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Abstract. In this paper, we consider anisotropic elliptic problems on a bounded smooth domain, nonex-
istence of nontrivial weak solutions are obtained by two different simplified methods. We point out the
results of nonexistence of nontrivial weak solutions not only depend on the size and shape of domain, but
also the constants p; and py in anisotropic elliptic problems.

1. Introduction and Main Results

We consider the following anisotropic elliptic problem

N
2 pi— (9 -2 )
LA (37 8) = A xeq,

u=0, x € 0Q,

)

where A > 0, Q ¢ RV (N > 2) is a bounded smooth domain, 1 < p1<p2 << PN, Z po (|9x, |p’ ’9“) is

the anisotropic Laplace operator, which appears in physics (Lions [11], Tang [13]), blology (Bendahmane-
Langlais-Saad [5], Bendahmane-Karlsen [6]), fluid mechanics (Antontsev-Diaz-Shmarev [2], Bear [3]), and
image processing (Weickert [15]). If p; = p, i = 1,---,N, then the anisotropic Laplace operator is the
pseudo-p-Laplace (Belloni-Kawohl [4]). If p; = 2, i = 1,---,N, then the anisotropic Laplace operator is

the classical Laplace operator. We say that u € Wé'(pi) (Q)) is a weak solution of the problem (1) if for any
¢ e Wé’(p ) (Q), there holds

N pi— -2 8
Y f g;‘ gx=2 f lul 2ugpdx + f ulPN2ugdx, )
i=1 i0
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where Wé'(pi)(Q) is an anisotropic Sobolev space and defined by

w;'(”")(Q) = {u e WYH(Q): 3 eLFi(Q),i=1,- N}
with the corresponding norm
N . L
ou P\
Il = X ( [ 5 dx) .

In recent years, there have been a large number of papers and an increasing interest in the results of
existence for anisotropic elliptic problems, with no hope of being complete, let us mention Alves-El Hamidi
[1], Di Castro-Montefusco [7], El Hamidi-Rakotoson [8], Figueiredo-Santos Janior-Sudrez [9], Fragala-
Gazzola-Kawohl [10] and Vétoiss [14]. However, to the best of our knowledge, very little is known about
nonexistence of nontrivial weak solutions of the problem (1), we only refer to Di Castro-Montefusco [7] and
Fragala-Gazzola-Kawohl [10], so our present paper is a new contribution in this direction.

In this paper, we aim to establish nonexistence of nontrivial weak solutions for the problem (1) by two
different simplified methods. Firstly we use anisotropic Poincaré inequality and combine an argument of
contradiction to obtain nonexistence of nontrivial weak solutions for the problem (1). Secondly we also
obtain nonexistence of nontrivial weak solutions for the problem (1) by anisotropic PohoZaev identity on
a strictly star-shaped bounded smooth domain with respect to the origin. Hence we generalize the results
of nonexistence of nontrivial weak solutions in [12], and provide some effective methods to study more
general anisotropic elliptic problems. Furthermore, we point out the results of nonexistence of nontrivial
weak solutions for the problem (1) not only depend on the size and shape of domain, but also the constants
p1 and pn.

Below we introduce anisotropic Poincaré inequality needed in this paper:

Lemma 1.1. (anisotropic Poincaré inequality, [10]) Let {e1,ep,- -+ ,en} be the canonical basis of RN. Then for any

ue W;'(pi) (Q) and every q > 1, we have

q i aq
u] dx) < —(f
( Q 2\Ja

in the direction of e;, where a > 0 denotes the width of Q in the direction of e;, namely a = sup (x — y, e;).
x,y€Q)

ou |l

o dx) 3)

Our main results of this paper are as follows:

Theorem 1.2. If there exists a constant A* =
forall A € (0, A%).

— 7 > 0, then the problem (1) has no nontrivial weak solutions

Theorem 1.3. Let u € W(l)’(pi)(Q) be weak solutions for the problem (1). Then there holds anisotropic PohoZaev
identity

—1]9
Zf P s
o Pi xi
oull ’ . N|odul
Zf dx +Nf(p1|u|” +—|u|p )dx—ZLpl o] @ @)
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N N .

wherev = v(x) = (v1(x),va(x), - -+, vn(x)) denotes the exterior unit normal at x € dQ, x-v =} xjvj, . fQ %r dx =
j=1 i=1 !

fo (Alul + [ulPN) dx. If Q is a strictly star-shaped bounded smooth domain with respect to the origin, then the problem

(1) has no nontrivial weak solutions if

_N
A(’”N + 5) ' + [l < 0,u % 0. 5)
PN p1

The following nonexistence result can be obtained from Theorem 1.3 directly.

Corollary 1.4. Assume Q) is a strictly star-shaped bounded smooth domain with respect to the origin, f : R — R is

continuous and F(u) = fou f(t)dt satisfies F(0) = 0. Then there is no nontrivial weak solutions for anisotropic elliptic
problem

—g“i“ |p, al‘):f(u) xeQ
) ox; \ | 9x; ox; ’ 4 (6)
u=0, x € 0Q),

(pN _N)uf(u) + NF(u) < 0,1 # 0.
PN

Remark 1.5. In the special case, p; = 2(i = 1,--- ,N) in Corollary 1.4, which is just the result of nonexistence of
nontrivial weak solutions for semilinear elliptic problem —Au = f(u) obtained by PohoZaev [12].

2. Proof of Theorem 1.2

Proof of Theorem 1.2. Taking ¢ = u € W;’(p ) (Q) in (2), we get

P1 PN

LR G f " e = A f ulPtdx + f P~ dx. 7)

X] Q aXN Q Q

Applying anisotropic Poincaré inequality (3) with g = p; and py respectively, we obtain
aPl) f ou |

ulPdx | dx 8
f juP'd NE= ®
f uPVdx < ””N) f 8‘9;; dx. ©)

Substituting (8) and (9) into (7) yields that

a3 -

Noting that if

(e

PN

P1
ou dx. (10)

oxy

ou

e () 1) 22

BxN
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namely if )\(”’%)p1 (”’;”) < 1, then the right hand side of (10) becomes

(A(%)pl‘l)f@ o pldx+((”WTN)”N_1)L ou

ox; oxn
N-1 .

which contradicts with Y, fQ u | dx > 0 of (10). Hence there exists a constant
i=2

PN
dx <0,

axN

= ; >0
() ()"

such that the problem (1) has no nontrivial weak solutions for all A € (0, A*).

*

3. Proof of Theorem 1.3

Proof of Theorem 1.3. Firstly multiplying the equation in the problem (1) by u and integrating it over
Q, there holds

oul’

%L

dx:f()\lul”1+|u|””)dx. (11)
i Q

Next multiplying the equation in the problem (1) by Z X5 ‘9”

N 5 N
E Ju o pi u ou

a . = §—_— pl_z PN—Z
ijzlfﬂx]axj 9x1*( x; )d ;foaxj (Al 20+ ) . (12)

In virtue of u = 0 for x € JQ and an application of the divergence theorem yields that

0= f (ilul"’1 + lIul"”’)(x'v)als
o0 \P1 PN
N
= Zf (i|u|”Jl + i|u|”’”)x]vvjds
=1 Jaa \P PN
N
= Zf 9 |x]-(£|u|”1 + iMPN)] dx
= Jo 0x;j p1 PN
1 N 1—2 N—2
_Nf( [ulP +—|u|P )dx+2fx]a /\|u|f’ u + |ulf )dx,

which implies

Z f xjo— (Al + ) dx = -N f (iw +i|u|7’N)dx. (13)
ox; a\p1 PN

In virtue of

and integrating it over (), there holds

du
ox, i

i x&_ui ou P2 du x
i]’:l o ox;dx; x| o
u au u al oulP2ou 9 ( ou
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where

N

0
% fal

ulProu  du al ulPou  du
a—Xi a—xlx]a—x])dx = ]Z_ ﬁu a—xl a—Xix]‘&—ijde

f oulP2ou  du
—‘ -_— —V]dS

al ou P
Z:‘f 3_361 (x-v)ds (15)

and

Jdu

Pi20u 9 ( odu
il Gl )

7 7w Y,

)

ou P2 ou Bx] du %u
+Xj5—=—|d
8x, 8xl 8x, ax] 0x;0x;

s
L g;i dx+2f

)
3 i u |~ 28u *u P
B 8x1 axlax
i=1 i,j= 1 ]
N , N ,
du P 1 9 (|oul
—;La—xz dx+l]Z‘1fpl a—x](a—le )dx
N .
du du Qx] ou P
_;L 8xl dx+1;£pl[8x](j8_x,- ) 8x] 5x1 ]dx
N n .
Ju N|ou |
_;fg s dx+ljz;fp,8x]( e )d _ngﬁa_xi dx
- du P
= dx+ f —X; f
;L ox; 1]21 wapi’ axl Z o Pi &xl
= ou |/
:;L Em dx+2fgpl o (- v)ds—prl I (16)
where we used £ —v] = ﬁvz on dQ. Substituting (15) and (16) into (14) yields that
= f du 9 ( Ju W&u)
Z Xi=—=—||5=| ==Jdx
=1 Q 8xj 8xi 89(?,‘ ax,-
- Z‘ f;{) axl —
u P
- (x v)ds + f dx
Z fag pi 33‘: Z aQPi &x,
N N .
du P N|du
3L w2 [l a2 3T a
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Finally substituting (13) and (17) into (12) and combining (11) yields that anisotropic PohoZaev identity (4).
Since Q c RN is strictly star-shaped with respect to the origin, it shows x - v > 0 for x € Q. If u # 0, then
from (4),

oulf

p ( -v)ds

pi—1
0< f
Z Q0 Pi
N
jup* + —|u|"N) f
Zf Q(Pl P ; Q Pi
\Zf " ix +Nf( |u|”‘+—|u|””) —EZI
PN N i P1 L PN
Zf I dx+NfQ(p1|u| +PN|M| dx

-N
= PN—f(AWl + |u|””)dx+Nf (iwl + i|u|f’N)dx
PN Q a\P1 PN
-N
:f(/\(PN— N ﬁ)w’l +|u|”N)dx
Q (2 P1

8x1 axr

&xl axl

which contradicts with (5), then the problem (1) has no nontrivial weak solutions under the condition (5).
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