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Abstract. In this paper, we establish an identity for n-times differentiable functions via Riemann-Liouville
fractional integrals. By using this new identity, we have some new results about trapezoid type inequalities
for n-times differentiable convex functions via Riemann-Liouville fractional integrals. The results, given
here extended the results given the previous works.

1. Introduction

Let I € R be a non-empty interval and f : I — IR. f is said to be a convex function on I, if the inequality

[+ (1 =1y) <tf) + 1 =-Hf(y) 1)

holds for all x, y € I and t € [0, 1]. If the inequality (1) is reversed, then f is said to be concave on I.
The most important inequality in the theory of convex functions is Hermite-Hadamard’s inequality in
below [3, 4]. If f is a convex function on [, b], then

f(a;rb) — aff( f(a)+f(b) 2

If f is concave on [g, b], then the inequality (2) is reversed. It is worth noting that Hadamard’s inequality
can be seen as a refinement of the concept of convexity. Hadamard’s inequality for convex functions has
been renewed in recent years and there has been clear diversifications, generalizations (see, for example,
[5, 7-12, 14-19]) and the references cited therein.

In [1], Dragomir and Agarwal proved the following results connected with the right part of (2).
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Theorem 1.1. Let f : I° € R — R be a differentiable mapping on I°, a,b € I°
then the following inequality holds:

b
f(a);rf(b) ‘bigff(x)dx L0 a)(

Theorem 1.2. Let f : I° C R — R be a differentiable function and a,b € I°
is convex on [a, b] for p > 1. Then

f@+ﬂw j}()

In [11] Pearce and Pecari¢ improved the inequality (4) as the following result.

f@|+|f®)). (3)

)}P/ (-1 +

(4)

|M%UW4W
2 jl

(b a){

)1/P

Theorem 1.3. Let f : I° C R — R be a differentiable function and a,b € I°
convex on [a, b] for g > 1. Then
—-a
i [ - ] ®)

for 1) ff( ix

In the following, we recall some essential definitions and mathematical preliminaries of fractional
calculus theory which are used further in this paper. For more details, one can see [2, 6, 13].

Definition 1.4. Let f € L[a, b]. The Riemann-Liouville integrals J7, f and J; f of order a > 0 with a > 0 are
defined by

1 X 1 X
0= 5y f (x-D*'f(dt, x>a and Jf(x) = @ f (t—x)*f(Bdt, x<b

respectively. Here, I'(«) is the Gamma function and 2+ flx) = f = f(x).

In [16], Sarikaya et al. gave some Hermite-Hadamard type inequalities related to the fractional integrals
inequalities for convex functions by using the following identity.

Lemma 1.5. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f’ € L[a, b], then the following
equality for fractional integrals holds:

f(a) + £(b) Ha+D
2 20b-

2 (1210 + 1 f0)] = 75 f[l—t)“ E1f (ta + (1 - D)t ©)

Lemma 1.6. Let f : [a,b] — R be twice differentiable mapping on (a,b) with a < b. If f” € L[a,b], then the
following equality for fractional integrals holds

fl@)+ ) Na+D

T 25 RO ) f@) )
1
_\2 _ _ pna+l _ ga+l
- 2”) f 1-d atll L (ta+ (1 - Dby, (8)
0

For various studies and results on fractional integral inequalities, see [5, 7, 8, 10, 12, 14, 16, 17].

In this study, we have obtained a new lemma for Hermite-Hadamard inequalities involving Riemann-
Liouville fractional for n-times differentiable functions. By using this new lemma, we have some new
results about trapezoid type inequalities for n-times differentiable convex functions via Riemann-Liouville
fractional integrals. Also, we have some applications to special means of positive numbers.
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2. Main Results

Lemma 2.1. Let n > 1 and the function f : I C R — R is n-times differentiable. If a,b € I with a < b and
0 € Lla, b], then

f@+fO) I+
2 2(b-a)

n—-1
|15 £ @) + T £ @) +Zs< 2 9)

=1

[f“‘) (@) + (-1)" f® (b)
2

(1 - t)a+n—1 _ ta+n—l]f(n) (ta + (1 — 1)b) dt

— (b—a)"
where S (a, 7’1) = m.

Proof. We will use the mathematical induction principle. The case n = 1 is Lemma 1.5. Suppose (9) holds
forn-1,1i.e.

f@+fmb T@+1)
ity USACRY A0

n-2 (k) _1\k £k
ZS(a,k)[f (a)+(21)f ()

= b—”S(a, -2) f [(=1"2(1 = 2 = pen=2] £0D) (a4 (1 — £)b) dit.

Now integrating by parts, we have

1
b%aS(a,n -1) f [(~Dr @ = et — g1 £ (ta + (1 - Bb) it
0

fUD (@) + (=)' 0 (b)
2

=S(a,n-1)

1
+—s (a,n—2) f [ )”‘2(1—t)“+"‘2—t“+"‘2] £ (ta + (1 - B)b) dt
0

(n-1) 1yl 1) g b
SR \ACAS A SR U AL Tt O+ )]
n-2 (k) k £(k)
Y s, k)[f (a) + 21>f (b)]
k=1

f () +f(b) I'a+ 1) = ® (a) + (_1)kf(k) ()
- s [ FO) + ] f a)+ZS k) 5 .

=1

This completes the proof of Lemma 1.6. O

Remark 2.2. 1. Itistaken n =1 to (9), we obtain (6).
2. Itis taken n = 2 to (9), we obtain (7).
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Proof. 1f we take n = 2 to (9), we get

f@+f® T(a+1) g, a
- (b_a)a[a+f(b)+1b,f<a)]+

[f’ (a);f’ (b)]

1
f —(1 = i =] 7 (ta + (1 - )b) dt

0

2(a+1

1
(b —a)? [_(1 — 1)t~ t‘”l] f7 (ta+ (1 —t)b) dt.

b—a ’ ’
0

On the other hand, If we distribute on the right of (7), we get
@+f0) T@+1) [, .
JOJO L@ 1ty ge £ )

2 2(b—61)“ a
1
_ —2a)2f1 -@ —atfll — 1 1f” (ta+ (1 — by dt

0

1
_ (b-ay ff”(ta+(1—t)b)dt++

b -
T 2a+1) i f[ (11—t - t““]f” (ta + (1 - t)b)dt

1

f — )t~ t“” f” (ta+ (1 - tb)dt

2(a+1)ff”( )dx++

b-
= sarp O -f@l+

1

[~ = = 1] £ (ta + (1 - D) .

0

As it is seen from the last equation, it is obtained that it is equaled (7) to (9) forn =2. [

Theorem 2.3. Let n > 1, the function f : I ¢ R — R is n-times differentiable and a < b. If f™ € L[a, b] and |f®

is convex on [a, b] then the following inequality holds:

‘ f(a); £(b) 2r((: + ;) [ F 6+ 1) +kZ; s, k)[ £O () + (;1)k £ (b)] (10)
LA (1= ) (@] + [0 O)] s odd
= { an) hf(”)(“)) |f ">(b)|] , 1 is even
where S (a,1) = -
Proof. Letn > 1. By using the convexity of |f*| on [4,b] and Lemma 1.6, we have
(=" f® (b)] an

2

f(ﬂ)+f(b) F(a+1) a F0 (a) +
‘ 2 20- [I F®)+ T3 f @) +Z;S(a k)[

1
n-1) f (=111 = gyt — U | £ (ta + (1 - £)b)| dt
0



IA

IA

IA

IA

b—E“S(a,n—l)

%S((x,n—l)

%S((x,n—l)

%S(a,n—l)

BaS(a,n—-1)

%S(a,n—l)

_+j
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(ta+n—1 -(1- t)a+n—1)(

%S(a,n—

1

)f(n) a)|
+1 =B [f" )|

%S(a,n—

)

Calculating the appearing integrals in (14), we have

1/2

ft(l _ t)a+n—1dt _ fta+ndt + fta+ndt _

0

1/2

0

1

ft(l _ t)a+n—1 + g — f

0

A combination of (11)-(14) gives (10). This completes the proof.

1/2

0

Corollary 2.4. In Theorem 2.3,

1. If one takes n = 1, one has [16, Theorem 3].

Ja

5615

[ 1
[]@ = gyeen=t — g@n=1 | £ (g + (1 - 1)b)| dt] ,nis odd
0
L0, .
i |—(1 — -l t"‘*"‘lj )f(”) (ta+(1 - t)b)‘ dt| ,niseven
10 ]
[+ a+n— a+n— )f(n) LZ)| 1
,0“(1 — pyan=l g 1|( “d-p (f(")(b)| ) ,nis odd
[ | a+n— a+n— )f(n a)| 1
»0f|(1 — el g 1|( e (f(”)(b)| )dt , 1 is even
PR
1 — )atn 1_ta+n 1
Of (( ) )( -0 |f(”)(b)| nis odd

O

1/2
1 ") (a)
1 — pa+n=1 4 patn-1 ( ‘f ) ,niseven
Of (-1 ) +1 -1 [fO )|
1/2 1/2
[t —tyen=tde — [ perng
", b [
" f pan gy f t(1 - t)“+n_1 dt
1/12/2 1/2 " ,nisodd
f(l — gy — f(l _ t)tm—n—ldt
+ 0 1 0 1 |f(”)(b)|
+ f(l _ t)tm'”_ldt _ f(l — t)tngy
| 1/2 1/2
i 1
( [ H1 =t 4 t“*"dt) @)
0 , nis even
+ ( J(a=-pem+ - t)t“+”‘1)dt] F0 )
L 0
1/2 1 1
_ patn-1 _ 1 ( _ 1 )
ft (1 t) dt = a+n 1 Qa+n-1 |’ (12)
0 1/2 1/2
1 1
(1 _ t)a+ndt _ (1 _ t)ta+n—1dt + (1 _ t)ta+n—1dt _ (1 _ t)a+ndt — 1 (1 _ 1 ) (13)
a+n a+n-1 |’
0 1/2 1/2
1
1
atn 4 a+n-1 —
t) t)t )dt — T . (14)
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2. If one takes n = 1 and o = 1, one has (3).
3. If one takes o = 1, one has the following trapezoid type inequality for n-times differentiable convex functions

f(ﬂ)+f(b) (b —a) | f9 (a) + (=1)" f® ()
ff()dx+2(k+1)![ 2

(15)

< { ;(h;fi;' [( 2'1)(|f(n)(‘1)| + |f(")(b)|)] , 1 is odd

2(2:2)' | n)(’l)| )f(n)(b)” ,niseven

Theorem 2.5. Let n > 1, the function f : I € R — R is n-times differentiable and a < b. If|f(”)|q € Lla, b] and
( f(”)(q is convex on [a, b] for q > 1, then the following inequality holds:

‘f @+f0®) T(+1) [0+ 1 1 (b)] (16)

n—-1
Ry U fb)+1bf(a)+kz_;s(a,k)[ :

(p(a+n1—1)+1 (1 - 2;7(&171-1) ))%

b—a .
TS (0(, n-— 1) |f(n)(u)|'4+3|f(n)(b)|q % 3|f(y,)(a)|q+|f(,,)(b)|q % , nis odd
X 8 + 8

IA

1
YA UM PON N AY
%S(a,n—l)(w)q , nis even

(b-a)"

where S(a, 1) = tyar) <

1,1
andp+q 1.

Proof. Letn > 1. By using the convexity of ' f (”))q on [a, b], Holder inequality and Lemma 1.6, we have

‘f(a)+f(b) F(a+1)
2

> " ap oo f(b)+Ibf(a)+ZS( )

=1

[f(") (@) + (-1)F f® (b)]

(1= = oY | £ (g + (1 - 1)) dt

[ 1
BaS(a,n—1)| [|(1 = Hr+nt — =1 | £ (g + (1 — t)b))dt] ,nis odd
< L0,
1S (a,n-1) f|—(1 — t)atn-l t“*”‘ll )f(”) (ta+ (1 - t)b)| dt} , 1 is even
0
- 1/2
J (@ = gyt — gaen=1) | £00 (ta + (1 - £)D)| dt
b—;”S(a,n—l) 0 1 , nis odd
< + [ (Ft = (= ) [ £ (ta + (1 - £)D)| dt
1/2
[ 1
1S (a,n-1) f((l — )=l 4 t“*”‘l) |f(”) (ta+ (1 - t)b)( dt] , 1 is even
| 0
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1/2 %
I (@ = pyernn — asn-n)y’ dt]
° 1
1/2 1
X f FO@|" + @ -] dt)
oS n—1) 1 1 , nis odd
r
| [ (terD — @ = plesnvy dt)
< 1/2 ;
x f @[ +@-nlroof df)
i 1
1 r
f((l — t)a+n—1 T ta+n—1)” dt]
7S (@ n-1) 10 1 ,niseven
q
(f @]+ -] dt]
L 0
1
1/2
(f(l t)P(a+n 1) _ pla+n— Ddi‘)
0
( |f‘"><a>|”+3|f<")<b>|q )
b—;”S(a,n—D 1 1 ,nis odd
p
+[f wla+n=1) _ 1 _ t)p(a+n—1)dtJ
< 172
% (3|f(n (u)|q+|f(”)(b)|q)
1
1 Y
[f (1= prent 4 gt dt]
7San=-1) o . , 1 is even
|f(”)(ﬂ)|q+|f(”)(b)|q 7
(et o
i : ) .
I
b,as( 1) (p(a+n71)+1 (1 - 2p(a‘+r11—1) )) 1 odd
v—a a,n— ) ()7 (1) T\ 7 (n) q (1) I\ ,niso
< 2 X[(lf @) 23|f )| )q +(3|f (a)|g|f o) )q:|
) 1
()] w7\ 7
b—;’S(a,n—1)(M)q , 1 is even

This completes the proof. [J

Corollary 2.6. In Theorem 2.5,

1. Ifone takes n = 1 and o = 1, one has the following trapezoid type inequality for convex functions

‘f(a) LFB) ff(x)dx

L e e ]
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2. If one takes a = 1, one has the following trapezoid type inequality for n-times differentiable convex functions

'”“+fw) ‘ff<nz+§:w—Mkr®m»+

(18)

(k+1)! 2

envww]

1
1 Y
(b—a)" (pn+1 (1 2P”)) . . ‘s odd
N [( IGRE T )5 (3|f<"><a>l”+|f("><h>|q )q] o
X + 3

n n) () U
(b-a) (|f @[ +|f Q] ) , 1 is even

2n!

3. Ifone takes n = 1, one has the following trapezoid type inequalities for convex functions via fractional integrals

HO IO 2o D s+ ) s 19)
bl 1 Vo (@l <slrely (lr@l + ol

Sﬁf(ﬁ:ﬁ)@‘ﬁﬂl[ g ¥ 8 ,

f@+fO)  T@+D) o0

| - S U FO + @) 0)

_ Lp 1/p 1/
< b—a 1 (1_ 1 ) 1+ 341 ( ))
2 \ap+1 2ap T8l

Proof. In need of proof of the inequality (20), we conceive the inequality (19). Let a; =

ap = M, by, = @ in (19). Using the fact that Y., (a; + b;)" < Y.iry al + Y bifor0<r<1,ay,a,..ay, >0
and by, by, ..., b, > 0, we get the required result. This completes the proof. O

ol , _ drel
g Y1 — g 7

Remark 2.7. In (19) we obtain [19, Theorem 3.2, for s = 1], In (20) we obtain [19, Corollary 3.3, for s = 1].

Theorem 2.8. Let n > 1, the function f : 1 € R — R is n-times differentiable and a < b. If |f")|" € L[a,b] and
( f(”)(q is convex on [a, b] for q > 1, then the following inequality holds:

f(a) + f o T (x+1) n-l f(k) (a) + (_1)k f(k) ()

‘ 2 _Z(b )a[ f b)+]b f(a) +;S(0(,k)[ ) (21)
< (a+1)5 (a,n— )( ( )a+n 1) ( |f(”)(’1)|q;r|f(”)(b)|q ); , 1 is odd

i ehSan-1) (w); , 1 is even

(b—a)"

where S(a, n) = @) (@

Proof. Let n > 1. By using the convexity of ) o |'7 on [a, b], power mean inequality and Lemma 1.6, we have

f(a) + f(b) IF'a+1) n-l f(k) (a) + (_1)k f(k) ()
‘ 2 _Z(b )a[ f(b)+]b (a) +;S( k)[ >
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< 2050 [ ey |0 a1
0

[ 1
BaS(a,n— 1) | [|(1 = pyrent — g1 | £ (ta + (1 = 1)b)| dt] ,nis odd
< 0
1S (a,n—-1) f|—(1 — )arn-l t“*”‘1| )f(”) (ta+ (1 - t)b)| dt} , 1 is even
0
1 -
(f |(1 _ t)a+n—1 _ t“+n_1’ dt)
1S (a,n-1) ) 0 1 , nis odd
q
X [f|(1 _ t)a+n—1 _ ta+n—1| |f(n) (ta + (1 - t)b)’q dt]
< 0 1
- 1 -3
(f|_(1 _ t)a+n—1 _ ta+n—1| dt]
b—;“S(a,n—l) ) 0 i , nis even
q
X ( J |- = gyen=t — gt | £t + (1 — 1)) dt]
0
-1 a+n— 1-1
<ﬁ)1q(1_(%)+ 1) q
1/2 i
|f(n) (a)‘q f e t)a+n—1 _ oty
12
=15 (,n — 1) +fO @) [@-pen— Q- peend ,nis odd
0
X 1
+ )f(n) (a)r’ f patn _ t(l _ t)‘””_ldt
< X 1/2
D@ [ Q- — -
172
_1
() |
1 q
Z%”S (a,m—1) )f(n) (“)|q Oft(l = )L g , 1 is even
1
+ |f(n) (b)|q f(l — W4 (1) patn=14y
0
a+n—1 1_%
b1 (@, — 1) & 1)%1(1 () ) | ,misodd
: (( L) (- @l + )f(”’ f)
b g (q,n — n| L 7 O @[+ [ () ,nis even
2 +1 +n
a+15 (a1 — 1)( a+n 1)(|f( )(a |4+|f( )(h)ra) nisodd
<
a5 (a,n - ('f( )(u)|q+|f o) ) , nis even

This proof is completed. [
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Corollary 2.9. In Theorem 2.8,

1. Ifone takes n = 1 and a = 1, one has (5).
2. If one takes = 1, one has the following trapezoid type inequality for n-times differentiable convex functions

(22)

n-1
10270 \fﬂ>d+ (wwfr®@+2

(-1)* f® (b)
— (k+1)!

M(l_(%)")(wy s odd

2n!

IA

, 1 is even

1
(b /1)” |f n) ﬂ)l‘l+|f(n)(h)|’7
2n!

3. If one takes n = 1, one has the following trapezoid type inequalities for convex functions via fractional integrals

a)|q

Sarnl- @fﬂﬁL_;iﬁﬂr, )
e (RGN

Proof. In need of proof of the inequality (24), we conceive the inequality (23) and the same technique in the proof of
Corollary 2.6. O

f(a)+f(b) F(a+1)
Z(b )

[13.f ©) + T3 f @)]

f (@) +f(b) [(a+1)
Z(b—a)

£ @|+

s f o)+ 1 f @) < f ®))). (24)

Remark 2.10. In (19) we obtain [15, Corollary 2.4] and [16, Theorem 3].

Remark 2.11. If one takes n = 2 in the inequalities (15) and (18) respectively, one has the following inequal-
ities

7’

@) + (25)

[ £/ _ £ ) 2
f(ﬂ)+f(b) ff Vdx + b-a f(a)zf(b) S(blza)[

f”(ﬂ)’q

2 |7 4 2

- B NAY,
farie L[f gax+ 20| @S O <<b‘“f[ *'f(m|]- (26)

3. Applications to Special Means
Let us recall the following special means of positive numbers a,b with a < b.

1. The arithmetic mean:

a+b
Al b) =

2. The harmonic mean:
2

H(a,b) := T

ath

3. The logarithmic mean:

b—a
L(ﬂb) m, a#b.
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4. The n-logarithmic mean:

il _ gnl ),1,

Ln (61, b) = (m

Now we apply the inequalities (25) and (26) to establish some inequalities for special means

Proposition 3.1. Fora,b € R,,a <band m € N, m > 1, the following inequality holds

Proof. For the function f (x) = x™*!, xe Ryandm € N, m > 1,

(o m) = (e )+ 2D g o,y

<mm+nw—#

< A A (a'”_l, b’”‘l) .

1 (x)| =m(m+1)x"! is a convex function

on R;. Applying the inequality (25), the required result is obtained. [

Proposition 3.2. Fora,b € R,,a <bandm,q € N, m,q > 1, the following inequality holds

Proof. For the function f (x) = X" x € R, and m, g€N,mq>1,

(b—a)(m+%)

A(am+;’bm+;) _L:i (am+}]’bm+}]) N - A(am_1+;,_bm_1+;)
< (m -1+ %)q (TZ + %)q (b - ﬂ)zA (a(m_z)qﬂ/ b(m—Z)q+1) .

f” (x)|q = (m -1+ cl;)q (m + %)q 2 (m=2)g+1

is a convex function on R,. Applying the inequality (26), the required result is obtained. [J
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