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Abstract. In this paper, we first give the modified version of the iteration process of Thakur et al. [15] which
is faster than Picard, Mann, Ishikawa, Noor, Agarwal et al. [2] and Abbas et al. [1] processes. Secondly, we
prove weak and strong convergence theorems of this iteration process for multivalued quasi nonexpansive
mappings in uniformly convex Banach spaces. Thirdly, we support our theorems with analytical examples.
Finally, we compare rates of convergence for multivalued version of iteration processes mentioned above
via a numerical example.

1. Introduction

Fixed point theory has an important role in modern mathematics because any problem can be turned
into a fixed point problem. Banach fixed-point theorem is the basis of this theory; it guarantees the existence
and uniqueness of fixed points of a contraction mapping defined on complete metric spaces and gives a
constructive method to find those fixed points. The multivalued version of Banach contraction principle
was first proved by Nadler [8] in 1969. Moreover, Lim [6] constructed the existence theorem for fixed
point of multivalued nonexpansive mappings in uniformly convex Banach spaces. Actually, the fixed point
theory for multivalued nonexpansive mappings is more difficult than the corresponding theory for single
valued nonexpansive mappings. But because of their applications in control theory, convex optimization,
differential inclusion and economics, many authors have been studied not only existence and uniqueness
of fixed point of multivalued nonexpansive mappings but also approximated fixed point of multivalued
nonexpansive mappings. Different iterative algorithms have been used to approximate the fixed points of
single or multivalued nonexpansive mappings in different spaces. Most known iterative algorithms are
Mann [7], Ishikawa [3] and Noor [9] iteration.

In 2009, Shahzad and Zegeye [13] studied convergence of the Mann and the Ishikawa iteration processes
for multivalued mappings in a nonempty closed convex subset of a uniformly convex Banach space. They
defined Pr(x) = {y € Tx : ||x — yl| = d(x, Tx)} for a multivalued mapping to do it well defined.

In 2007, Agarwal et al. [2] introduced a new iteration process which converges at a rate that is the
same as that of the Picard iteration and faster than the Ishikawa iteration for contractions. In [5], Khan and

2010 Mathematics Subject Classification. Primary 47H10; Secondary 49M05, 54H25

Keywords. Faster iteration, Banach spaces, quasi-nonexpansive multivalued mapping

Received: 19 June 2017; Revised 09 December 2017; Accepted: 10 December 2017

Communicated by Ljubi$a D.R. Ko¢inac

Email addresses: birolgndz@gmail.com (Birol Gunduz), osman.alagoz@bilecik.edu. tr (Osman Alagoz),
sezginakbulut@atauni.edu. tr (Sezgin Akbulut)



B. Gunduz et al. / Filomat 32:16 (2018), 56655677 5666

Yildirim modified this iteration process for multivalued nonexpansive mappings and proved strong and
weak convergence results for this iteration process.

Recently, Abbas et al. [1] introduced a new iteration process and proved some weak and strong
convergence theorems for two nonexpansive mappings. They showed that this process converges faster
than the Agarwal et al. [2] iteration process. Moreover, they found solutions of constrained minimization
problems and feasibility problems as applications of their results. In [4], Khan et al. used an iteration
to compute fixed points of multivalued quasi-nonexpansive mappings in Banach spaces. Motivated by
Agarwal et al. [2] and Abbas et al. [1], Thakur et al. [15] introduced a new three step iteration process for
computing fixed point of nonexpansive mappings in a uniformly convex Banach space. They also showed
that their iteration process converges faster than the iteration processes of the Agarwal et al. [2] and the
Abbas et al. [1].

Now, we will construct the above iteration processes for single valued mappings and multivalued
mappings in the sense of Shahzad and Zegeye [13] using Pr(x) = {y € Tx : ||x - y” =d(x, Tx)}.

Let K be a nonempty closed convex subset of a uniformly convex Banach space E and T be a single
valued or multivalued mapping. The above iteration processes generated by the following relation for
arbitrary chosen x; € K and sequences {a,}, {#,} and {y,} in (0, 1).

[ Iteration | Singlevalued Version [ Multivalued Version |
[ Mann [ % = A — an)xy + a,Tx, [ % =0 —an)x, +auu, |
. Xn+l = (1 - an)xn + anTyn Xn+l = (1 - an)xn + a0y
Ishikawa Yn = (1 = Bu)x, + BnTxy, Yn = (1= Bn)xy + Pty
Xn+l = (1 - an)xn + anT]/n Xn+l = (1 - an)xn + Uy
Noor Yn =1 = Bu)xy + BuTzy Yn = (1= Bu)x, + Prwy
zy = (1 - yn)xn + )/nTxn z, = (1- Vn)xn + Vnln
Xpe1 = (1= a)Txy + Ty, X1 = (1 — ap)uy, + oo,
Agarwal et al. Yo = (1= Bo)n + BuTon Yo = (1= Bu)ots + Bty
Xp+1 = (1 - an)T]/n + a, Tz, Xn+1 = (1 - an)vn + anWy
Abbas et al. Yn =1 —=B)Tx, + Tz, Yn = (1 = Bu)uy + Brwy
zy = (1 - yn)xn + )/nTxn z, = (1- Vn)xn + Vnln
Xn+1 = (1 - an)TZn + anTyn Xn+l = (1 - an)wn + a0y
Thakur et al. Yn =1 = Bn)zn + pnTzy Yn = (1= Bn)zn + Prun
zZn = (1= yu)xn + yuTx, Zn = (1= Yu)Xy + Yuliy

where u, € Pr(x,), v, € Pr(y,) and w, € Pr(z,).

Our aim in this paper is four fold. First is to show that multivalued version of the Thakur et al.
[15] process converges strongly and weakly to a fixed point of a multivalued nonexpansive mapping in
Banach spaces. Second is to provide validity of our theorem by giving some examples. Third is to see that
multivalued version of iteration processes given in the above table converges fixed point of a multivalued
mapping using a numerical example. Fourth is to compare rate of convergence of multivalued version of
iteration processes given in the above table by considering the numerical example.

Motivated by the previous iteration, we introduce a new modified iteration process to approximate
fixed points of multivalued quasi-nonexpansive mappings where the sequence {x,} is generated by x; € K
and

Xn+l = (1 - an)wn + ayUy
Yn = (1 - ,Bn)zn + ﬁnwn (1)
Zn = (1 - Vn)xn + Vnln

where ay,, B, ¥u € [0,1] for all n € N, u,, € Pr(x,), v, € Pr(y,) and w, € Pr(z,).



B. Gunduz et al. / Filomat 32:16 (2018), 5665-5677 5667
2. Preliminaries

Now, we give some concepts, definitions and lemmas which will be used through the proof of our main
results

Definition 2.1. [Proximinal] Let E be a real Banach space. A subset K is called proximinal if for each x € E,
there exists an element k € K such that

d(x, k) = inf{y € K : [|x — yl| = d(x, K)}.

From now on, we assume that C(K), CB(K) and P(K) show compact subsets, closed and bounded subsets
and proximinal bounded subsets of K, respectively.

Definition 2.2. [Hausdorff metric] For every A, B € CB(E),

H(A, B) = max{sup d(x, B), sup d(y, A)}
x€A yeB

denotes the Pompeiu-Hausdorff metric on CB(E) induced by the metric d.
A point x € K is called a fixed point of a multivalued mapping T : K — CB(K) if x € Tx. A set of all fixed
points of T is denoted by F(T).

Definition 2.3. A multivalued mapping T : K — CB(K) is said to be
e nonexpansive mapping if H(Tx, Ty) < [|x — y|| for allx, y € K,
e quasi-nonexpansive mapping if F(T) # 0 and H(Tx,p) < ||x — pl| for all x € K and p € F(T).

Itis well known that every nonexpansive mapping with a nonempty fixed point setis quasi-nonexpansive
mapping. But converse is not true. This statement is valid not only for single valued mappings but also
multivalued mappings.

Definition 2.4. [Opial condition] ([10]) A Banach space E is said to satisfy Opial’s condition if for any
sequence {x,} in E, x, — x implies that limsup,_, _ llx, — x|| < limsup,_, _ Ilx, — yll for all y € E with y # x.
Hilbert spaces and all I spaces (1 < p < o) satisfy Opial condition but, LF[0, 27t] space with 1 < p # 2 fails
to satisfy Opial condition.

Definition 2.5. [Demiclosed mapping] A multivalued mapping T : K — CB(K) is called demiclosed at
y € K if for any sequence {x,} in K weakly convergent to x and y, € Tx, strongly convergent to y, we have
yeTx.

The following lemmas have an important role in proof of our theorems.
Lemma 2.6. ([14]) Let T : K — P(K) be a multivalued mapping and Pr(x) = {y € Tx : |lx — y|| = d(x, Tx)}. Then
the following are equivalent

1. x € F(T).
2. Pr(x) = {x}.
3. x € F(Py).

Moreover, F(T) = F(Pr).
Lemma 2.7. ([11]) Let E be a uniformly convex Banach spaceand 0 < p < t, < q < 1foralln € N. Suppose that {x,}

and {y,,} are two sequences of E such that lim sup, _, _ ||x|| < r, limsup,,_,  lyall < rand limy, e ||t +(1=t,)yall =
7 hold for some r > 0. Then limy, e ||y — Yull = 0.
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3. Main Results
Before we give our main theorems, we give a useful lemma with its proof.

Lemma 3.1. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
T : K — P(K) be a multivalued mapping such that F(T) # 0 and Pr is a quasi-nonexpansive mapping. Let {x,} be
the sequence as defined in (1). Then limy,_,« ||x,, — pl| exists for all p € F(T) and lim,, e d(x,,, Pr(x,)) = 0.

Proof. For a given p € F(T), we have

llz, — P|| =||(1 - yn)xn + Valy — P”
<1 =ywllxn = pll + ullu, = pll
< = yu)llxn = pll + ynH(Pr(xz), Pr(p))
<(1- yn)”xn - P” + Vn”xn - P||
<llxu = pll. )

Next

lyn = pIl =N = Bu)zn + Brwn — pll
<1 = Bllzn = pll + Bullw, — pll
<(1 = Bu)llxy — pll + BuH(P1(z4), Pr(p))
<(1 = Bu)llcn = pll + Bullzn — pll
<1 = B)llxn = pll + Bullx, = pli
<l — pll, ®)

and by using (2) and (3) we get

Ixne1 = pll =1 = an)wn + anv, = pll
<(1 = ayllwy — pll + aullv, = pli
<(1 — an)H(Pr(zn), P1(p)) + 0 H(Pr(yn), P1(p))
<1 = an)llzn = pll + aully, = pll
<(1 = a)llxn = pll + anllx, = pll
<llxn = pll-

Hence lim,,_,« |lx, — pll exists for all p € F(T). In order to prove the rest of the Lemma (3.1), we shall prove
that lim;,_,c |x,, — t1]| = 0. Assume that lim,,_, ||x,, — pll = c. From (2) and (3) we have

limsup |z, — pll < c 4)
n—oo
and
limsuply, —pll < c. )

Moreover, we have

lun — pll < H(Pr(xy), Pr(p)) < llxn —pll,
[0, = pll < H(Pr(yx), Pr(p)) < lly, — pll

and
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llwn = pll < HP1(zn), Pr(p)) < llzn = plI-
Taking limsup on both sides of above inequalities, we obtain

limsup, , llu, —pll <c
limsup,_, . llv, —pll <c (6)
limsup, , llw, —pll <c

and so
c= 31_1)120 [1xp41 — P|| = ’}gl;’ (1 = an)(w, — P) + a, (v, — P)||

From Lemma (2.7), we have
lim ||w, — v,|| = 0.
n—oo

Now
[[xp41 — P|| =1 = ap)wy + @y, —P” < lwy, —P|| + al|lwy, — vl

yields that

¢ < lim infljw, — pll. )

Next (6) and (7) give
lim ||w, —pll = c.
n—oo

On the other hand, we have

lw, = pll =llw, —p + vy = vull < llwy, — vall + llvn = pll
<llwy = vall + llyn = pll

and this yields that
¢ < liminflly, —pll. (8)
From (5) and (8), we get

¢ = lim [ly, = pll = Hm (1 = )z = p) + fu(@y = Pl
Using Lemma (2.7), from (4) and (6) we get
lim |1z, — w,|| = 0.
Since

Iy, = pll =1 = Bu)zy + Brw, — Pl
<|lz,, - P” + ﬁn”wn —zull,

we obtain

¢ < liminfllz, - pl. )

So, from (4) and (9) we get
lim ||z, — pll = c.
n—oo
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Consequently,
¢ = lim [z, — pll
= Tim (1 = @)%, + @t = pl|
= 1im [I(1 = ) (s = p) + (it = Pl
Now by using Lemma (2.7), (6) and because of lim,,_,« ||x, — pll = ¢, we obtain
lim [l — wall = 0 (10)
which yields that lim,,_, d(xy,, Pr(x,;)) = 0 as desired. [
Now we give our convergence theorems with examples which are satisfied.

Theorem 3.2. Let E be a uniformly convex Banach space and K be a nonempty compact convex subset of E. Let
T : K — P(K) be a multivalued mapping such that F(T) # 0 and Pt be a quasi-nonexpansive mapping. Let {x,} be
the sequence as defined in (1). Then {x,} converges strongly to a fixed point of T.

Proof. As we proved that lim,,_, |lx, — pll| exists for all p € F(T). Because of the compactness of K there exists
a subsequence {x,,} of {x,} such that limy_, ||x,, — gl = 0 for some g € K. Then

d(q/ PT(‘])) Sd(xﬂk/ q) + d(xnk/PT(xﬂk)) + H(PT(lek)r PT(’?))
Lllx, = gll + 2, — el + [lxn, —gll = 0

as n — oo. From Lemma (3.1) we have lim,,_,c ||x,, — 1y, || = 0.
So we get d(q, Pr(g)) = 0. Hence g is a fixed point of Pr. Since F(T) = F(Pr) by Lemma (2.6), {x,} converges
strongly to a fixed pointof T. [

Now we give an example to satisfy the Theorem (3.2).

Example 3.3. Let (IR, ||.||) be a normed space with usual norm and K = [0, 2]. Define T : K — P(K) as:

x+l].

Tx = [O, >

1
It is clear that K is a compact convex subset of R. Moreover F(T) = [0,1] # 0. Let a, = f,, = v, = o If
x € [0,1] observe that Pr(x) = {x}. If x ¢ [0, 1], then

Pr(x) :{ye Tx: |y — x| =d(x, [0,%])}
=y e Tx:ly—xi = |- 2| = [F1)
:{yEszly—xlzxz;l}
1
=ly="5-}

Now we show that Pr(x) is a quasi-nonexpansive mapping for all x € K. If x € [0,1], it is clear since
+1 +1
Pr(x) = {x}. If x ¢ [0,1], we get H(Pr(x), Pr(p)) = H(x > ,p) = |x 5~ p( < |x — pl. So Pr(x) is a quasi-

nonexpansive mapping. Thus T satisfies conditions of above theorem. We generate a sequence {x,} as
defined in (1).
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3

+1
Choose x; = § € K =10,2]. Then Pr(x1) = {x1 A 1} = {ZT} = {1 + 1} and uq € Pr(x1) = {1+ i}. That is,

1 2 2 4
u1:1+Z.Then
1.3 1 1 3
zlz(l—yl)x1+7/1u1=(1—§).§+§.(1+Z)=1+§
and X
z+ 1y 1+§+1 3 3
Pr(z) = (=5 = {—5—} = {1+ 3.
3 ) 3
Choose w; EPT(21)={1+E},thatls,w1=1+E.Then
1 3 1 3 9
yl—(1—ﬁ1)21+ﬁ1W1—(1—5).(1+§)+§.(1+E)—1+?§
and .
y1+1 1+5+1 9
Pr(y) = - 1+ 2
) = (75—t = {—5— =11+
Choose v; € Pr( )—{1+2}v —1+2 Then
1 T\Y1) = 64" 1= 64"
1 3 1 9 21 1
=(1- =(1-2)(1+—>2)+=.(1+=)=1+— =
X =(1-a))w; + a1 = ( 2)(+16)+2(1+64) 1+128<1+4
and ”
o xt+1 1+@+1 _ 21
Pr(x) = (Z5—) = {—F—} = {1+ ).
Next, take up € P (x)—{l+£} thatis u —1+£ Then
’ A 256" 27 T 56
1 21 1 21 147
=(1- =1--)1+— -1+—=—)=1+ —.
2= (L=y2)xe +yau2 = (1= DL+ ) + 2.0+ 522) = 1+ 7507
Choose w;, € P (z)—{1+—7} thatis w —1+£ Then
2= =T 5048 27 T 048
1 147 1 147 1029
=(1- = (1= )1+ )t~ 4 ) = 1+ ——
2= =p)z+ frwr = (A= P+ 7)) + 7.0+ 552) = 1+ 5107
and 1029
Y +1 1+5g5 +1 1029
P = = ={1+——}.
r(y2) = (F5—) = {0 = L+ o)
1029 1029
Choose v, € PT(]/Z) ={1+ m}, vy =1+ m Then
1 147 1 1029 4557 1
=(1- —(1-) (14— )= (14— ) =1+ 2 =
¥a = (1= ag)wy +agvy = (1= -+ 5000) + 10+ 70360 = 1+ o536 <1 ¥ g

1 1 1
In a similar way, x4 <1+ 3 x5 <1+ 100 X, <1+ o This shows that {x,} converges strongly to a
point of Fr = [0,1].

It is known that the condition (I) is weaker than compactness of K. So we now prove our strong
convergence theorem by using condition (I) which was originally given by Senter and Dotson [12].
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Definition 3.4. [Condition (I)] ([12]) A multivalued nonexpansive mapping T : K — CB(K) is said to satisfy
Condition (I), if there exists a continuous non-decreasing function f : [0, c0) — [0, c0) with f(0) =0, f(r) > 0
for all r € (0, o0) such that d(x, Tx) > f(d(x, F(T)) for all x € K.

Theorem 3.5. Let E be a uniformly convex Banach space, let K be a non-empty closed and convex subset of E and let
T : K = P(K) be a multivalued mapping satisfying condition (I) such that F(T) # 0 and let Pt be a quasi-nonexpansive
mapping. Then the sequence {x,} as defined in (1) converges strongly to a fixed point of T.

Proof. We show that lim,,_,« ||x, —pl|| exists for all p € F(T) = F(Pr) in Lemma (3.1). In case lim,, . [|[x, —pl| = 0
the proof is over. So we take lim,,_,« ||, —pll = ¢ > 0. In Lemma (3.1), we also prove that [|[x,,+1 —pll < [lx,, —pll.
Thus

d(xn41, F(T)) < d(xn, F(T)).

This inequality goes to lim,_,e d(x,+1, F(T)) exists.
Now, we focus to prove that lim, . d(x,+1, F(T)) = 0. Assume that lim,, . d(x,+1, F(T)) = b > 0. For all
n € IN, choose

P Un —p o= Xn =P
Tl =pl” " -l
Since [[un — pll < H(Pr(x»), Pr(p)) < llxn — pll, then [|£,] < 1 and
’ Xn — p
ezl = | |=1
" llxn — pli
Now from condition (I), we have
, Xn =P Un —p
=t = -
I = ol == = il
:| Xp — Uy
llx,, = pll
=”xn — ul|
llx, = pli
d(xn, Txn)
Al = pll
 fo, F(T)
len =l
Since f is a continuous function
o f(b)
liminf|[f], — t,]] > — >0
n—oo

for all n € N. In Lemma (3.1), we showed that lim,_, |lx, — pl| = ¢ and lim,,—, ||z4 — pl| = c. Next,

tim 11 = y)t, + putall = lim (1 = ). 2=y 2P
00 n—oo 2, = pll llx, = pll
_ 1 |(1_Vn)xn + Vnlln —P”
= lim
n—oo ||xn - P”
_hmn—wo ”Zn _P” _ E _
_limn—mo ||xn _p” - c B
So, from Lemma (2.7), [Itsll < 1 and [[F(n)ll = 1, we get lim,—w [It;, — tall = 0. But we just established

liminf,_, ||}, — t,|l > 0, so this is a contradiction. Now we have lim,,_,« d(x,11, F(T)) = 0 and this follows
that
lim [lx, —pll = 0.

Thus the sequence {x,} converges to a fixed point p of T. O
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Now we give an example to support Theorem 3.5.

Example 3.6. Choose K = [a,b]; for a,b € R*. It is clear that K is a non-empty closed and convex subset of
R. Define T : K — P(K) as

Tx = [a,a + J—I;]

ab 1
for0 <a <b-1. Then Fr = [a ] and Fr # 0. Let a, = B, = y» = =. Define a continuous and

non-decreasing function f : [0, c0) — [0 oo) by f(r) = First we show that d(x, Tx) > f(d(x, Fr)) for

2b/(b iy
all x € K. Obviously if x € Fy = [ ] then d(x, Tx) = 0 = f(d(x, Fr)). When x € [ T ab T ,b], we have
—1Dx —
d(x, Tx) = d(x, [a,a + ’Ec]) -+ %” - w

and so

e, E) = £(de o, 2 ]) = p(he - 72 ) = 0Dt

Thus d(x, Tx) > f(d(x, Fr)) for all x € K. As we show in the previous example, Pr(x) = {x} when x € [ = 1]

Ifxe [b b] then

Pr(x) =y € Tx : |y — x| = d(x, [a,a + %])}

=
{
lv
lv=

yeTr:ly—xl=l—(@+7))

(b - 1)x — abl}

€Tx:|ly—x= b

+ 5

Now, we show that Pr is a quasi-nonexpansive mapping for all x € K. If x € Fr, then Pr(x) = {x}. So,
H(Pr(x),p) = H({x}, p) = |x — pl.

If we take x € [%, b], then

H(Pr(x), Pr(p)) = H{a + - } )—Ia+——pl<lx pl.

Finally, we generate a sequence {x,} as defined in (1) and show that it converges strongly to a fixed point of
T.

Choosea=1and b =3 thus Tx = [1,1 + g] and Fr = [1, %] # 0.

7 7
Take x; = Z eK=[1,3], Pr(x;) = 1+ L) = (7)- Thatis, u; = 7. Then

3
19 17
= (1 —)/1).7(1 +)/1M1 = EZ + EZ =2
and ) 5
- 2y Sy g2
PT(Zl)—{1+3} {1+3} {3}-
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Choose wy € Pr(z1) = {g}. That is, w; = g Then

1 15 11
Y1 = (1 _ﬁl)zl +ﬁ1w1 = §2+ Eg = g
and
T PO S S
Pr(y1) ={1+ 3}—{1+ 18}—{18}-
Choose v1 € Pr(y1) = {%}, = % Then
X =1-a))w + v—1§+1§—%+i<—+1
2= T TN =537 598736 736 S 2 ' 4

3 1
Continuing in this way, we get x,, < 5 + o This shows that {x,} converges strongly to a fixed point of T in

3
Fr=11, 5]-

Now we also show that our new iteration process is faster than the Mann [7], the Ishikawa [3], the Noor
[9], the Agarwal [2] and the Abbas and Nazir [1] iteration processes, by giving a numerical example.

Example 3.7. Let K =[0,3] and let T : K — P(K) as

3x+8

Tx =
¥=10—=3

]

for all x € K. It is clear that T is a multivalued mapping and Pr is a quasi-nonexpansive multivalued
mapping with Fr = [0,1] # 0. Choose a,, = B, = y» = 0.83, with the initial value x; = 2.5. We give the first
30 terms of multivalued version of iteration processes mentioned above. Then all sequences converges to
p=1eFr=]0,1].
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Step Mann Ishikawa Noor Agarwal Abbas New iter.
1 2.500000000 | 2.500000000 | 2.500000000 | 2.500000000 | 2.500000000 | 2.500000000
2 1.594545454 | 1.389583471 | 1.343187532 | 1.204128925 | 1.144047630 | 1.080909283
3 1.235656198 | 1.101183521 | 1.078518455 | 1.027779079 | 1.013833147 | 1.004364208
4 1.093405548 | 1.026279618 | 1.017964370 | 1.003780342 | 1.001328422 | 1.000235404
5 1.037022562 | 1.006825403 | 1.004110099 | 1.000514452 | 1.000127570 | 1.000012697
6 1.014674397 | 1.001772710 | 1.000940356 | 1.000070010 | 1.000012251 | 1.000000685
7 1.005816397 | 1.000460413 | 1.000215146 | 1.000009527 | 1.000001176 | 1.000000038
8 1.002305408 | 1.000119579 | 1.000049224 | 1.000001297 | 1.000000113 | 1.000000002
9 1.000913780 | 1.000031057 | 1.000011262 | 1.000000176 | 1.000000011 | 1.000000000
10 | 1.000362189 | 1.000008066 | 1.000002577 | 1.000000024 | 1.000000001 | 1.000000000
11 | 1.000143559 | 1.000002095 | 1.000000590 | 1.000000004 | 1.000000000 | 1.000000000
12 | 1.000056901 | 1.000000544 | 1.000000135 | 1.000000001 | 1.000000000 | 1.000000000
13 | 1.000022553 | 1.000000142 | 1.000000031 | 1.000000000 | 1.000000000 | 1.000000000
14 | 1.000008939 | 1.000000036 | 1.000000007 | 1.000000000 | 1.000000000 | 1.000000000
15 | 1.000003543 | 1.000000009 | 1.000000002 | 1.000000000 | 1.000000000 | 1.000000000
16 | 1.000001404 | 1.000000002 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
17 | 1.000000557 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
18 | 1.000000221 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
19 | 1.000000087 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
20 | 1.000000035 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
21 | 1.000000014 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
22 | 1.000000006 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
23 | 1.000000003 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
24 | 1.000000001 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
25 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
26 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
27 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
28 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
29 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
30 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
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Note that convergence of all iteration processes given in above table are proved in [7], [3], [9], [2] and
[1]. Also the mapping Pr(x) = {y € Tx : |lx — yl| = ||x — Tx||} defined by Shahzad and Zegeye [13] guaranteed
all iteration processes converges same fixed point of T.

We now demonstrate the convergence behaviours of the Mann [7], the Ishikawa [3], the Noor [9], the
Agarwal et al. [2], the Abbas et al. [1] and the new iteration for the mapping T which is given in Example

3.7.
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Finally, we give weak convergence theorem of the sequence as defined in (1) by using Opial’s condition.

Theorem 3.8. Let E be a uniformly convex Banach space satisfying Opial’s condition and K be a non-empty closed
convex subset of E. Let T : K — P(K) be a multivalued mapping such that F(T) # 0 and Pr is a quasi-nonexpansive
mapping. Let {x,} be the sequence as defined in (1). Let I — Pt be demiclosed with respect to zero, then {x,} converges
weakly to a fixed point of T.

Proof. Let p € F(T) = F(Pr). We established that lim,_, [|[x, — pl| exists for all p € F(T) in Lemma (3.1).
Choose z; and z; to be weak limits of the subsequences {x,,} and {x, B of {x,}, respectively. From (10), there
exists limy . ||x, — u,|| = 0 satisfying u, € Tx,. Since I — Pr is demiclosed with respect to zero, thus we get
z1 € F(Pr) = F(T). In a similar way, we can see that z, € F(T).

Now, we prove z; = z,. Suppose on contrary that z; # z;. Then using Opial’s condition, we get

lim [jx, — z1|| = lim [|x;,;, — z1]|
n—oo n;—oo
< lim ||x,, — z2l|
nj—oo
= lim ||x;, — zo||
n—oo
= lim [|x,; — zal|
n,'—>oo
< lim [Ixn; — zall
1’11‘4)00
= lim ||x,, — z1]I.
n—oo

So this is a contradiction. Thus z; = z; and {x,} converges to a pointin F(T). O
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