" with f(a) = B € IB", then

_Tﬁlz

ﬁ Jrl@a 2 ———.

| —-a af

2. If there exist a1, -+ ,ay € IB" such that a1 —a,--- ,a, — a are linearly independent and f is holomorphic at
z = ay with f(ay) = fr € IB"(k =1,--- ,n), then the following n equalities:

—_T |?
B raoa = PR G
-7 a
hold if and only if

f(@) = pa(Ugpa(2)),
where U = (0a(B1), -+, a(Br))(@alar), - -+ , palan)) ™! is a unitary square matrix of order n.

When n = 1 and a = 0, then Theorem F coincides with Theorem B.
In 1959, Heinz proved the following result ([4, Lemma]) which is the so-called Schwarz lemma for
harmonic mappings: If w is a harmonic mapping of ID into itself such that w(0) = 0, then for any z € D,

4
|w(z)| < — arctan |z|.
T

Later, Pavlovi¢ improved the above result of Heinz and proved the following theorem.
Theorem G. ([16, Theorem 3.6.1]) Suppose w is a harmonic mapping of ID into itself. Then, the following statement
holds:
|21

‘w(z) - 1 ; EE w(0)

4
< —arctan|z| z e D.
T

3. Schwarz Lemma at the Boundary for Holomorphic Mappings

In this section we first prove the Theorem 1.1 which will be used in the proofs of Theorem 1.5 and
Theorem 1.6.

Proof of Theorem 1.1
Let 0
Py = 10 JO
1-f(0)f(z)
Then we have F : D — D is a holomorphic self-mapping of ID such that F(0) = 0 and F(1) = = %
using (17), we have
|zl + [F'(0)]
F(2)| < |z| ———, 20
FI < I e (20)
where
/)
F() = ———. 21
0= Tror (21)

Consider the function g(z) = ‘EF(Z). Thenwe g(0) = 0, g(1) = 1and |g(z)| = |F(z)|. Since g(z) is holomorphic
atz = 1, we see that
9(z) =1+ g’ (1)(z - 1) + o(]z = 1))
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This together with (20) show that

, 2 21+ )] |
)1 +9 (D(Ez-1)+o(z- 1|)) < (MW)
Therefore,
, ERLAORY
2Re [g (1)(1 - Z)] > 1- (IZlm) + O(|1 - Z|) (22)

Take z =r € (0,1) and letting ¥ — 1~ we have

r+F(0)] \2
1- (71+|F'<0)|r)

Re[yM] =z lim ——— (23)
_ 4
1+|F(0)
Assume that z = r¢'? € D, where 0 # 0. By letting r — 17, it follows from (22) that
eie ] [ sin(0/2) , . . ]
2Re 1 Re |g/ (D)= (=i ¢?2 24
)
[1—ef
Letting 6 — 0* leads to 2Re [Fig’(1)] > 0. This shows that
Im[g’(1)] = 0. (25)

Therefore we have 5

702 o
Note that = f € Tand g(z) = [3F (z). Then we have

= L= IfO)P 1-1f(0)
7= o 0= ) |zf .
According to (21), we have
s AL SO

1=1fOP +1f Ol
This completes the proof of the lemma. [

Proof of Theorem 1.3

Let g(0) = Ef(Ca), where a, 8 € T and C € ID. Then we have g(C) is differentiable at z = 1 with g(1) = 1.
By using Theorem 1.1, we have
2|1 - g(0)1?
g (1= 2g T
1—=1g(0) + 14’ (0)l

This implies that

2L-BFOP 20 - IfOI
L-IfQP +1fO1 ~ 1= IfOF +If O]

The proof of the theorem is complete. [

(26)

Bf (@)a >
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Proof of Theorem 1.4
Consider the automorphisms @,(z) = {=
tively. Then we have ¢@,(a) =p € T and (pb(ﬁ) geT. Moreover we have
—(aa —1)? ,
o) =~ g =1+ laf @)
and
—1 +|b? -1
»(B) = = , b)) = ———. 28
®,(B) (1= Bp)? @, (D) - P (28)
Let g(z) = @p o f o @,4(2) for z € ID. Then we have
9(0) = gy o f(a) = pu(b) = 0
and
9(p) = @v 0 fla) = pu(p) =
According to Theorem 1.3 we see that
2
N
g9’ (pp = 1+170)
Elementary calculations lead to the following inequalities
b—B\ -1+b?
q¢, = 29
TAGE (1 ﬁ) i (29)
_1—|b)
= ﬁ =
-2
and
, —(@a—-1? a-a
1 - aal?
1—|a)2”’
and
9'0) = ¢, (0) f (@) (0) = |b|2f (@).
These show that
q9'(p)p = qub(ﬁ f@) (Pa p) P (31)
_1-pP cwfl2
2
P —
1+1g°(0)]
_ 2
+ 2 @)
Therefore, -
— —|al? 11 - bl 2
Bf (@a = SH—
A 1+ ZEE )

The proof of the theorem is complete.

O
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Proof of Theorem 1.5

5394

Assume that f is a holomorphic self-mapping of B" and holomorphic at z = a with f(a) = p, where
a,p € dB". Letg(C) = ET f(aQ) for C € D. Then g is a holomorphic self-mapping of ID satisfying g(0) = ET ()

and g(1) = [_STf(a) = 1. By using (1), we know that

211 - g(O)P
1-1g(O)F + g’ Q)

g1z
It follows from g’(0) = [_ST]f(O)a and g'(1) = ‘ET]f(oz)a that

7(1) =B Jx@)a
. 21-gOP
=T gOR + 70)]

_T 2
2[1-3 0)
> —
1-[6" ro)[ + 701
2(1-p'r0))
>—
1-[8"fO[ + 170

where ||J¢(0)|| is the operator norm defined in (13). Leta = 1 + [|J¢(0)I| > 1 and ¢(x) :=

¢(x) is decreasing for x € (0, 1). Therefore

2(1 - If(O)))?
L=1fOP + 17O

B I >

The proof of the theorem is complete. [
The following Lemma 3.1 will be used in proving Theorem 1.6.

2(1-x)?
2

a

(32)

. Then we have

Lemma 3.1. Let f : B" — B" be a holomorphic mapping with f(0) = 0. If f is holomorphic at z = a € JB" with

f(a) = B € IB", then

_T 2
P i@z o

Proof. Let

90 =B f(Ca), CeD.

(33)

Then g : ID — D is a holomorphic function with g(0) = 0 and g is holomorphic at C = 1 with

g) = Y Bifit@) =Y Bipi=1.
j=1 j=1
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By applying (1), we know that

71 =F i@ (34)
S 2
~1+1g(0)

2

1+[817(0)qf
2

> .

T+ 1,0

This completes the proof of Lemma 3.1. O

Proof of Theorem 1.6
Let ¢,(z) = A{=; be the holomorphic automorphism of B"” where A = s,I,, + %, Sa = 41 — |a?. Similarly,

let @p(z) = Blb_;gzZ be the holomorphic automorphism of B" where B = s;1,, + %, sp = /1 — b2
Let g(z) = @p © f 0 @a(z) : B" — B" be a holomorphic self-mapping of ID. Then

9(0) = @y o f o @a(0) = py o f(a) = pu(b) = 0.

Assume that @,(a) = p € JB" and ¢(B) = q € IB". Then we have

g(p) = @y o fo@alp) = @y o f(a) = pu(f) = 4.

By using the above Lemma 3.1, we have

2 _T —T
T+ 1,01 <q Jip = @u(B) Jo, (B s()]p,(P)pala).

According to Lemma E and the proof of [19, (3.2) and (3.3)] we know that

—_rt =T -T
_ - b—B)b
(Pb(ﬁ)T](Pb(ﬁ) =2 _é B* |- In—T + : LBT) 35
1-Bb | 1-bB (1-b By
-T
= ———(0-Ftp -] [—zn L OB ]
1-b g 1-b B
I
-5 pp
and
Jou(@al@))@a(@) = [Jp, (@) @alcr) (36)
1-a'a
= 1 |ﬂ|2 (a - )

Let y5,-+, v, be a standard orthogonal basis of JB" such that §T7/k =0, (k=2,---,n). Then there are
pi, -+, 4n € C such that

1-7«
1_—|a|2(a—a)=y1a+y2y2+-~+yny,,. (37)
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This gives

_rl-da _1-a'ap
ti=a 1_lalz(oc a) = e (38)

Suppose that f is differentiable in a neighborhood V of a. Then f(JB" N V) and JB" are tangent at . This
means that the tangent space and holomorphic tangent space to f(dB" N V) at f(a) = p are contained in

Ty(@B") = {w € C" : Ref w = 0}

and "
T;;'O’(&]B”) ={weC":B w=0)

respectively. Note that for any & € T,(dB"), J¢(a)¢ is a tangent vector of f(JB" N V) at . Then
Jr(@)& € Tg(dB").
This shows that ]f(a)(Tg’O)(&]B”)) C Tg(dB"). Using
—T
<J@)é, B>=0=<p Jr(a)s, 1>,

we see that ET Jr(a@)& = 0 holds for any & € T,(dB"). So there exists A € R such that BT J(@) = A@'. That is

T
B Jr(@)a = A. (39)
(See [10, Theorem 3.1] for more details). Therefore we have
_ R
7' 150 = Po(B) T, B F(@)], (Pal@))pa(a) (40)
1-|b?> =t 1-
l | ———B Jia )(%(X + Upya + e+ /Jn)/n)
|1 b ﬁlZ a
1-b2 (11— 2
= _lTl AO(T(| _al T;l a+ Uy2+ -+ HnVn)
[1-b ﬁ|2

1—|b)2 )\Il -a alz
I1- ETﬁIZ 1—laf?

On the other hand, since

Jou(0) = % and  J,,(0) = A(=1+ aP)
we see that
J7(0) = Jo,(0)] 1(2)],(0) an)
_ 1—Iu|2B'] @A
1-pp~
Thus
1,01 < =81 @
]9 = 1= |b|2 ]f
This shows that .
rd 1—|aP1-b B 2
> .
P TR T ap T B

as required. [
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4. Schwarz Lemma at the Boundary for Harmonic Mappings

In this section, we shall prove Theorem 1.7 ~ Theorem 1.12. We start with the proof of Theorem 1.7.

Proof of Theorem 1.7

Let w(z) = u(z) + iv(z) be a harmonic self-mapping of D satisfying w(0) = 0. For any 0 € R, let
f(2) = &(z) + in(z) be the function which is holomorphic in ID and satisfies the relations f(0) = 0, |f(z)| < 1
forallz € D and

Ref(z) = u(z) cos 6 + v(z) sin 6. (42)

Then we have .
&(z) = Rew(z)e ™™

and
flz) = & =iy = 2¢; (43)
_,9 -i6
=2 &ZRew(z)e

= w,(2)e? + w=(2)e'®.

Consider the holomorphic mapping

Then we have g(0) = 0 and ¢'(0) = Z f'(0). According to the assumption we know that [Ref| = |&| < 1. This
implies that

Ree?!f = e T Ccos gé > 0.

Therefore, |g(z)| < 1. Applying the Schwarz lemma (17) we obtain

lzl + §1(0)]
lg(2)| <zl = 44
7= B o “
On the other hand, the following elementary inequality holds
et -1 1 n
- = = <.
= tan 2IReCI for |Rel| < > (45)

The inequalities (44) together with (45) show that

Izl + 71/ (0)]

Tt
tan —[Ref| < |g(2)| < lz2l=——F7 700
g Refl <@ < E 7 2y

For 0 < r < 1 the function ¢(x) = {:—gy is an increasing function of x. Also (43) shows that |f'(0)| =
[w,(0)e™ + w(0)e’| < Ay(0). Thus

4 z| + ZA(0
Ref| < %arctan(lzl A + 5 Au )).

1+ FA0(0)l]
Applying (42) we obtain the estimate

|zl + 7 Aw(0) )

4
u(z)cos 6 + v(z)sin 0] < 7 arctan ('Z'm

Since the above inequality holds for every 0 € R, the inequality (10) follows, which proves Theorem 1.7. [0
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Proof of Theorem 1.8
According to Theorem 1.7 we see that

4 zl + A0
lw(z)| < ;arctan(lzlll [+ 34(0)

m) = M(Z) for zeD. (46)

Since w is differentiable at z = 1, we know that
w(z) =1+ w(D)(z~1) +wz(1)(z ~ 1) + o(|z — 1)
This together with (46) show that
|1 +w,(1)(z-1) +wz(1)z—-1) + o(|z - 1|)|2 < (M(2))*.
Therefore,
2Re [w,(1)(1 - 2) + w=(1)(1 = 2)] = 1 - (M(2))* + o(|z — 1)). (47)

Take z = r € (0,1) and letting r — 17, it follows from M(1) = 1 that

2Re [w,(1) + wz(1)] = 111{11_1—]\_/[5,1/)2 (48)
4 2

m 1+ EAL0)

Therefore we have

4 1
R .(1) + Z D] > —
elw-(1) + w(D] > 24
as required.
To check the sharpness of (11), let
2 2x
U(Z) = ; arctan m,

where z = x + iy € D. Then, we have that U is harmonic in ID with U(0) = 0, U(1) = 1, and for any
z=re(-1,1),

4
U(r) = — arctanr.
e

Elementary computations show that

4
Au(0) = —
Tt
and u 2 Jdu u
o =7=5, W50

This shows that (11) is sharp, and hence, the proof of the theorem is complete. [

Remark 4.1. Since w is harmonic in ID, according to [2, page 71, we know that w has the canonical representation
w = h+ g, where h = uy, + ivy, g = u, + iv, are holomorphic in D. If g(0) = 0, then the representation is unique.
We point out that under the assumptions of Theorem 1.8, if ¢ = h — g is holomorphic at z = 1, then

Im[w,(1)] = 0 = Im[wz(1)]. (49)
We first prove the following equality holds:
Im[w, (1) - wz(1)] = 0. (50)
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For the proof of (50), assume that z = re'® € D, where O # 0. By letting r — 17, it follows from (47) that

1—¢t 1—¢70 o(|1 - €9))
2Re wz(l)m + wg(l) |1 — ei9| > |1 — ei6| .

Letting 6 — 0* leads to
2Re [w,(1)(F0) + wz(1)(£1)] = 0,

which guarantees the validity of (50).
Secondly, we prove the following equality holds:

Im[w,(1) + wz(1)] = 0. (51)
To prove (51), note that w(0) = 0 implies p(0) = 0, since g(0) = 0. The condition w(1l) = 1 ensure that
(1) =1-g(1) - g(1) =1 -2u,(1) € R
and
9P = WP - 4u@uy(z), for zeD. (52)
Thus, we have
(1) =1 — 4wy (D)uy(1). (53)

Since @ is holomorphic in ID with ¢(0) = 0, we know that (1) # 0. If @ is holomorphic at z = 1, then

P(2) = p(1) + ¢'(D)(z = 1) + o(|z - 1)). (54)
Hence,
2p()Relg’ (1)(z ~ D] = [w(@) ~ 4uy(2)uy(2) = (1)* = o(lz = 1)). (55)
Assume that z = re' € D, where O # 0. By letting r — 17, it follows from (53) and (55) that
s 1= | o(lL =)
2¢(1)Re [(p (1)I1 — €i9|] T

Letting 6 — 0* leads to
2p(DRe [¢" ()(F0)] = 0,

which shows that Im[¢’(1)] = 0, and hence, (51) holds true.
The equality (49) holds obviously from (50) and (51), thus we can rewrite (11) as follows

w,(1) + ws(1) > 4 !

1+ EAu(0) (56)

Proof of Theorem1.11
a—z

Let @4(z) = =% be the automorphism of ID. Then we have ¢,(z) interchanges 0 and a. For a € T, let
p = @a(@) € T. Then we have

Pap) = @
and ,
’ _ _(1 - a_a) ’ _ 2
Pip) = T Pu0) = 1+ laP
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For p € T, let G(C) := Bw o @,(Cp) where C € ID. Then we have G(C) is a harmonic self-mapping of ID and

satisfies the following conditions

G(0) = Bw(a(0)) = fw(a) = 0

and a B
G(1) = Bw(@a(p)) = Bw(@) = B = 1.
Note that B
Ge(Q) = pw=(@a(Cp))@a(Cp)p
and

G(Q) = Bwz(@a(Cp)pi(Cp)P.

By using Theorem 1.8, we see that

Re(Ge(1) + Ge(1)) = Re(B [wa(a)g; (p)p + wi(a);(pp))

. 11— aaf? _[1 - aal?
= Re(ﬁ wy () TP + wz(a)a Tp
4 1
SE_ 4
1+ ZAg(0)
_4 !
1+ Z(Gc(0)] + IG(0)l)
_4 L
1+ Z(|w.(a)] + w=@))(1 — |a)
_4 L
T 1+ IAL@)(1 - faP)
Thus 2
_ ) 4 1 1—al
R : > = :
e(ﬁ [w,(a)a + wz(“)a]) i %Aw(a)(l _ |a|2) 1 - adal?
If a = 0, then

— 4 1
Re(plwoz(@)a + we(@)al) 2 .

This completes the proof of the theorem. [

Proof of Theorem 1.12
Let ¢,(z) = A{=: be the holomorphic automorphism of B"” where A = s,I,, + %, S = A1 —|af?.

Assume that @,(@) = p € IB". Let G(C) = BTw o @,(Cp) be a harmonic mapping satisfying

T T
G(0) = wo @,0)=p w(a)=0.
Then o -
G(1) =B wo@.p) =B wla)=1.
Applying Theorem 1.8 we have

4 1

A TTEACH) < Re[G-(1) + Gz(1)]

= RE[BT (w:(@)]p, (P)p + wz(a)mﬁ)]-

(57)

(58)

(59)
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By using lemma E and [19, (3.3)], we obtain

Jo.(P)P = Jo.(Pa(@))pal(c)
= [Jp, (@] pa(a)
-1

I, (a—a)" L[ a-a
=l-——=+ — ATA —
l-aa (1-aa)? 1-7a«a

and

Jp.O)p = Jp,(Pa(@))Pa(a)
= Up @] pala)

I - a—a
Ll
[ 1—|ﬂ|2] 1-7a

a—a
——(1 - laP).
l-aa«

Therefore,
Ag(0) = |Gc(0)] + IGZ(0)l
= [B wc@)p, O)p| + [B 0@}, O]

1 — a2

1-a'a

_ (|ETwc(11)(lX - o))+ [f w @)@ - ‘7)|)

a—a

< Aw(a)

1 -laP),
1-7a

where Ay (a) = |lw,(a)l| + [|lwz(a)ll, and the norm ||.|| is defined in (13). This yields that

4 1

1+ ZAu(a)

a—a
1-7'a

(1 —laP)

=T

< RelB (@) (9 + 00T, )|

_ _aT _ T
= Re[ﬂT (wz(mll_ﬁ(a — )+ ) @ - zz))]

1 - lal?

If a = 0, then we have

Re[ET (wa(a)a + wg(a)a)] > % L

This completes the proof of the theorem. [
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