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On Some New Inequalities via GG-Convexity and GA—-Convexity
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Abstract. In this paper, we established some integral inequalities for functions whose derivatives of
absolute values are GG—convex and GA—convex.

1. Introduction
We will start with the definition of convexity.

Definition 1.1. The function f : I € R — R is a convex function on I, if the inequality

flx+A-ty) <tf )+ A -1)f(y)
holds for all x, y € I and f € [0, 1]. We say that f is concave if —f is convex.

Let f : I C R — R be a convex function where a,b € I with a < b. Then the following double inequality

hold:
b o+ )
7(45) < 55 [ e

This inequality is well-known in the literature as Hermite-Hadamard inequality that gives us upper and
lower bounds for the mean-value of a convex function. If f is concave function both of the inequalities in
above hold in reversed direction.

Anderson et al. mentioned mean function in [2] as following:

Definition 1.2. A function M : (0, o0) X (0, 00) — (0, 00) is called a Mean function if
(1) M(x,y) = M(y,x),
(2) M(x,x) = x,
(3) x < M(x,y) < y, whenever x < y,
(4) M (ax,ay) = aM (x, y) for all a > 0.
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Based on the definition of mean function, let us recall special means (see [2])

1. Arithmetic Mean: M (x,y) = A(x, y) = HTy

2. Geometric Mean: M (x, y) = G (x,y) = /xy.

3. Harmonic Mean: M (x,y) = H (x,y) = 1/A (}—(, %)

4. Logarithmic Mean: M (x,y) = L (x,y) = (x — y) / (log x — log y) for x # y nd L(x, x) = x.

5. Identric Mean: M (x,y) = I(x,y) = (1/e) (x"/yy)l/(’“y) for x # ynd I(x, x) = x.
In [2], Anderson et al. also gave a definition that include several different classes of convex functions as
the following:

Definition 1.3. Let f : I — (0, o0) be continuous, where [ is subinterval of (0, ). Let M and N be any two
Mean functions. We say f is MN-convex (concave) if

fM(x,y) <N @), f ()
forallx,y € I.
In [10], Niculescu mentioned the following considerable definitions:

Definition 1.4. The GG—convex functions are those functions f : I — ] (acting on subintervals of (0, o))
such that

x,yeland A €[0,1] = f(xl‘AyA) < fE )t (1)

Definition 1.5. The class of all GA-convex functions is constituted by all functions f : I — R (acting on
subintervals of (0, ©)) such that

x,yeland A €[0,1] = f(xl_AyA) SA-ANfx)+Af(y). ()
In [3], the authors proved the following lemma and establish new inequalities.

Lemma 1.6. Let f : I C R, = (0,00) — Rbea differentiable function on I° and a,b € I° witha < b. If f € L([a, b])
then the following identity holds:

b
b (b) - af(a) - f Fw)du

1 1
= (Inx-Ina) f (xa217) £ (x'a'")dt - (Inx - Inb) f (6200) £ (x'p') at
0 0

forall x € [a, b].

For recent results, generalizations, improvements see the papers [1-11].

The main aim of this paper is to prove some new integral inequalities for GG—convex and GA—convex
functions by using a new integral identity.
2. New Inequalities for GG—Convex Functions

We need the following integral identity to get our new results.

Lemma21. Let f : I € R, = (0,00) — IR be a differentiable function on I° where n,u € I° with n < u. If
f € L([n, u]) for all & € [n, u], then the following equality holds:

2 2 _ i
W F () - 1) -2 f Y
n

1 1
= (h‘l[J —In 5)L ([u37§3(1—”f))f' (pTél‘T) dt +(Iné - In n)ﬁ (537773(1—”[))](' (51771—7) dr.
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Proof. Let

1
Il — L (”3753(1—77))](' (‘LlTél_T) dt

and

1
I = L (éSTUS(l—T))f’ (Efnl—'r)d,r

We notice that

1
L (‘u3163(177))f’ (‘u”[élf”[) dt
1 ! T - 4 Tcl-1 Tcl-1
—ln#_lnéfo (2 &2070) f (uret ) d (u7e').

By the change of the variable ¢ = u&!~" and integrating by parts, we have

I

I—— *f( )—Ezf(é)—nyle(lP)le
1_lny—lnc§_# H c )
Conformably, we have
1 ¢
b= Gy SO ~ A -2 f,] wfw)dw]-

5709

Multiplying I by (Inp —Iné) , I by (In& — In7) and adding the results we get the desired identity. [

Our first result is given in the following theorem.

Theorem 2.2. Let f : [ € Ry = (0,00) — R be a differentiable function on I° where n, u € I°with n < u and

f e L(n, ul)- If|f( is GG— convex on [, u], for all & € [n, u] then the following inequality holds:

2 .2 _ #
W2 f(u) = f(n) =2 f sbf(sb)dw‘
n

< (np-loL(y f @)+ (n& - my)L(e

).

, We can write

U
W F) — ) -2 f PFp
n
1
_ 31 £3(1-1)
(Inu lné)fo (y < )
1
_ 3t ¢3(1-1)
(Inu lncf)fo (M & )
1 ’ T ’ 1—‘[
+(Iné ~Ing) f (€PN |F G | @l e

, EIF ©)
= (np-n&)&|f <5>|f0(;||§ E”))Ud +(Iné—Ing) P |f()1f[ ); (’7)||]d

If we calculate the integrals above, we get the desired result. O

IA

1
f’ ([LlTél_T) art + (lné —In n)fo (537173(1—’[)) f’ (ETnl—T) dt

IN
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Theorem 2.3. Let f : I € R, = (0,00) — R be a differentiable function on I° where n, u € I°with n < u and
f e L([n,u). If|f(q is GG— convex on [n, u] for all & € [n, u], the following inequality holds:

2 2 _ !
W F() - P F) -2 f r#f(r,b)dw‘
n

Dl |
)",

< (np-tn&) (L(, ) (L(F
+ng ) (L)) (L)

whereq>1and%+%=1.

Proof. From Lemma 2.1, using the property of the modulus, GG— convexity of | f‘q and Holder integral
inequality, we can write

W F@) — P -2 f ' wfw)dw‘
n
1

= (np=ing) [ (0 f (re)
(h‘l[.l —In 5) (fl ”371753(1—"()7!1[1,[); (fl |f’ MTEl—T q dT)},
+(In& —11’117) (f 531}?773(1 T)pdT); (f |f & 1- T )
ma-mofer [ () e ([l Iy off e
+(Iné —Inp) (03” f 1 (%) dT),, ( f U @[ dT),,

If we calculate the integrals above, we get the desired result. [

1
dr + (lné —In n)f (537773(1—7))
0

f’ (57171—7) dr

IA

IA

Theorem 2.4. Under the assumptions of Theorem 2.3, the following inequality holds:

2 2 _ !
R F) - P A -2 f www‘

==

< (np=m&) (L |f @], F @)
g =t (L(¥ | @ F @lf)

1,1
whereq > Tand 5 + 5 = 1.

Proof. From Lemma 2.1, using the property of the modulus, GG— convexity of | f‘q and Holder integral
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inequality, we can write

w2 f(u) = f(m) -2 f ' i f(¢)d¢‘
n
1
(Inp-Iné) fo (&) |f (u7e)
1 ; 1 1
— ’ 37q £3(1-1) / Tel-t q 1
(In u lné)(j; d’[) (j; 13E qf(yé ) d’[)
+(Iné& _lnﬂ) (fl dT)p (fl 53’[;71]3(1—’[),1 da)a
0

! ;
(Iny-In 5)( ) (f M3ch(;3(1—’[)q |f (M)(W |f (é)|<1—T)q dT)

+(in =) f o ( f [ O | (' %)

If we calculate the integrals above, we get the desired result. [

dt + (11’15 —In T]) fl (531173(1—1)) f’ (5'[1]1—1) dt
0

IA

f’ (gtnl—’[)

IA

Theorem 2.5. Let f : I € R, = (0,00) — R be a differentiable function on I° where n, u € I°with n < u and
f e L(n, ul)- If|f(q is GG— convex on [, u] for all & € [, u], the following inequality holds:

[J
W F () - 1) -2 fl I,Df(w)dab‘
1 g3 |f/ (E)‘q)ﬁ
LRl o)

< (lny —In 5) (L(H3/ 53))1—% ( ( 3
+(né&—-1In 17) (L(éa'/ 773)) ( (53

forg>1.

Proof. From Lemma 2.1, using the property of the modulus, GG— convexity of | f )q and power-mean integral
inequality, we can write

2 2 _ :
W () = f(m) -2 f I#f(lﬁ)dw‘
n

(Inu—1Iné) fl (#3153(1—7))
0

1
f’ (/fEl_T) art + (lné —In n)‘f(; (537173(1—7)) f’ (57171—7) dt

1

1 “i/ i
_ 37 3(1-1) 37 £3(1-1) g T 1-1 q
< (Inp lné)(‘fo (;1 3 )dT) (jo‘ (‘Ll 3 )f(/,ta ) dT)
;
+(1n5 n ,7) (fl (é3rn3(1f))dT) (fl (537773(1—1)) f (5177171) da)
0
<

(Iny —In¢) (f ( 3t g3(1- T) ) ( 3153(1—7)) |f (M))M |f (é)l(l—f)q d’()q
=

+(né - lnn)( f (&2rp-9) dT) ( f IF @I ol %).

We get the desired result by a simple calculation. [
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3. New Inequalities for GA—Convex Functions
In this section, we obtain some inequalities for GA— convex functions.

Theorem 3.1. Let f : I C R, = (0,00) — IR be a differentiable function on I° where n, u € I°with n < y and
f e L([n,u). If|f( is GA— convex on [, u] for all & € [n, u], the following inequality holds:

2 2 _ !
L F () - 2 f@) - 2 f )Y
n

|f/;/“‘)| [M3—L(53,H3)] |f( ’[L(é3 2~ L 53)] |f (77 | [L( 3 83— ]

Proof. From Lemma 2.1, using the property of the modulus, GA— convexity of | f (, we can write

2 2 :
e =70 -2 [ gy

n

1
Inu—1In 37 £3(1-1)
(ngp=tng) [ (s7e0)

1
< (np-hé) f (120 [e|f ]+ 1 - D|f @] de

f’ (HTél_T) f’ (é'{nl—’() dat

1
dt+(In& —1In n)f (531173(1—7))
0

A

1
+(Iné&-1In r])f (53T173(1_T)) [T |f/(5)| +(1-1) |f/(77)|] dt
0
We get the desired result by a simple calculation. [

Theorem 3.2. Let f : I € R, = (0,00) — R be a differentiable function on I° where n, u € I°with n < y and
f e L(n, u)- If|f(q is GA— convex on [, u] for all & € [n, u], the following inequality holds:

2 0 _ !
W F () - ) 2 f Y

< (np-n&)i L (&, p

)(‘f @l [12 - 1@, )] + | O [, - €] ]5
3

, 9Te3 _ 3 3 , q 3 g3y o3 %

forg>1.

Proof. From Lemma 2.1, using the property of the modulus, GA- convexity of | f )q and power-mean integral
inequality, we can write

U
W f(u) = f(n) -2 f i f(¢)d¢‘
(Inu - lné)f 3T,§31 T)) ( el T)

(Iny— lng)(f (176%-9)d ) (fl( 32309 [ | () + ¢ —’C)lf/(é)‘q]d’[)

1-

1 1 q
+(lncf lnn)(ﬁ (531 3(1-1) ) ( 0 5377 3(1- T) [ ‘f (cf)|q 1-1) |f’(n)|q] d’[)

1
dt+(In& —In T])f (531173(1—7))
0

f’ (éTT]l_T) dar

IA
S

1
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We get the desired result by a simple calculation. [J
Remark 3.3. In Theorem 3.2, if we choose q = 1, Theorem 3.2 reduces to Theorem 3.1.

Theorem 3.4. Under the assumptions of Theorem 2.3, but now for |f'|7 GA—convex, the following inequality holds:

2 2 _ :
2 F() nmn2f4ﬂww‘
n
q

F@[)’
Fal),

4

< (ng-Iné) (L (ﬂ,giﬂ))l_; (A(f @)

q

+né-Tnp)(L (é%,n%))l_q (a(rol,

1,1 _
whereq>1andp+q_1.

Proof. From Lemma 2.1, using the property of the modulus, GA— convexity of | f‘q and Holder integral
inequality, we can write

2 2 _ :
B2 F(u) = £ () {fwﬂwww
n

(Inu —1Iné) fl (HBTéS(l—T))
0

dt

1
dt + (11’15 —In n)ﬁ (53’[173(1—’1')) ’f’ (éTnl_T)

f (7€)
(Ing—In&) (fol (‘u3’r£3(1—’[))pd1_)

1
+(In& —Inn) ( f (537173(1—T>)pdf)
0

We get the desired result by simple calculations. [J

1-7 1
(fo tf W'+ a-of (5)|‘7ah)

1-1

%LZV@WvaVmWMY

By

IN

Theorem 3.5. Let f : I € R, = (0,00) — R be a differentiable function on I° where n, u € I°with n < y and
f e L(n, ul)- If|f(q is GA— convex on [, u] for all & € [n, u], the following inequality holds:

2 2 _ #
B2 F(u) = £ () {f¢ﬂ@@+
n

Iny—In&)i 1 (Iné —Inm'7 L
< Q&L;EL_@“%@y+Q£_;Q_4M@ﬂw,
q’i qﬂ
where
Ko - |F @l [0 = L&, 2] + | £ ©f [L(E™, 12 - 1]
aNTES T 3
IF @[ [ = Laps, &0 + |F | [Lap, £29) - s
cen - VO L+lrof| ]

forall Y € [n,u]and g > 1.
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Proof. From Lemma 2.1, using the property of the modulus, GA— convexity of | f )q and power-mean integral
inequality, we can write

2 2 _ :
20 - A -2 [ wfw)dw‘
n

1 ,
(Inu—-1n¢) fo (H3T53(1—T)) f (”T él_T)

1 1—% 1 %
(Inp—1né) (I} d'c) (I} [lu3153(1—7)]q [T |f'([u)|q +(1-1) |f(5)|q] dT)
1-1

S q
+(1nc§—ln17)( fo dT) ( fo |e2opa]’ [T|f’(g)|q+(1—T)|f’(n)|q]d7)

A simple calculation gives the desired result. [J

dt + (11’15 —In T]) fl (CSSTTIS(l—T)) f’ (éTr]l_T) dt
0

IN

Theorem 3.6. Let f : I € R, = (0,00) — R be a differentiable function on I° where n, u € I°with n < u and
f e L([n,u). If|f(q is GA— convex on [n, u] for all & € [n, u], the following inequality holds:

2 _ 2 _ !
o f(w) =" f(n) 2f vf (ll))dkb‘
n

(np-Ing)~t [L (wgq)] (K, (1,9))’

()"
— 1_% 9y % 1
P 5,59 e
where
Kwd = F (@l [ = L, 120 + | £ @ [L&, w2y - £
1A a 3
F@[ &3 —Lap, 0| +|F o (Lo, £9) - i
Ky - Ol ]3| f' [Ler, & - 7]

forall Y € [n,u]and g > 1.

Proof. From Lemma 2.1, using the property of the modulus, GA— convexity of | f )q and power-mean integral
inequality, we can write

2 2 _ !
W F () - 1P -2 f I,Df(w)dub‘

(Inu- lné)f 31531 T)) ( el 7)

g-1

dt + (11’15 —In 1]) fl (531173(1—7)) f’ (57171_7) dt
0

(lnu—lncf)( f Gy )( “é““”]ﬂz(f’(u)lq+(1_T)|f’(é>|q]d1)q

-1

IN

+(1n5—ln17)(f (& T)qld’[) (f [ [2|f @ + a-o|f o']d )

We get the desired result by a simple calculation. [
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4. Applications to Special Means
Proposition 4.1. For 0 < n < & < y, one can obtain:
|e” (,u2 -2u+ 2) —e (r]2 -2n+ 2)|
< (Inp-Iné)L (p3e“, £3e5) +(In&-1Inn)L (536‘5, 1733”) .

Proof. Let f(y) = e¥ for ¢ € R,. Then, f/(l/})| = e¥ is a GG—convex function on R, and by using the
inequality that is given in Theorem 2.2, we get

e = eMp =20 (u—1) = ' (- 1)
< (Inp-Iné)L (y3e”, 536‘5) +(Iné—-Inn)L (5365, 1]33”) .

2

0
Proposition 4.2. For 0 <1 <& <y, q>land ; + ¢ =1, we have:

u 4
3 <

|#2qe% - et = 2[(qpet — gt ) - (qPne’ — ge?) ”
< (h’ly ~In&) (L (,U3p1 53;1))? (L (3'“,65))%
+n & =T (L(£7, 7)) (£(&5 )

Proof. Let f(y) = qe% for ¢ € R,. Then, |f (gb)|q = ¢¥ is a GG—convex function on R, and by using the
inequality that is given in Theorem 2.3, we get

i2qet = qet =2 (Puet - get) - (Pnet - et )|
¢t me o) ()
e (&) ()
which completes the proof. [J
Proposition 4.3. Under assumptions of Proposition 2, we have:
W2get = 1Pget =2 (et - get) - (aPnet - g )|
< (np—In&) (L (e, &))" + (&~ Inn) (L(£¥eE, pen))’

Proof. Let f(y) = qe% for i € R,. Then,
inequality that is given in Theorem 2.4, we get

= ¢¥ is a GG—convex function on R, and by using the

I3 3 b

[12ae7 — 1Pget —2[(Puet - ) - (et — el )|
< (Inu-1Iné) (L (y3”e“, 53’76‘5))E +(Iné&—-1nn) (L (53*’6 ,173”6’7))% ,
which completes the proof. [

Proposition 4.4. For 0 <n <& < u, s > 0, we obtain:

3( = 1) [Lswz ()]
< (0P =)+ LE W) E - ]+ LR, ) I - €.
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Proof. 1f we set f(x) = &5 " for x € R, and s > 0. Then, it is clear that | f (x)| = x° is a GA—convex function on
R, and from the inequality that is given in Theorem 3.1, we can write

b
W F() — ) -2 f abf(yb)dw‘

Ms+3 ns+3 Ms+3 _ 175+3
T ols+1 s+l (s+1)(s+3)
s+2

(1 = 1) [Los2 (n, )]

For the right hand side of the inequality, we get

el ;” ) [0 - L&, )] + el (5 ‘ L& 1) - L7, )] + Ll (")| L, &) -]
s+3 ST, 53, 3 s+3
= #T - % + % [L(ES/ 1) - L@, 53)] + gL(Tf/ 53) - ’77

By simplifying the above results, we get the proof. [

Proposition 4.5. For0 <n<&<u,q21,5>0andsq # 1, we get:

5+2

(1= 1) [Les2 (0, )]

o (53 HS)(Vsq+3 _ ySqL(§3, y3) + ESqL(§3, y3) _ Esq+3),1]

< (np-Ing&)" oL 2

— EL(, E3) + ML, E3) — 173 )3
3 :

+(n&-In 1,]) ; L (T] 53) (55%3

Proof. Tf weset f(x) = &7 " for x € Ry and s > 0. Then, it is clear that| f (x)|q = x*1 is a GA—convex function on
R,. Therefore, by applying Theorem 3.2, we obtain

s+2

(1= 1) [Los2 (n, )]

1 1 sq+3 _ ;59 3,3 sq 3,3y _ tsq+3 %
< (lny—lné)l_quq(g3,y3)(“ z L(«SI#);E L(E3, 1) — & )

| sq+3 _ gsq], 3, 3 9], 3/ 3y _ 59+3 %
"*(n3,53)(5 EIL(, &) + 1L, €7) — 1 )

+(In&—1Inn)'77 L 3

which is the desired result. []
Proposition 4.6. For 0 <n <& <y, q > lands > 0, we get:
(1t =) [Lesz (0, W)™
BN o 1
< (Inu-Iné) (L (y w1, £l )) (A (7, E57))
3 s \\17g 1
+(Iné -1nn) (L (gq-l,nq_l )) (A (&, 7 T))e .

Proof. Similarly, by choosing f(x) = % +1 _for x € R, and s > 0. By taking into account that| f (x)| =x*isa
GA—convex function on R,. By applying Theorem 3.4, we get the result. We omit the details. [0
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