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Embedding Relations of Besov Classes under MVBV

Wen-Tao Cheng?, Kan Yu?, Ding-Yuan Chen?

#School of Mathematical Sciences, Anging Normal University, Anhui 246133 P.R. China

Abstract. In this paper, we strengthen some of Leindler’s results from [L. Leindler. Embedding relations
of Besov classes. Acta Sci. Math. (Szeged), 73(2007) 133-149.] under MVBV condition. First, we discuss
embedding relations between two Besov classes. Next, we give an equivalent estimate for the k-order
modulus of continuity of f(x) in L’ norm under MVBV condition. Finally, we give the condition to ensure
a function f € L” having Fourier coefficients of MVBV belongs to the Besov class.

1. Introduction

Aswe know, many classical results in Fourier analysis have been generalized by weakening the condition
imposed on the coefficients of trigonometric series from MS (monotone non-increasing sequences) to RBVS
(rest bounded variation sequences [13]), GBVS (group bounded variation sequences [7]), finally to MVBVS
(mean value bounded variation sequences [32]) (see [31] for more details). At first we give some definitions.

In [10], Leindler defined a new such class.

Definition 1.1. Let y := {y,} be a positive sequence. A null-sequence A:= {a,}(a, — 0) of real number satisfying
the inequalities

Y Aal < KAy, (Aaj=ai—aiw), n=12, (1)

i=n
with a positive constant K(A) is said to be a sequence of y rest bounded variation, in symbol: A€ yRBVS.

If y, = a, and a, > 0, then yRBVS = RBVS. RBVS was first defined by Leindler in [13]. It is easy to see
that if A€ RBVS, then it is also almost monotone, in symbol: Ae AMS, that is for all n > m, we have

a, < K(A)ay,.

In [8] and [9] , Leindler introduced the class of mean rest bounded variation sequences, where y is defined

1 =n
by a certain arithmetical mean of the coefficients, e.g., if y» =}, := — ). a;, then yRBVS = "MRBVS,

i>n/2
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2n-1
ify, =7, :=1 Y. aj, then yRBVS = YMRBVS. In [19], B. Szal proved that RBVS SMRBVS . In [21], B.
=n

Szal showed that YMRBVS & y*"MRBVS. In [20], B. Szal introduced the class of infinity mean rest bounded
variation, briefly A € IMRBVS, if }, n <ooand y, = ), % Moreover, he showed that YMRBVS # IMRBVS

n=1 N i=n
and y*"MRBVS # IMRBVS.
In [13], Leindler defined the following class:

Definition 1.2. Let y := {y,} be a positive sequence. A null-sequence A:= {a,}(a, — 0) of real number satisfying
the inequalities

2n-1
Y 1Aa] < K(A)y,, n=12,- )

i=n
with a positive constant K(A) is said to be a sequence of y group bounded variation, in symbol: A€ yGBVS.

Ify, = maxNa,, (where N is a fixed natural number), then yGBVS = GBVS. This class of sequence was
n<m<mn+

defined and studied by Le and Zhou [7]. They proved that RBVS C GBVS. In [24], GBVS was also named
general monotone sequences ( in symbol: GMS). Meanwhile, Tikhonov proved that MRBVS +» GBVS. If
An
Vn = a4y + Gz, then yGBVS = NBVS (non-onesided bounded variation sequences, [29]). If v, = % [Z] a
k=[n/A]
(where A > 2), then yGBVS = MVBVS (mean value bounded variation sequences, [32]), MVBVS was also
named S—general monotone sequences(8GMS).

In [31], Zhou proved that GBVS € NBVS € MVBVS. Furthermore, the MVBV condition is the weakest
possible condition in uniform convergence [32], L!-convergence [30] and a trigonometric inequality [26]
case etc. for trigonometric (Fourier) series, i.e., the constant K(A) in the inequality of the above definition
cannot be replaced by any given nonnegative increasing sequence M, tending to infinity.

MVBYV condition has been cited and applied extensively to other classical results about trigonometric
series [23], [27], [28] and Fourier integrals [2], [15]. In this paper, we shall obtain three theorems about
Besov classes under MVBV condition. The fountainheads of these theorems were proved by [16] and [18]
for monotone decreasing coefficients. Later, these theorems were generalized under IMRBV condition [20],
Y*MRBV condition [21], YMRBV condition [8], and RBV condition [12] respectively.

Remark 1.3. Without loss of generality, we substitute A with 2" (v = [log, A] + 1) and set ag = ay in this paper.

The rest of the paper is organized as follows. In Section 2 we give notions and notations used in the
paper. In Section 3 we give our main results. In Section 4 we introduce some lemmas to prove our results.
In Section 5 we prove the main results.

2. Notions and Notations

Let Lf_n (1 < p < o) be the space of all p-power integrable real functions of period 27 with the norms

_ (5 |f(f)|pdt)% , 1<p<oo,
1A =1 cemsuplf,  p = co.

x€[-mn,n]

The best trigonometric approximation E;(f), and the modulus of smoothness wi (f;0), are defined as
follows:

E.(f)y = min(llf— Tll,: T e Tn), T, = span {cos mx, sinmx : [m| < n}
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and
e (f0), = sup AL ()],
|n|<o
AL f() = AN (A f(x) D f(x) = fx + ) = f(x),

respectively.

A function a(t) is called o-type if it is measurable on [0, 1], integrable on [, 1] for every 6 € (0,1), and
there exist positive constants C; and C, such that

(i) a(t) = Cy for all t € [0,1],

(i) foé amtodt < Co° f;é a(t)dt for all 6 € (0, 6g), where 0 < Oy < % is given.
A positive function a(f) is said to satisfy the m-condition, © > 0, if there exists a positive constant C3
such that

i adrdt < C36™ [ a(b)dt, for all § € (0, 60).

We say that f € B(p, 0, a) if
: P

(i fe L[_n,n],

(i) 0 < O < oo,

(iii) a(t) is o-type,

(iv) J(;l atyw? (f; t)p df <0, k> &,
Later on, we use the notation L < R at inequalities if there exists a positive constant K such that L < KR;
and if L <« R and R < L hold simultaneously, then we shall write L =< R.

3. Main Results

We formulate our results as follows:

Theorem 3.1. If1 < p < q < oo, the function a(t) satisfies m-condition with
1 . .
n=(——a)9,0<6<00,a(t)::a(t)t ,

A:={a,}> , € MVBVS, and f has the Fourier expansion

(o)

flx) ~ Z a, Cos nx, @3)

n=1

then the Besov classes B(p, 0, a) and B(p, 0, a*) coincide. Furthermore, for any

o 0" o*
> — > — >—,0"=0-
k1_6,k2_ 6,k3_ g0 =0T,
we have
1 1 1
f & (Hawp (f;1)gdt < f a(wp (f;t)ydt < f & (Hawp (f;1)gdt. (4)
0 0 0 °

Theorem 3.2. If f € L} _nnpr 1 <P < oo, f has the Fourier expansion (3) with A:= {a,} € MVBVS, then

S(A, p, k) < @y ( 7, %) < S(A,p, k), ®)
14
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where
fins ifq=1,
n 1/q 1/q
-k 9:(k+1)g-2 9:0-2 .
saginiet () (S ) rreocs
kzaz+ Za,, if g =co.
i=n+1

Theorem 3.3. If f € L, 1 < p < oo, f has the Fourier expansion (3) with A:= {a,} € MVBVS, a(t) = 70!
andk>r. If0 > 1, thenfeB(p,Q a) if and only if

i 6+9———1 < oo, (6)

n=1
If0 < 0 <1, then a sufficient condition for f € B(p, 0, a) is

(o)

= Zaﬁn’e‘e/” < o0 (7)

n=1
and a necessary condition is

i 6+9——7 < oo, (8)

n=1

4. Lemmas

In order to verify our theorems we need several lemmas: most of them are the analogues of the lemmas
used in the proofs of the theorems with monotone coefficients or other conditions.

Lemma 4.1. ([28], pp. 218) If A := {a,};>, € MVBVS, we have

a, < Z i« Z 7 )

i=[n/2\)] t+1 i=[2-"1n]

foralln=1,2,---.

Lemma 4.2. ([28], Theorem 1) If 1 < p < oo, f has the Fourier expansion (3) with A : = {a,};., € MVBVS, then
‘Vf(x)ELp 1/p—1<y <1/p, if and only if

[-m, )"

Z nP 20 < oo, (10)

n=1
or more precisely,

(e8]

I Folly =< Y ), (11)

n=1
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Lemma 4.3. Assume that f has the Fourier expansion (3) with A := {a,}>”, € MVBVS. If1 < p < oo and (10)
holds with y = O, then

[2A(n+1)] oo 1/p
Eu(f)y < (n+ 1)1 2 |Aai| + ( 2 afii’z]

i=n+1 i=n+1
12
2v+1(n+1) 0 1/p (12)
<+ Z |Aai|+[z afip-z] .
i=n+1 i=n+1

We omit the proof, since the proof of this lemma follows the same line as that of Theorem 3.1. in [4],
where (12) for the Fourier sine expansion is proved.

Lemma 4.4. ([11], Corollary 1) If , > 0 and a, > 0, then

B [Z az-]p <p’ i B, (i ﬁi)p (13)
n=1 i=n

i=1

B [i ain <pt i B "l (Zn: ,Bi]p (14)
n=1 i=1

i=n

D i

1l
—_

n

hold for any p > 1; while if 0 < p < 1, then the inequality in (13) and (14) hold with opposite direction.

Lemma 4.5. ([5], Theorem 19) Ifa, > 0 and 0 < p; < pa < oo, then

£ g

n=1 n=1

Lemma 4.6. ([1], p.293)If f € L® | = Crpmyanda, 20,

]

e8]

flx) = Z a, cosnx,x € [-m, ),

n=1
then
Y ai < 4E(fc.
i=2n

Lemma 4.7. ([6], Theorem 5) If f € L'[U_n,n], 1 < p < oo, and f has the Fourier expansion (3) with a, > 0, then for
n>;

o a4

Y5 < E(f)

i=n

Lemma4.8. If f € Lf—n,n]’ 1 < p < oo, and f has the Fourier expansion (3) with A :={a,} € MVBVS, then

Ef)y> ) a2

j=2v+ly



W.-T. Cheng et al. / Filomat 32:15 (2018), 5221-5237 5226

Proof. We want to apply Lemma 4.2 with y = 0 to the following function:

2v+ln_1 2v+1n_1
fo(x) == f(x) = Z a;cosix + b, Z Cos ix
i=1 i=1
where
21p-1
b, = — a;
n

i=n

We easily know that a) = b, when i < 2"*'n -1 and a? = a; when i > 2"*'n. Now, we show that the A° :={a)} of
coefficients of fy belongs to MVBVS. That is to say that there exists Ag = 2"*1 such that for all m

2m—1 1 Aom
E A < — E .
1 m 1
i=m i=[m/ o]

We consider three cases in term of m:
Case (i): If m > 22"*1n,

2m—1 2m—1
PLHED NN
i=m i=m
1 m2¥ 1 m2¥ . 1 Aom o
<<% Z lliZZ Z a; <<E Z a;.
i=[m/2"] i=[m/2"] i=[m/Ao]

Case (ii): If m < 2'n,

2m-1 m2¥ Aom

1 1
Z A =0 < — Z < — Z a.
i m i m i
i=m i=[m/2v] i=[m/Ao]
Case (iii): If2'n < m < 2%+, by (9),
2m-1 2"*lp-2 2m—-1
0 0 0 0
Z |Aai| < Z (Aai| + )Aa2V+1n—l| + Z |Aai|
i=m i=m i=2v+lp
2m-1 2'm
LAy F A, + Z |Aa;| < by + age,, + - Za,-
i=ovHly i=2n
22v+1n 2Ym
1 1
< b, + - Z ai+—2ai
n 4 n 4
i=n i=2n
2v+p—1 22y 2vHp—1 2'm
1 1 1 1
<<bn+—2ai+—2a,-+—2a,-+—2ai
n 4 n. n 4 n.
i=n j=2v+ly i=2n j=2v+ly
22v+1n 2Ym 1 2v+1n_1 22\+1n 2m
<b,+— Z al + = Z A < = Z a) + = Z ad+ — Z a)
n
i=2v+n i=2v+1n i=2'n i=2v+lp i=2"+1n
20ty Agm

1
< = Z A< — Z al.
m m

i=[m/(2v+1)] i=[m/Ao]
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That means A° € MVBVS, we can apply Lemma 4.2 with y = 0 to fo, thus we obtain

2\-+1n_1 p 0
Py ; P P p-2
If = S (HIf, + Z cosix| > llfoll) > Z a2,
i=1 p i=2v+ly
Since
2v+ln71 p P 2V+1H*1 p
Z cosix|| = Zf cosix| dx
i—1 p 0 i=1
ﬂ e v oy [P
n €os 2'nx sin =——x
=2 + — dx
0 z S 2
0 ™ q
<n’ dx + —dx < n’,
0 z X
by a theorem of M. Riesz ([14], Theorem 3, p. 221), we obtain
o0
P p-2 p P p-1 p P p-1
Z AP <E, () + U < Eb(f)y, + (16)

i=2v+ly

Applying Lemma 4.7 with 1 = 1 and (9), we obtain

-1\ - p
-1 -1 a; —1 a;
bhnP~t <nP { Z 71] <n? [Z 7’] < EL(f)p- (17)

i=n i=n
The inequalities (16) and (17) imply the assertion. [J
Lemma4.9. If f € L”_71 a1 <P <4q < oo and f has the Fourier expansion (3) with A := {a,};7, € MVBVS. If
g < oo, then

(o)

Si= ), PN, < EN,

j=22v+1y
while if g = oo, then

22v'+2n

S, = Z i Ei(f)y < Eu(f)y-

j=22v+ly
Proof. By Lemma 4.3, we have

- 27+1(j4+1) 1 . o alp
S, < Z iﬁz(i+1)q-q/r’[ Z )Aa,~|J + Z iﬁz[z a?ir’—z]

i=02v+1p j=itl

L= 511 + 512.
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Using the inequality of Lemma 4.4 and Lemma 4.8, we obtain

o 2741(i+1) 1 o 2iv1) 1
i< Y | Y | < Y | Y Y
j=22v+lp j=i+l j=D2v+ly, ;[i/zu] ]
(o] (o) q (o) (o)
2 tl/‘ a
IS DI W bk
j=22v+1ly ]‘:[1‘/21']] j=2v+ly ]: ]
(o]
74-2 q
< Z a; 1" < Ey(f)g-
1':2‘”11’1
Similarly,
A e
12 i a’i a.i a.i
Spp < 2 7”2 < ali1? <« ali"™* < E}(f),.
j=22v+1ly j:i j=22v+ly j=2v+ly

To estimate S, we apply again Lemma 4.3. Thus

2v+24, v+l (1+1) 2v+24, 1/,17
S, < Y iUl 1)l |ag)|+ ¥ it Y & i
i=22v+lp j= 1+1 i=22v+lp j=i+l
= Sy1 + Sp.

First, by Lemma 4.6, we have

22v+2n 22v+1 (i+1)
Sy < E - aj
1
=22+ j=[(i+1)/27]

<<Zajz%

j=2"*1n j=22v+ly

< i aj < Ey(f)y-

j=2n

Applying Lemma 4.1 and Lemma 4.6, we obtain

22042, 0 2vj p 1/p
A Jp— aj .
sax i[5 % 4]
j=22v+ly ]‘:1‘ l:[]'/(2"+1)]
2242y, o 0 1/p
<% (55
j=02v+1y j=i ]=2v
2242y 0 1/p
<Y Y, Y
1=2vn j=22v+1ly ]:l
22v+2
< Z a Z < Eu(f)g-
1=2vn j=D2v+ly

Collecting our estimates, we obtain that Sy < E,(f),, herewith the proof lemma is complete.

5228
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Lemma4.10. [25][f fe L ., 1<p <2, then

1 N ’
a)k(f;z) <n k[sz” 1Ef(f)p] ;
P i=1
while if p > 2, then the reverse inequality holds.
Lemma 4.11. ([18], Theorem 1) If f € L’f_n iy 1 < p < oo, f has the Fourier expansion (3), and P1 := min{2, p},
Py := max{2, p}, then

S(A, Py, k,n) < ay (f,- %) < S(A, Py, k, n).
p

Lemma 4.12. ([17], pp. 847 - 848) If f € Lf_n,n], 1<p<00,0<0 <00, aisao-type function and k > §, then

o 1
B, + B, + Y WO, = [ a0oisint
i=1

where

-+l
u(n) == f at)dt,n > 1and u(0) = 1.
2*}‘1
Lemma 4.13. ([21], Lemma 6) If a is a o-type function, then
uln +1) < p(n) (18)
holds for all n.

Lemma 4.14. ([16], Theorem 1) If f € B(p, 0, ), 1 < p < g < o0 and « satisfies m-condition with m = (% - %) 0,
then f € B(g, 6, a*), where

a*(t) == a(t)t™, that is, B(p, 0, a) C B(g, 0, a*);
furthermore,

1 1
f a*(t)a),i(f; t)dt < f oc(t)a)f1 (f;t)pdt
0 0

for any

k125, k>

la

5. Proofs of the Theorems

5.1. Proof of Theorem 3.1
By Lemma 4.14 the first inequality in (4) is proved, whence

B(p,0,a) C B(g,0,a") (19)

also holds. To prove the second inequality of (4), we apply Lemma 4.12, which yields, by f € B(g, 0, a”),
that

o0 1
= EQUy + ES(fy + Y i (mEG.(f)y < f & (Bl (f3 Dydt < o,
n=1
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where k3 > < and

21—71
win): f a’(tydt,n > 1and p*(0) = 1.
2*?1
Sincel <p <g,
p(n) < H*(n)zn(l/lﬂ—l/q)ﬁ_

Applying Lemma 4.13, we get easily that

Iy = ES()y + EY(Py + Y u(mES ()
n=1
2v+2 )
<ES(Fp + Sy + Y pODES(Fy + ) il + 20 + DES,o.a()y
n=1 n=1
< EY(f)g + E(Fg + Y t)ES, a(Fp
n=1

< EQP)y + Ny + Y ) (270 B, )

n=1

) nA2p+2 0
< Eg(f)q + Ele(f)q + Z W (n) Z i(l/p—l/q)—lEi(f)p

n=1 j=pn+2u+1

Hence, if g = oo, by Lemma 4.9, we obtain
I < EQ(Ny +E{(fy + ) 1w mES(f),
n=1

and immediately [, < I,. If 1 < g < oo, first applying Holder’s inequality, we obtain that

Qn+2u+2 Qn+2u+2

Z i1V (f), = Z MP2AE(f), it

j=pn+2u+1 j=pn+2u+1

QnH2u+2 1/q Q242 1-1/q
-q/p=2 174 1/9-1 q9/(q-1)
[ Y, " E,-(f)p) [ 2, ()

j=pn+2u+1 j=n+2u+1

on+2+2 1/q
«q/p—-2 14
<<[ Y, il El.(f)p] ,

j=pn+2u+1

IA

then by Lemma 4.9, [, < I, is visible.
Finally, by Lemma 4.12, we obtain that

1 1
f Byl (f;Bpdt < I, < Iy < f & (D, (f;t)pdt < o
0 0

follows with k; > 3.

This proves the second inequality of (4), consequently

B(g,0,a") C B(p, 0, a). (20)

Thus, (19) and (20) completes the proof of Theorem 3.1 with {a,} € MVBVS. [ |
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5.2. Proof of Theorem 3.2

1
First, we prove S(A, p, k, n) < wx ( f E) . We separate two cases:
4

(i) If1 <p <2, by Lemma 4.11, we easily know S(A4, p, k, n) < wy (f, %) holds.
4

(ii) If p > 2, then by Lemma 4.8, Jackson’s theorem and properties of wi(f; 5),, we obtain
00 1/p 1
[Z a’f’ip-z] < En(f)p < wk (f; —) , 1)
. ! n/p
i=n+1
where

ol ifn =24, 2 \m+1,--- 2" b+ 2v+1 -2
1 m, ifn=2""1m-1.

By (9), Lemma 4.8 and Holder’s inequality, we easily obtain

2% 1 P 2vi g
afi”‘l <« Z ﬁ 1 <« Z aj i
j=li/ 211 / j=li/2h)]

2Vi d 27 2V p-1
i=1/p ;. p i—1/(p-1)
o 3 w3l 3
j=li/ 2] j=li/ 1) j=li/@v )]

2V 2V
=2 Z P Z p=2 P P
<1 a < ey < E[i /(22"+2)]( fp-
j=lir@h1 j=lir@eh1

Putting this into the following sum and applying Lemma 4.10, we find the following estimates:

1/p

n 1/p n
-k P (k+1)p-2 —k p Kp-1
n [E ai ] <n [E E[i/(zm)](f)pz ]
i=1 i=1

; 1y (22)
<n* [Z ikplEf(f)p] < W (f; %) :
i=1 p

The inequalities (21) and (22) verify S(A,p, k,n) < wi ( 1 %) for 2 < p < oo, thus it is proved for any
P

1<p<oo.

1
Next, we prove that wi | f; — | < S(A,p, k,n). We separate two cases:
p 1), p P

i) If 2 < p < o0, by Lemma 4.11, we easily know wy ;1 < S(A,p, k,n) holds.
p y y n), p
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(ii) If 1 < p <2, then we use Lemma 4.5 and Lemma 4.10, thus an elementary calculation, we obtain that

1 n 1/p
. -k Poey kp-1
wfig) <t [ Y B
p i=1
n 241 (i41) P " o 1p
<n Y+ Y IAal| e ) Y alie
i=1 j=i+l i=1 j=i+l
n 2v1(i+1) P " o Lp
<n* Z jlk+1p=2 Z |Aai| +n* Zikﬂ—l Z a2
i=1 j=itl i=1 j=itl
=01 + .
Applying Lemma 4.4 and Holder’s inequality, we can estimate that
n 22v+1(i+1) 2 p 1/}7 n 22v+1(,'+1) p 1/}7
O < 7| ) it | <)Y g
, o j+1 . L
i=1 J=IE+D)/29)] J i=1 J=IE+D)/(29)]
n 22v+1 (i+1) 1/P n 23v+l(i+1) 1/p
<k Z j(k+1)p=3 a’; < nk Z j(k+D)p-3 Z a?
i=1 j=LG+1)/(29)] i=1 j=i
241 (141) 1/p . 2341 (141 1/p
<k Z j(k+Dp-2 ﬂf < nk Z j(k1p=2 117 " Z j(k+1p—2 af’
i=1 i=1 i=n+1
n 1/p 23v+1(n+1) 1/p
< nk Zi(k+1)p—2u§7 P Z i(k+l)p—2a§7
i=1 i=n+1
n 1/p 23\-+1(n+1) 1/}7
<nk A I Z 2ak
i=1 i=n+1
n 1/p - 1/p
<nk =207 1 4 ( Z i”_za?] )
1 1
i=1 i=n+1

Now, we estimate (). Using Lemma 4.4, we can get that

n n
Q,=nk Z -1 Z afi”_z +
i=1

j=i+l

j
<nk Z j”‘za’; Z P14

=2 i=1

n 1/p
<n* [Z i(k”)"’zaf] + [

i=1

n 00 p

Lo 5 e

i=1 j=n+1
1/p

(e8]

n Z af P2

j=n+1

o 1/p
Z i”zaf] .

i=n+1

(23)

(24)

Utilizing the inequalities (23) and (24), we proves wy ( £ %)p < S(A,p,k,n) for 1 < p < 2, and thus it is

verified for any 1 < p < oo.

The proof of Theorem 3.2 is complete.
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5.3. Proof of Theorem 3.3

We start the proof with the following equivalence:

o)

1
i fo t‘re‘lw,f(f;t)pdtxZn’g‘lwf(f;%)p- (25)

n=1

Applying Theorem 3.2, we can obtain that

J< Z ro-1 9( )
P
0 n 1/p oo 1p 0
<<Z:n’9‘1 ™ [Z i(kﬂ)p_zﬂf] + Z i _211’; (26)
n=1 i=1 J
0l 0 o/p
< Zn(r ko-1 {Z i(k+1)p—2a§7] + ane—l [ Z jp—2a7] )
j

i=1
Case (i): 0 >1

Sufficiency. We distinguish two cases listed under (A) and (B):
Case (A): 0/p > 1, then by Lemma 4.4, we can obtain

(e8] o . k)ﬁz (o) 9 (o) 0 92 n e/p
Z _ 0 _q_(=ho” Z Z _0_q_102 Z O

]<< n?’9+9 ] 1 7 ﬂg r—k)6-1 + nV@ +6 ] 1 7 a@ lr@ 1
n=1 i

- i=n n=1 i=1 (27)
< nr6+6—6/p—1a2‘
From the above estimate we get that ] < J; under 8/p > 1.
Case (B): 6/p < 1, by (25), we can yields that
= 1
J = Z anewl? (f/ 2_n) (28)
n=0 14
then applying again Theorem 3.2, we obtain that
) 2" 0/p ) ) 0/p
] < Z zn(r—k)G (Z i(k+1)p2a§7] + Z znrﬁ ( Z l-pzaf] (29)
n=0 i=1 n=0 i=27+1

t=Ju + .
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Applying Lemma 4.1, Lemma 4.4, Lemma 4.5 and Holder’s inequality, we can obtain that

) n 2+ 6/p
T < Zzn(r—k)e ZZ (k+1)p-2 p
n=0 j=0 i=2i
0o n 2+ v p 9/p
< Z on(r=k)o Z Z j(k+p=2 Z a
—d 4 t+1
n=0 j=0 i=2i t=[i/(2v+1)]
00 n 2/‘+v+1 p 9/p
<« Z on(r=k)o Z i((k+1)p-1) Z a
- — t41
n=0 j=0 t=[2i-v-1]
; 0
00 n Dj+v+l
< Z on(r=k)o Z 5((k+1)6-6/p) Z at (30)
. - t4+1
n=0 j=0 t=[2/--1]
00 n 2j+v+1 2j+v+l
< Z on(r-k)6 Y 9j((k+1)6-6/p-1) Z 2 < Z 2j((k+1)6~6/p~1) Z Z on(r-k)e
n=0 j=0 t=[2i1] =271 n=j
0 2j+v+1 0 2]+v+1
< sz(<r+1>e-e/p-1> Z 20 < Z Z r0+0-01p=1,0
j=0 t=[2i-v-1] j=0 t=[2i-v-1]
0+6-6/p-1 6
< Z n'0+0-0/p=1,0
n=1
and
0o 2/t ovi 14 9/P
at
Ji2 < sze XX Y o5 (1)
j=n =2 t=[i/(2"*)]
00 00 2j+v+1 14 6/p
«Toe|Lo)| 7
. -t +1
n=0 j=n t=[2i-v-1]
2j+v+l 0 00 Dj+v+l 0 j
< Z 10 Z 2j(6-6/p) Z < Z 2j(6-0/p) Z ta_tl Z onr0 (32)
n=0 =[2i-- 1] j=0 t=[27v-1] + n=0

2jtv+l

< Zz]( r+1)6-6/p-1) Z at < Z 10+6-6/p-1 9.

/Ll

The inequalities (30) and (32) verify ] < J; for 6/p <
sufficiency under 6 > 1.

Necessity. Now, we prove that | > [, we start again with (28) and use Theorem 3.2, thus we obtain that

1, and consequently we complete the proof of

on

< Z on(r=k)o (Z (k+1)p—2a51]6 4 Z znre[ Z ’p_zaf]e/}’ .

i=2"+1
2= Jo1 + Joo.

Similarly, we distinguish two cases listed under (C) and (D):
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Case (C): O/p > 1, since A6 MVBVS, when 2/ < n < 21, by Lemma (4.1), we can obtain that

i+l _q i+l _q
a, < lay, — agin| + apin < Z |Aag| + azin < Z |Aak| + agia
k=n k=21
itV 2i+v+1 2i+v+1
1 1 1
<<Ezak+52ﬂk<<52ﬂk.
k=21 k=21~ k=21

Form this, we can deduce that

i+v+l 0 2i+1
1 Z > 1 0
- Ay = a
2! 2 ke
k=20 k=2i

Combining with Lemma 4.4, Lemma 4.5 and Holder’s inequality, we can obtain that

n-1 2/+1 P n—y—1 2]+\+1 9/.’7
o1 > Zzn(r K)o ZZ (k+1)p-2 p > Zzn(r Ko Z Z j(k+Dp-2 p
] 0 j=2J ] =0 j=[2i- ‘]
0/p

n—y—1 2i+v+l

> Zz(n v=1)(r—-k)6 Z Z j(k+1)p=2 p

j=0 i=[2/7]
n 2]+\+1 /P
> Zzn(y k)0 Z Z j(k+Dp=2 p
j=0 i=[2/]
00 n 2j+1r+1 0/}7
> Zzn(r—k)s sz((kﬂ)p—nl Z P
- 2] hd 1
n=0 j=0 i=[2/]

2j+v+1 Q/p

1
n(r—k)o j((k+1)0-0/p) | — P
> Z 2 Z 2 2. Z a;
=[2i"]
1 2]+»+1
n(r-k)0 j(k+1)6-0/p)
> Z 2 Z 2 [21
=[2i"]
0 2/+1+1 00
> 2 2]'(<k+1>e—e/p> - az] Z 1=k
0

j=0 i=[2/ n=j
00 2]+\+] /+1
- sz(r@+9—9/p) l Z a| > Zzl(rew 0/p- DZ“ - Z r0+6-6/p-1 9
- 2]
j=0 i=[2/] i=2]

Similarly, we can obtain that

(o)
r6+6-6/p-1_0
]22 > Z n p a,.
n=1

5235
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Case (D): 0/p < 1, applying (25), Theorem 3.2 and Lemma 4.4, we can obtain that

> Zn(r 0o-1 [Z i(k+1)p—2ap] + Zn Z ]p_za? P

i=1 n= j=n+1

6 (k)sz o ) . 2 n 0/p
i=n :

n=1
ro+6-6/p-1_0 _
> Zn Pay, = J1.
n=1

5236

(34)

The inequality (34) verify | > |; for 6/p < 1, and consequently we complete the proof of necessity under

0>1.
Case (ii): 0 < 8 < 1, in this case, we easily know that 6/p < 1.
Necessity. Necessity can be proved by (34).
Sufficiency. Applying (28), Lemma 4.1, Lemma 4.4, Lemma 4.5, we can obtain that

00 on 0/p 6/p
] < Z on(r-k)e Z j(k+Dp-2 ﬂf] + Z ane[ Z P2 af]
n=0 i=1 i=27+1
o0 o 2itl 0o 2+ O/p
< Z 2n(r—k)6 Z‘ Z (k+1)p—2 P + Z 2nr6 Z Z P -2 77
n=0 j=0 i=2i j=n i=2J
o0 n 2t v nor co 201 v
< Z on(r-k)o e+ Dp-2 Z a + Z onr6 Z Z -2 Z
n=0 j=0 i=2i t=[i/(2"*1)] t+l n=0 j=n i=2i t=[i/(2"*1)]
o n ol ! p\O/p o o 2/t ! p\O/p
< Z on(r-k)e -2 Z a n Z onré Z i2 Z a
n=0 j=0 i=2i t=[2/-1] n=0 j=n i=2i t=[2/v-1]
o n jrr+l r\O7p o o jv+ p\O/p
< Zzn(r—k)G 2kp=1) Z a + onr Z 2-j Z a
n=0 =0 t=[2i1] n=0 j=n t=[2"1]
o n 24+l 2j+v+l 0
< Z on(r-k)e 2j(k6~6/p) Z al + Z onr® Z 2=jélp Z a
n=0 j=0 t=[2/v-1] n=0 t=[2/-v-1]
o " jtvil o 0 9j+v+1
< Z on(r-k)e Z 2j(k6~6/p) Z ate " Z onré Z 9-i6lp Z ate
n=0 j=0 t=[2-v-1] n=0 j=n t—[Zi*"*l]
94+l 2j+v+1
< Z 2](k(~) 0/p) Z Z 2n r—k)0 + Z 2= jolp Z‘ Z 2nr9
t=[2/~v-1] n=j =[2/-v-1] n=0
00 2j+v+l v+l
< Z 2/r0=0/p) Z al < Z Z ir0-0/p) g0
=0 t=[2/--1] n=0 j=[2n-v-1]
0
< Z n00af < J,.
n=1

This ends our proof of Theorem 3.3.

at

n\O/p
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