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Solvability of a System of Integral Equations of Volterra Type in the
Fréchet Space LZC(]RJF) via Measure of Noncompactness
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Abstract. The purpose of this article is to analyze the existence of solutions for a system of integral
equations of Volterra type in the Fréchet space L} (R,) and prove a fixed point theorem of Darbo-type in
this space. The technique of measure of noncompactness by applying fixed point theorem is the main tool
in carrying out our proof. Moreover, we present an example to show the efficiency of our results.

1. Introduction

The notion of a measure of noncompactness (MNC) was introduced by Kuratowski [12] in 1930. Darbo’s
fixed point theorem [10] which ensures the existence of fixed point is a significant application of this
measure. Measure of noncompactness, Darbo fixed point theorem and generalizations of Darbo fixed
point theorem have been successfully applied to investigate the solvability and behavior of solutions of
differential equations and nonlinear integral equations ( see, for example, [2, 5, 7, 9]).

Recently, many authors studied solvability of a system of integral equations in different spaces. For
example: Aghajani et al. [2] generalized Darbo’s theorem and applied it to study the solvability of a system
of integral equations in Banach space. Allahyari et al.[4] analyzed the existence of solution for a class
of systems of functional integral equations of Volterra with two variables in Banach space and Olszowy
introduced a new family of measures of noncompactness in the spaces C(R;) and Llloc (R;), then discussed
the solvability of a nonlinear functional integral equation with the initial value and differential equation of
neutral type with deviated argument in [13, 14].

The aim of this work is to study the existence of solutions for a system of integral equations of Volterra
type in the Fréchet space LZ C(]R+). The structure of this paper is as follows. In Section 2, some preliminaries,
concepts and Tychonoff fixed point are recalled. Section 3 is devoted to prove a fixed point theorems
of Darbo-type in the spaces Lfo (R.). Finally in section 4, as an application of the results, we present an
existence result for a system of nonlinear functional integral equations of Volterra type

xi(t) = fi(t, 21 (0, x2(8), ..., %), fo kit 9u(e)ds),  (1<i<n) 1)

and an example is given to illustrate our results.
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2. Preliminaries

First, we introduce some notations and definitions which are used throughout this paper.
Let L7 (U) denote the space of Lebesgue integrable functions on U (U C R;) with the standard norm

llxllze @y = (fulx(t)l”dt)’l’.

We say that a function f : R, — R belongs to Lfoc(lRJr) if xxf € L’(R,) for every compact set K C R,. In
other word, f € L’;OC(]RJr) if and only if f € LP[0, T] for all T > 0. Let us consider the set L’Z) (R) equipped

with the family of seminorms ||xo,1)f|l, for each T > 0. Lfoc(lRJr) becomes a Fréchet space furnished with the
distance

1 .
d(x,y) = sup{s; min{L Il (= ) : n € N}

sup {zl—n min{l,(fon lx(t) — y(t)l’”dt)%} ‘ne ]N}.

A sequence (x,) is convergent to x in L’Z] (R.)if and only if for each T > 0, (x,) is convergent to x in Lﬁm (R}).

A nonempty subset X C Lfa (R.) is said to be bounded if

sup {Hx[o,anp - (fOT Fopd) : fex) <oo
forall T > 0.

The symbol ETJEL;v (R,) Stands for the family of nonempty bounded subset of Lfoc(lRJr) and ‘JtLln ®,) denote
its subfamily consisting of all relatively compact sets.

Definition 2.1. [8] A family of functions {tm}men, where [y, : ﬁ)?Lf ®,) — Ry, is said to be a family of measures

of noncompactness in Lfo (R, if it satisfies the following conditions:

1° The family ker{u,} = {X € ‘JJEL;; ®,) : Um(X) =0 for T > 0} is nonempty and ker p,, C ‘JZLf (R,) for any
m e N. ‘

2° XCY = pn(X) < pm(Y).

3° (X)) = wm(X) for T > 0.

4° p(ConvX) = py(X) for T > 0.

5 tu(AX + (1= A)Y) < Apu(X) + (1 = D) pn(Y), for A € [0,1] and T > 0.

6° If {X,} is a sequence of closed sets from SJEL;z R.) such that X,41 C Xy, forn =1,2,--- and if lim p,,(X,) =0
loc n—oo
foreach T > 0 then Xoo = N2 X,y # 0.

We say that a family of measures of noncompactness is regular [3], if it additionally satisfies the following
conditions:

7° (X UY) = max{pn(X), (V).
8 (X +Y) < () + i (Y).
9° pm(AX) = |A|m(X) for A € R,.
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10° ker{u,} = Ny v,y

loc

Now, we recall Tychonoff fixed point theorem that is basic for our main results.

Theorem 2.2. ([1]) Let E be a Hausdor{f locally convex linear topological space, C a convex subset of EandF : C — E
a continuous mapping such that
FCO)cAcCC

with A compact. Then F has at least one fixed point.

3. A Fixed Point Theorem in Lf OC(IR+)

In this section, we recall a family of measures of noncompactness in the Fréchet space LZC (R4) and prove
a Darbo-type fixed point theorem. First we characterize the compact subsets of Lfoc(lRJr).

Theorem 3.1. ([11]) Let F be a bounded subset in LZC(]RJr), 1 <p < oo. Then F is relatively compact if and only if
forevery T > 0 and € > 0, there exists 6 > 0 such that

T 1
( fo f(t) = ft+IPdt) <e

forall f € F and |h| < 0.

Let X be a bounded subset of the space LZC(]RJ,), l1<p<oandT > 0. Forx € X, and ¢ > 0. Let us
denote

T 1
" (x, &) = sup|( f x(t + ) — x()Pdt) ] < e},
0

Wl (X, e) = sup{a)T(x, &):x e X},
yT(X) = lin& ol (X, ).
£—

We have the following fact.

Theorem 3.2. ([6]) The family of mappings {u”}rso, where u® : SJELT ®, — Ry is a family of measures of
noncompactness on L (R.) and ker{u”} = Ny (r,)-

Now, we give a fixed point theorem for continuous operators in the Fréchet space LZC(]RJr).

Theorem 3.3. Let () be a nonempty, closed and convex subset of a Fréchet space Lfoc(]lh) and {uT}rso is a family of

measures of noncompactness on Lfa J(Ry). Let F; : Q" — Q (0 < i < n) be a continuous operator such that

U (F(Xa, Xa, .., Xo) < rmax i (X3), )
where X; € EJJEL;: and kr € [0,1) for all T > 0. Then there exist x1,xa, ..., X, € Q such that
Fi(x’i/x;/ e /xn*) = x; (3)

foralli=1,2,...,n.



Sh. Banaei / Filomat 32:15 (2018), 5255-5263 5258

Proof. Consider the operator F: Q" — Q" defined by

FF-(xlerI- . -;xn) = (Fl(xll‘ . 'lel)/' '-an(xll- "/xl’l))‘

Also, ;f(X) = maxi<i<p{] (X;),} is a family of measures of noncompactness in the space Q0" where X;,
i=1,2,...,n denote the natural projections of X. Now, by induction, we define a sequence {€,,} such that

Qo = Q"and Q,;, = Conv(E(Qy—1)), m > 1. Thenwe have FQy = FQ" € Q" = Qy, Q; = Conv(FQ,) € Q" = Qp,
and by continuing this process we obtain

2020120, 2.

If there exists an integer N > 0 such that F(QN) =0 forall T > 0, then Qy is relatively compact and since
FQy € Conv(FQy) = Qn+ € Qu, thus Tychonoff fixed point theorem implies that F has a fixed point. So
there exists Ty > 0 such that u"1(Q,) # 0 for n > 0. By our assumptions, we get

T Qi) = g1 (Cono(FQ,)) = uT1(FQ,) < kr, uT1(Q). 4)

Since kr, € [0,1), so pﬁ(Qn) is a positive decreasing sequence of real numbers. thus, there is a r > 0 such
that u™(Q,) — r as n — co. On the other hand, in view of (4) we obtain

lim sup [IT; (Qy41)) < lim sup kr, [,Tﬂ (Q,).

n—>o0 n— 0

This show that v < kr,7. Consequently » = 0. Hence we deduce that [ﬁl(Qy,) — 0 asn — oo. Since
the sequence (€),,) is nested, in view of axiom (6°) of Definition 2.1 we derive that the set QO = ﬂ Q, is

n=1
nonempty, closed and convex subset of the set ()". Moreover, the set (), is invariant under the operator

F and belongs to Kerur. Now, using Tychonoff fixed point theorem implies that F has a fixed point in set
QL O
4. Application

In this section, we present an existence result for a system of large class nonlinear functional integral
equations of Volterra type in the spaces L} (RR,).

loc
Definition 4.1. A function f : Ry X R" — R is said to have the Carathéodory property if
(i) Forall x € R" the function t — f(t, x) is measurable on R,.
(i) For almost all t € R, the function x — f(t,x) is continuous on R".

Lemma 4.2. [5] Let ) be a Lebesgue measurable subset of R" and 1 < p < oo. If {f,} is convergent to f € LP(Q) in
the L,-norm, then there is a subsequence {f,,} which converges to f a.e., and there is g € L,(Q), g > 0, such that

| fn, ()] < g(x), a.ex € Q) (5)

Theorem 4.3. ( Minkowki’s Inequality for Integrals)[5]. Suppose that (X, M, u) and (Y, N,v) are o-finite measure
spaces, and let f be an (M ® N)-measurable function on X X Y. If f > 0and 1 < p < oo, then

[ ([ renmw)ase] < [( [ s riu) aw.

We will consider the Equation (1) under the following assumptions:
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(i) fi : Ry Xx R"™! — R (1 < i < n) satisfies the Carathéodory conditions, there exists A € [0,1) and
a € Lj (R;) such that

Lfilt, x1, %2, ..., Xns1) = filS, Y1, Y2, - o Yne1)l < la(t) —a(s)| + A {E&’;“xk —vyll e =yl (6)

for any xx, yx € R and almost all s, t € R,.

(i) £(,0,0,...,0) €L} (Ry)(1<i<n).

loc

(iii) ki : Ry x Ry — R (1 < i < n) is measurable function and there exist g,b € LZ) . such that |k(t, s)| < g(t)
for allt,s € R, and

T
ess sup f |ki(t, s)|dt < b(T),
0

s€[0,T]
and

T
ess sup f |ki(t, s)lds < b(T).
0

t€[0,T]

forallT>0and1<i<n.
(iv) There exists a positive increasing function r such that
AKT) + max(lfi(, 0,0, .., Ollio} + H(DHT) < (T), %

Remark 4.4. Under the hypothesis (iii) the linear operator K; : LF[0, T] — LP[0, T,
(1 <i < n) defined by

t
k)0 = [ ot (0 ®)
0
is a continuous linear operator and ||Kix||rrjo,r) < b(T)||x||rrfo,1) for all T > 0.

Theorem 4.5. Under assumptions (i)-(iv), the Equation (1) has at least a solution in the space LZ)C(]RJr),

Proof. In the first step, we define the operator F; : {LZ; C(]RJ,)}n -1

lOC(R+)’
(1<i<n)by

¢
Fi(x1,...,x,)(t) =ﬁ(if,xl(t),...,xn(t),f0 ki(t, s)xi(s)ds).

Fixie(1,2,...,n}. Inview of the Carathéodory conditions, we infer that F;(xy, ..., x,) is measurable for any
X1, % €L (RY).

Now, we show that Fi(xy,...,x,) € LZC(IRQ forany x1,...,x, € Lfoc(llh). For this purpose, we only need to
prove that Fi(xq,...,x,) € LP[0,T] for all T > 0. Let us fix T > 0. Then, applying assumptions (i)-(iv), we
have

A

|Fi(x1,...,x)@)] < |ﬁ(t,x1(t),...,xn(t),j;ki(t,s)xi(s)ds)—f(t,O,...,O)+f(t,0,...,0)|

IA

t
A {E]i)fl{lxk(t)l} +fi(t,0,...,0)| + ‘fo ki(t, s)xi(s)ds
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for any x € R and almost all ¢ € R.. Therefore,

IFi(xt, ..., x)llrpor; < A max{”kaU’[O,T]} +lfi(-,0, ..., 0)lze[o,)

f|fk(t $)xi(s) ds' dt

A max {Ilxkllrio,ry} + £ (-, 0, ..., O)llepo,m)

f | f X[Ot(s)k(tsx,(s)ds| dt’%

< A nga<X{||xk||Lp[o,T] +£i(.,0,..., O)lzrio,ry + O(DIIxillrio,11-

IA

Thus, Fi(x1,...,x,) € Lp (]R+) and F; is well defined and if we define the subset Q of L’ (R,) by

loc

Q={xel’

loc

(R+) : lIxllzpo,r) < #(T) for T > 0}

then Q is nonempty, convex, and closed in LZ)C(]RJr). Next, observe that condition (iv) ensure that F; trans-
forms Q" into Q for alli = 1,2,...,n. Now, we show that the map F is continuous. To this end, we only
need to show that F; (x1, ..., x,) is a continuous operator from {L?[0, T]}" into LP[0, T] forall T > 0. Let T > 0
be fixed and {(x]", ..., x;/} be an arbitrary sequence in {L?[0, T]}" which converges to (x1,...,x,) € {L?[0, T]}"
in the L”[0, T]-norm. Since the Volterra integral operator K; generated by k; maps (continuously) the space
LP[0, T] into itself, so Kx,, converges to Kx. By using Lemma 4.2, there is a subsequence { (x'lnk , ..., X%} which
converges to (x1,...,X,) a.e. ,{Kix;."k } converges to K;x; a.e. and there is h € LP[0, T], h > 0, such that

max{lx"™ (1)), K™ (O] : 1 < i < n} < h(b). ae.on[0,T] 9)

Since x;* — x; almost everywhere in [0, T] and f satisfies the Carathéodory conditions, so

filt, x5 @), -2 (), Kix  (0) — filt, x1(0), .., xu(8), Kixi(t)), (10)
for almost all t € [0, T]. From inequalities (6) and (9), we infer that

filt, x75(), .., 2" (D), Kix™ ()] < 2h(t) + |fi(t,0,...,0)], ae. on[0,T] (11)

As a consequence of the Lebesgue’s Dominated Convergence Theorem, (10) and (11) yield

T
I) (ﬂ(s, x;"k(s), e, X0(S), Kl-x:."k(s)) = fi(s,x1(8), . .., x(S), K,-x,-(s)))pds —0

and
IEi(x)™, ..., x5") = F(xr, ..., X)lly — 0.

Since any sequence {(x]',...,x))} converging to (x1,...,%,) € {L”[0, T]}" has a subsequence {(x}", ..., x,;")}
such that F,-(x;”k yooe, XYy — Fi(xq, ..., x,) in LP[0, T], we can conclude that F; is a continuous operator.

In order to finish the proof, Now we show that F satisfies assumptions imposed in Theorem 3.3. The
proof will be divided into two steps.

Step 1: Ifwe definek;s : Ry — Ry by kis(t) := ki(t, s) for all s € R, then we show that o™ ({k;s : s € [0, T]}) = 0.
To do this, fix arbitrary ¢ > 0. We define the function ¥; : [0, T] — R as follows

T
_ fo Ki(t, )Pt (12)
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Since there exists g € LfOC(IRJr) such that |k;(t,s)| < g(t) for all t,s € [0, T], so ¥; is continuous and there exists
01 > 0 such that |9;(v) — 9;(w)| < € for all v,w € [0, T] with [v — w| < 6;. Moreover, there exist sy, ..., s, such
that [0, T] C U Bs, (). Since {kis,, - . -, kis, } is a compact subset of LZC(]RJr)' sowehave w!({kis,, . - -, kis,}) = 0.
In the other word there exists 6, > 0 such that

T
[ ate s =k <
0

where |l < 6. for every s € [0, T] and |h| < 0, there exist s;, such that |s — s;,| < 6; and

T 1 1 1
([ ety =kite - mopar)” <( [ oty = ki P
T 1
+( f ki, () = ki, (¢ + H)Pat)’
0

T 1
+( f kit + ) = ki (t + )P dt)’
0

<219i(s) = Si(s)IF + ¢
<2ef + €.

So, we have

a)T(ki,S, 0y) < 26F + ¢,
wT({k,-,s :s€[0,T]},00) <26¥ +¢,

and

u'({kis 15 €0, T1}) = 0.

Step 2: Let X1,X>, ..., X, be nonempty and bounded subsets of Lf’o C(]RJ,), and T > 0. Then F; satisfies condition
2.
Let X, ..., X, be a nonempty and bounded subset of LZ C(]R+), and assume that T > 0 and ¢ > 0 are chosen
arbitrarily. Let ¢, h € [0, T], with || < € and x € X, we obtain

t
(110, a0, f Kilt, s)xi(s)ds)

[Fi(x1, ..., x0)(t) = Fi(x1,..., xo)t+ h)| <
0
—f(t+ i+ ), x(t+R)
t+h
) f kit + 1, s)xi(s)ds)‘
0
< la®) —a(t+h)|+ A g}ix |xx(£) — x(t + h)|

t ¢
+|f0ki(t,s)x,-(s)ds—foki(t+h,s)xi(s)dsl

t+h
+|f ki(t + h, s)x;(s)ds|
t
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Thus,

<=

T
( fo IFi(x1, ..., xa)(t+ ) = Fi(xy, ..., x,)(t)Pdt)

IA

T 1
( fo la(t) — a(t + h)Pdt)’

T
+( fo Amax () ~ (e + h)Pde)? )
Tt s
([ 1 k9= ks h9edsrar)
0 0

T t+h 1
+( | 1] Kt +hs)is)ldspdt)”
0 t

T
< wT(a,€)+Ag]§§>;{wT(xk,e)}+ fo |xi(s)l
T 1
f lki(t,s) = ki(t + h,s)Pdt)’ ds
f f 9Bl (o) dsP )’
<

T(a, £)+)\mkaxa) (x, €)}

+Tlillro,r@’ ({kis < s € [0, T1), €)
+hllxilleero,llgllrro,my
By using the above estimate we have

W (FX1 X...xX,),e) < '(a &)+ Amax]
1<k<n

+hr(T)||gllzero,11

o (Xy, &)} + Tr(T)w" (tkis : s € [0, T}, €)

Since the singleton {a} is a compact set and u’({k;s : s € [0,T]}) = 0, so we have w'(a,¢&) — 0 and
wl({kis : s € [0, T]}, &) — 0 as ¢ — 0. Then we obtain

i (Fi(Xa X x X)) < A max{u (X)), (13)

Obviously, F; satisfies condition 2 and thus by Theorem 3.3, there exist x

1 Xy € Lfoc(]lh) that are solutions
of the system of integral Equation (1), and the proof is complete.

O

Example 4.6. Consider the following functional integral equation

i t
x,-(t):t3+(21i2|xj(t)|)+ f e X Hx(s)ds, (1 <i<n).
=1 0

Eq. (14) is a special case of Eq. (1) with

(14)

1y .
Filt 31,02 2000) = 4 (5 Y GO + 20, (LSS ),

j=1
ki(t,s) = e 2+,
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Let us put a(t) = £ and A = %, (1 < i < n). We show that the assumptions of Theorem 4.5 are satisfied. Indeed,
we have

1 i
|ﬁ(t/ xl/ x2/ sy xn+1) - _fi(s/ yll y2/ sy yl’lJrl)l |(t3 + (Z ; |x](t)| + xn+1)

1 i
=+ (55 ) i)+ )]
j=1

1 i
3 3 . 1.
< —s|+(—2i ]Zzl [x;(5) — y;(s)l
+|xn+1 - ]/n+1|
1 i
33 = () — 1
< S|+(2i{2fas>fl{z lx;(t) = y;(s)I}

=1
+|xn+1 - yn+1|r (1 <i< 7’1).

Moreover, the function f is continuous on the set Ry X R" and condition (i) and (ii) hold.
Obviously, k is measurable function and if we define g(t) = e and b(T) = 1‘264

we obtain

T T 1-eT
ess sup f lk(t, s)|dt = ess sup f e 29t < — = u(T),
0 0

s€[0,T] s€[0,T]

forall T > 0 and condition (iii) holds. It is also easy to verify that there exists a function r satisfies the inequality in
condition (iv), i.e.

1 T 1-¢T
/\r(T) + {Qzag)n( ”fl(, 0,0,..., O)HU’[O,T] + b(T)T(T) = ZT’(T) + Z + TV(T) < T’(T)

Consequently, all the conditions of Theorem 4.5 are satisfied. This implies that the functional integral Eq. (14) has at
least one solution which belongs to the space Lfg (Ry).
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