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The Adjacency-Jacobsthal-Hurwitz Type Numbers

Omiir Deveci?, Yesim Akiiziim?

?Department of Mathematics, Faculty of Science and Letters, Kafkas University 36100, Turkey

Abstract. In this paper, we define the adjacency-Jacobsthal-Hurwitz sequences of the first and second
kind. Then we give the exponential, combinatorial, permanental and determinantal representations and
the Binet formulas of the adjacency-Jacobsthal-Hurwitz numbers of the first and second kind by the aid of
the generating functions and the generating matrices of the sequences defined.

1. Introduction

It is well-known that Jacobsthal sequence {J,} is defined recursively by the equation

]n+1 = ]n +2]n71

forn >0, where Jp =0, J; = 1.
In [5], Deveci and Artun defined the adjacency-Jacobsthal sequence as follows:

]m,n (mn + k) = ]m,n (mn -n+k+ 1) + 2]m,n (k)

fork > 1, m > 2 and n > 4 with initial constants [, , (1) = -+ = Jy, (mn — 1) = 0 and J,,, (mn) = 1.
It is easy to see that the characteristic polynomial of the adjacency-Jacobsthal sequence is

f(x) =y _ xmn—n+1 —2.

Suppose that the (1 + k)th term of a sequence is defined recursively by a linear combination of the
preceding k terms:

Ap+k = Coldp + C1an4+1 + + -+ + Cr—10n+k-1

where ¢y, c1, ..., cr_1 are real constants. In [10], Kalman derived a number of closed-form formulas for the
generalized sequence by the companion matrix method as follows:
Let the matrix A be defined by
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0 1 0 0 0
0 0 1 0 0
0 0 O 0 0
A= [ai’j]kxk - :
0O 0 O 0 1
| Co C1 (2 Ck-2  Ck—1 1
then
ap ay
a1 An+1
A" =
k-1 Ap+k-1
forn > 0.

Let an nth degree real polynomial g be given by

1

g(x) = cox" +c1xX" + -+ cpo1X + Cp

In [9], the Hurwitz matrix H,, = [h,-, j]m associated to the polynomial 4 was defined as shown:

[ €1 €3 C5 +-+ ovr  ee- 0 0 0 7
Cop Cp Ca
0 1 C3
Chp OC . 0
Hy=| : o ¢ . Cn
: Co . Cn-1 0
0 Cn—2 Cn
. . . Cp—3 Cp-1 0
L 0 0 0 - e e Ch-4 Cp— Cy 1

Recently, many authors have studied number theoretic properties such as these obtained from homoge-
neous linear recurrence relations relevant to this paper [3, 4, 6-8, 11, 12, 14, 16-19]. In this paper, we
define the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind by using Hurwitz matrix
for characteristic polynomial of the adjacency-Jacobsthal sequence of order 4m. Then we develop some
their properties such as the generating function, exponential representations, the generating matrices and
the combinatorial representations. Also, we give relationships among the adjacency-Jacobsthal-Hurwitz
sequences of the first and second kind and the permanents and the determinants of certain matrices which
are produced by using the generating matrices of the adjacency-Jacobsthal-Hurwitz sequences of the first
and second kind. Finally, we obtain the Binet formulas for the adjacency-Jacobsthal-Hurwitz sequences of
the first and second kind by the aid of the roots of characteristic polynomials of the adjacency-Jacobsthal-
Hurwitz sequences of the first and second kind.
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2. The Main Results

It is readily seen that Hurwitz matrix for characteristic polynomial of the adjacency-Jacobsthal sequence

of order 4m, Him = [hi, 7]4mx4m is defined by
1 ifi=2rand j=1for1 <1< 2m,
b = -1 ifi=1+2rand j=2+1for1 <1<2m—1,
M =2 ifi=2rand j=2m+1forl <1<2m,
0 otherwise.

By the aid of the matrix H/ v we define the adjacency-Jacobsthal-Hurwitz sequences of the first and
second kind, respectively by:

JL @m +k) = J, @m+k) - 2]}, (k) fork>1and m > 4, (1)
where

T =1,],@) = =], @m)=0,],,@m+1) =1, ], @m +2) = --- = [, (4m) = 0
and

J2, dm +k) = J2 (k) — 2]%, (2m + k) fork > 1and m > 4, (2)
where

Jn)=1]5@) = =] @m~1) =0, (4m) = 1.

Clearly, the generating functions of the adjacency-Jacobsthal-Hurwitz sequences of the first and second
kind are given by

1
10y _
= 1 — x2m + 2x4m
and
1 + 3x2"
7> (x) = ,

1+ 2x2m — x4

respectively. It can be readily established that the adjacency-Jacobsthal-Hurwitz sequences of the first and
second kind have the following exponential representations, respectively:

() (1-222")

gk

g' (x) = exp

1

Il
—_

and

2 _ 2m S (xzm)i 2m _ i
g (x)—(1+3x )exp Z (x 2) .

i
i=1



O. Deveci, Y. Akiiziim / Filomat 32:16 (2018), 5623-5632

By equations (1) and (2), we can write the following companion matrices, respectively:

(2m) th
l
0 .- 0 1 0 0 -2
1.0 0 -~ 0 0 0 O
O 1.0 0 - 0 0 O
O 01 0 0 -~ 0 0
ct=l0o 00 1 0 0 - 0
0 0 0 0 0 1
and
01 0 0 0 0 0
00 1 0 0 0 0
00 0 1 0 0 0
2 ; :
"1lo o0 0 0 1 0 0
00 0 0 0 1 0
00 0 0 -~ 0 0 1
10 ..0 -2 0 O
T
2m+1)th

5626

The companion matrices C},, and C?, are called the adjacency-Jacobsthal-Hurwitz matrices of the first and
second kind, respectively. For detailed information about the companion matrices, see [13, 15]. Let J}, (@)
and J2 (@) be denoted by ]%f‘ and ]51’"‘. By mathematical induction on a, we derive

1,a+1 1,a+2 L. 1,a+2m ) 1,a-2m+1
m m m Im
1, 1,a+1 . 1,a+2m-1 ) 1,a—2m
e m m m Im
(Cm) = . . . .
1,a—4m+2 1,a—4m+3 1,a—2m+1 ) 1,a—6m+2
m m m ]m
and
2,0 2,a—-1 L. 2,a-2m+1 2,a+2m
m m m m
2,a+1 2, 2,a—2m+2 2,a+2m+1
2\ m m m m
(€)=
2,a+4m—1 2,a+4m-2 2,a+2m 2,a+6m—1
m m m m

for @ > 1. Note that det (C}n)a = (2)" and det (Ci)a = (-1)"
Let K (ky, ks, ..., ky) be a v X v companion matrix as follows:

ki k - k

1 0 0
K(kllkZI" ~/kv) =

_2]1,0(—1 _2]‘3”,0(

m
_2]71r2a—2 _2]’}’1,(1—1

_2]},;11/—47” _2];201—4m+1

2,a+2 2,a+1

m m
2,a+3 2,a+2
m m

2,a+4m+1 2,a+4m
m m 4mx4m.

Amx4dm
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Theorem 2.1. (Chen and Louck [2]) The (i, j) entry kg’;) (k1, k2, ..., ky) in the matrix K" (k1, ks, . .., ky) is given by
the following formula:

ti+tig+--+1t, 1+
k(n) k’k,'.',k — ] ] X ktl. .ktvl 5
l’](l ’ U) (tlgt,) i+t +--+1y ty,. "’t ’ ()

t1+ +tv) (i)

where the summation is over nonnegative integers satisfying t +2t, +--- + vk =n—i+j, (" LT isda

multinomial coefficient, and the coefficients in (5) are defined to be 1 if n =i — j.

Now we concentrate on finding combinatorial representations for the adjacency-Jacobsthal-Hurwitz
numbers of the first and second kind.

Corollary 2.2. The following hold:
(i) 5 (n) = Y, fa... fotlaa bty o (Pl (=)t forl<a<2m,

tam) ti+ty 4oty X .t‘l,...,i‘4m X i
where the summation is over nonnegative integers satisfying t1 + 2ty + -+ + (dm) tg, = n — 1.

. t t t t
(ii) ]}n (n) = Z(tl,tz...,tm) m 1+ o 4’") (=2)*",

,,,,,

where the summation is over nonnegative mtegers satzsfymg ti+2t + -+ (dm)tyy, =n+4m—1.

e T2 tattasg+o+t. B+t t
(lll)] ( ) Z(fl ta.eostam) t1+‘g-le- +t4:,m x 1 ..... tj,m)( 2) . fOI" l1<acx< 2711,

where the summation is over nonnegative mtegers satisfying t1 + 2ty + -+ - + (4m) tyy, = n.

Proof. If we takei = a +1, j = a such that 1 < a < 2m for case (i).,i = 1, j = 4m for case (ii) and i = j = «
such that 1 < @ < 2m for case (iii) in Theorem 2.1, then we can directly see the conclusions from equations
(3)and (4). O

Definition 2.3. A u X v real matrix M = [mi, ]] is called a contractible matrix in the k' column (resp. row.) if
the k' column (resp. row) contains exactly two non-zero entries.

Let u1, Uy, ... Umu, be row vectors of the matrix M. If M is contractible in the k" column such that
mix # 0,mjx # 0 and i # j, then the (1 — 1) X (v — 1) matrix M} obtained from M by replacing the i
with m;xj+m;ix; and deleting the j™ row. The k™ column is called the contraction in the k™ column relative
to the i" row and the ;" row.

If M is a real matrix of order & > 1 and N is a contraction of M, then per (M) = per (N) which was proved
in [1].

Now we consider relationships between the adjacency-Jacobsthal-Hurwitz sequences of the first and
second kind and the permanents of certain matrices which are obtained by using the generating matrices
of these sequences.

Let u > 4m be a positive integer and suppose that M,;" = [m}]”m] and M3 = [mlzj” "’] are the u X u

super-diagonal matrices, defined by

(2m) th (4m) th
) i
(0 - 0 1 0 -~ 0 -2 0 -~ 0 0 0
1 0 0 1 0 -~ 0 -2 0 0 0
01 0 -~ 0 1 0 0 -2 0 0
My =10 0 1 0 0 1 0 0 -2 0
0 0 0 1 0 0 1 0 0 -2
0 0 0 0 1 0 0 1 0 0
00 0 0 0 0 1 0 0 1 0

SuxXu
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and
0 1 0 0O 0 0 -~ 0 0 0 0 0 0
0 0 1 0 O 0 0 -~ 0 0 0 0 0
0 0o 0 1 0 .- 0 0 0 0 0 0
2 0 o 0 1 0 -~ 0 0 0 0 0
0 -2 0 0 0 1 0 0 0 0 0
M2,u=

" 0 0 -2 0 0 0 1 0 0 0 0
1 0 0 -2 0 - 0 0 1 0 0 0
0 1 0 0 2 0 - 0 0 1 0 0
0 0 1 0 0 -2 0 0 0 1 0
0 0 o 1 0 - 0 -2 0 0 0 1
0 0 0 0 1 0 - 0 =2 0 0 0.

T T
(u—4m+1)th (u—2m+1)th

Theorem 2.4. For u > 4m,

per (M}n”) = JL (u +1) and per (M%;") =J2 (u+4m).

Proof. Let us consider the matrix M};* and the adjacency-Jacobsthal-Hurwitz sequence of the first kind. We
use induction on u. Now we assume that the equation holds for u > 4m, then we show that the equation

holds for u + 1. If we expand the per (M}A”“) by the Laplace expansion of permanent according to the first
row, then we obtain

per (M}lnru+1) = per (M}n,u—2m+1) _ ZPET (M}?;u—élm-%—l) )

Since per (M,ln’“*z’””) = JL(u-2m+2) and per (M,ln’“f‘l’””) = JL(u—4m+?2), it is easy to see that
per (M},;"“) =JL (u—2m+2)—2JL (u—4m+2) =JL (u+2). So we have the conclusion.

There is a similar proof for the matrix M2 and the adjacency-Jacobsthal-Hurwitz sequence of the second
kind. O

Let v > 4m be a positive integer and suppose that the matrices A,;” = [a?'.”’m] and AY’ = [af'j”'m] are
. X0

defined, respectively, by

ifi=zrand j=1+2m—-1for1<:1<v-2m+1
1 and
Lo _ i=i1+landj=1forl1 <1<v-2m,
YT -1 ifi=l+iandj=1forv-2m+1<1<v-1,
-2 ifi=randj=4m+1-1forl1<i1<v-4m+1,
0 otherwise
and
ifi=1+2m—-landj=1+2mforl1 <:1<v-2m
1 and
20— i=1+4m—-land j=1forl1<i1<v-4m+1,
/B | ifi=rand j=1+1forl<1<2m-1,
-2 ifi=14+2m—-landj=1forl1<i1<v-2m+1,
0 otherwise.
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Then we can give the permanental representations other than the above by the following theorem.
Theorem 2.5. Forv > 4m,

per (A,lf) =—J} (+1) and per (Aﬁ;”) = —J% (v +4m).

Proof. Let us consider the matrix A%’ and the adjacency-Jacobsthal-Hurwitz sequence of the second kind.
The assertion may be proved by induction on v. Let the equation be hold for v > 4m, then we show that the

equation holds for v + 1. If we expand the per (Ai””) by the Laplace expansion of permanent according to
the first row, then we obtain

per (Az,{m—l) = per (Ai;v—4m+1) _ 2per (Aiv—2m+1)

=2 @+1)-2(-P @+2m+1) = (0+4m+1).

Thus we have the conclusion.
There is a similar proof for the matrix A,;” and the adjacency-Jacobsthal-Hurwitz sequence of the first
kind. O

Now we define a v X v matrix Bj, as in the following form:

(v —4m)th
!
-1 - -1 0 o0
-1
B:'Z: 0 A:’;‘D—l ,
0

then we have the following result:

Corollary 2.6. Forv >4m+1,
v—-1
perB;, =Y I ).
i=1
Proof. If we extend the perB}, with respect to the first row, we obtain
per B, = per BY ! + perAy

From Theorem 2.4, Theorem 2.5 and induction on v, the proof follows directly. O

A matrix M is called convertible if there is an n X n (1, —1)-matrix K such that det (M o K) = perM, where
M o K denotes the Hadamard product of M and K.

Now assume that the matrices T = [t,-, j]uxu and S = [si, j]m are defined by

1 1 1 - 1 1]

-1 1 1 --- 1 1

1 -1 1 -~ 1 1
T= :

1 1 -1 1 1

1 1 1 -11




and
1 -1 1 1 1
1 1 -1 1 1
s=|: - :
1 1 1 -1 1
1 1 1 1 -1
11 1 1 1
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Then we give relationships between the adjacency-Jacobsthal-Hurwitz sequences of the first and second
kind and the determinants of the Hadamard products M,;* o T, A, o T, M%" 0 S and A3 o S.

Theorem 2.7. Let u,v > 4m, then
det(My" o T) = J}, (u+1),
det(A},f o :r) =]l (0+1),
det (Mﬁ;” o S) = J2 (u+ 4m)

and

det (A% 0 S) = =J2 (v + 4m).

Proof. Since det (M,ln’“ o T) = per (M}n") ,det (A}n’” o T) = per (A,ln’v) , det (an’“ o S) = per (Mf,;“) and det (Aﬁf’ o S)
= per (A%;”) for u,v > 4m, by Theorem 2.4 and Theorem 2.5, we have the conclusion [

Now we concentrate on finding the Binet formulas for the adjacency-Jacobsthal numbers.
Clearly, the characteristic equations of the matrices M and M2" are

M —xP+2=0
and
M 4232 — 1 =0,

respectively. It is easy to see that the above equations do not have multiple roots. Let { M gt 1)} and

(

1 7P2 7Py

{ @ 5@ (2)} be the sets of the eigenvalues of the matrices M and M%", respectivel dlet V%Y b
1Py By g " w , respectively and let V,;” be

(4m) X (4m) Vandermonde matrix as follows:

(ﬁ(l/\))élm—l (ﬁg\))4m—1 o ( 512>4m_1 R

( g/\))4m—2 ( (2/\))4111—2 ( i/\))41n—2
m

vy = : : : ’
") " ")
1 2 4m
1 1
where A = 1,2. Now assume that
(/\) a+dm—i
CR
(/\) a+4m—i
e p
W= )
W\ a+4m—i
(ﬁ 4m)

and V,(,f ) (i, j) is a (4m) x (4m) matrix obtained from V,(é‘ ) by replacing the jth column of V,(é\ ) by W,(nA ) ().
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Theorem 2.8. Fora>1and A =1,2,

ra  det (vﬁ;“ G, j))

AN [,
where (Cm) = [c:"] "‘].
Proof. Letus consider A as 1. Since the equation x*"—x?"+2 = 0 does not have multiple roots, 51), (21), cees 2}1
are distinct and so the matrix ML" is diagonalizable. Then, it is readily seen that C., V,(,} ) = V,(ﬁ )Q%, where

-1
Ql = ( gl), g), e, 511")1) Since the Vandermonde matrix V! is invertible, we can write (V,(,P) ctvih=ql

Thus, we easily see that the matrix C}, is similar to Q},. Then, we have (C}n)a v =y (Q},,)a fora > 1. So
we obtain the following linear system of equations:

m,1,a (1))4;11—1 m,l,a( (1))4’"—2 . mla ( (1)\a+Ham=i

Ci (ﬁl \ 1+Ci2 1) 2"' tCam = \P1 o
m= U a+4m—i

Cm,l,a'( (1)) + Cm,l,ut( (1)) mla _ ( (1))

il 2 i2 2 Tt G 2

C 4+ .o FC

m,l,zx( (1))4"171 +Cm,1,a( 1) )4"’72
i1 4m i,2 4m

m, 1o _( (1) )0(+4H171'
idm — \Fdm '

m,1,a
i,j

Then, foreachi, j=1,2,...,4m, we derive ¢ as

det(V,) (i )
det (V,(,i ))
There is a similar proof for A =2. [J
As an immediate consequence of this we have

Corollary 2.9. Fora > 1,

det (V}, (k +1,k))
T (@) = for1<k<2m,
det (Vﬁ))
1
= - det (V}, (1,(im))
2det (Vm )
and
det (V2 (k, k)
J2 (@)= ————for1 <k <2m.
det (V,(f))
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