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Some Results on Generalized Derivations and (o, 7)— Lie Ideals
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Abstract. Let R be a prime ring with characteristic not 2 and o, 7, a, 8, A, i, ¥ automorphisms of R. Let
h : R — R be a nonzero left(resp.right)-generalized («a, f)—derivation, b € R and V # 0 a left (g, T)—Lie
ideal of R. The main object in this article is to study the situations. (1) i(I) C C; ,(V), (2) bh(I) C C; (V) or
h()b c C;,,(V), 3) hA(V) = 0, (4) hA(V)b = 0 or bhA(V) = 0.

1. Introduction

Let R be a ring and ¢, T two mappings of R. For each r,s € R we set [r, 5] = ro(s) — ©(s)r and (7,5)s =
ro(s) + ©(s)r. Let U be an additive subgroup of R. If [U,R] C U then U is called a Lie ideal of R. The
definition of (o, T)—Lie ideal of R is introduced in [7] as follows: (i) U is called a right (0, 7)—Lie ideal of R if
[U R],. C U, (ii) U is called a left (o, T)—Lie ideal if [R, U], . C U. (iii) U is called a (o, T)—Lie ideal if U is both
right and left (0, 7)—Lie ideal of R. Every Lie ideal of R is a (1, 1)—Lie ideal of R, where 1 : R — R is identity
map. If R = { (g g) 1 x and y are integers}, U = { (6‘8) 1 x is integer}, a(g g) =@ 8) and T(g g) = (g By) then U is
right (0, 7)—Lie ideal but not a Lie ideal of R.

A derivation d is an additive mapping on R which satisfies d(rs) = d(r)s + rd(s), ¥r,s € R. The notion of
generalized derivation was introduced by Bresar [2] as follows. An additive mapping / : R — Ris called a
generalized derivation if there exists a derivation d : R — R such that h(xy) = h(x)y + xd(y),for all x, y € R.

An additive mapping d : R — Ris said to be a (o, T)—derivation if d(rs) = d(r)o(s) + 7(r)d(s) for all ,s € R.
Every derivation d : R — Ris a (1, 1)—derivation. Chang [3] gave the following definition. Let R be a ring,
o and 7 automorphisms of R and d a (0, 7)—derivation of R. An additive mapping /i : R — Ris said to be a
right generalized (o, T)—derivation of R associated with d if h(xy) = h(x)o(y) + t(x)d(y), for all x, ¥ € R and
h is said to be a left generalized (o, T)—derivation of R associated with d if h(xy) = d(x)o(y) + T(x)h(y), for
all x, v € R. h is said to be a generalized (o, T)—derivation of R associated with 4 if it is both a left and right
generalized (o, T)—derivation of R associated with d.

According to Chang’s definition, every (o, 7)—derivation d : R — R is a generalized (o, T)—derivation
associated with d and every derivation d : R — R is a generalized (1,1)—derivation associated with d.
A generalized (1, 1)—derivation is simply called a generalized derivation. The definition of generalized
derivation given in Bresar [2] is a right generalized derivation associated with derivation d according to
Chang’s definition.

The mapping defined by h(r) = [r,als, V7 € Ris aright-generalized derivation associated with derivation
d(r) = [r,0(a)], Vr € R and left-generalized derivation associated with derivation dy(r) = [, T(a)], Vr € R.
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The mappingh(r) = (a, 1)1, Vr € Ris aleft-generalized (0, 7)—derivation associated with (o, T)—derivation
di(r) = [a,1]s., ¥r € R and right-generalized (o, T)—derivation associated with (o, 7)—derivation d(r) =
—[a,]s., Vr € R.

The following result is given in [5]. Let U be a nonzero left (¢, 7)—Lie ideal of Rand d : R — R anonzero
(o, B)—derivation. If d(U) = 0 then o(v) + 7(v) € Z for all v € U. We generalized this result as follows.
Let i : R — R be a nonzero left-generalized (a, f)—derivation associated with a nonzero (a, f)—derivation
d: R — R and V a nonzero left (0, )—Lie ideal of R. If hA(V) = 0 then o(v) + t(v) € Z, Vv € V. Kyoo-Hong
Park and Yong-Soo Jung [9] proved the following. Let R be a prime ring with characteristic different
from two and d be a nonzero (a, )—derivation of R. Let U be a left (o, 7)—Lie ideal. If d[R, U];, = 0 then
o(u) + t(u) € Z for all u € U Replacing d with a nonzero left-generalized («a, f)—derivation s : R — Rand a
nonzero ideal I with R we generalized this result .

In this paper, we give some other results about left (resp. right)-generalized («, f)—derivation on left
(0, T)—Lie ideals of R.

Throughout the paper, R will be a prime ring with characteristicnot2and o, 7, a, 8, A, u, y automorphisms
of R. We set C,r = {c € R| co(r) = 1(r)c, ¥ r € R}, and shall use the following relations frequently:

[TS/ t]o,’[ = T[S/ t]U,T + [1’, T(t)]s = r[sl U(t)] + [7’, t]U,TS

[7’, St]ﬂ',’[ = T(S)[T, t](T,T + [1’, S]a,ra(t)

(rs, o = 1(5,t)o — [, T(D)]s = 75, 0(B)] + (7, t)gcs

(r,88)g0 = TSN Vo + [1,8]6c0(t) = —T(S)[7, tloe + (1, 8)o,c0(¢)

2. Results

Lemma 2.1. ([1, Lemma 1]) Let R be a prime ring and d : R — R a (o, t)—derivation. If U is a right ideal of R
and d(U) =0 thend = 0.

Lemma 2.2. ([8, Lemma 4]) If a prime ring contains a nonzero commutative right ideal then R is commutative.

Lemma 2.3. ([6, Theorem 2]) Let V be a noncentral left (o, T)—Lie ideal of R. Then there exist a nonzero ideal M of
R such that ([R,M]s. € Uand [R,M]s. € Cs2) or 6(v) + 1(v) € Z forallv € V.

Lemma 2.4. ([4, Lemma 7]) Let h : R — R be a nonzero right-generalized (o, T)—derivation associated with a
nonzero (0, t)—derivation d and let I be a nonzero ideal of R. If a,b € R such that [ah(I),b]a, = O then [a, u(b)la = 0
or do'A(b) = 0.

Lemma 2.5. Let I be a nonzero ideal of R and a,b,c € R.
(i) If byll,alyy = O thena € Z or b = 0.
(i) If cy[l,a]p,ub = O then c = 0 or [b, yA(a)]b = 0.

Proof. (i) If by[l,a]p, = 0 then we have forall r € R,x €

0 = bylxr,alyu = by(x)ylr, A@)] + by[x,ala,.y(r) = by (x)y[r, A(a)].
That is

by(yI[R, A@)] = 0.

Since y(I) is a nonzero ideal of R then we obtain b = 0 or [R, A(a)] = 0. Thatisb=0ora € Z.
(ii) If cy[I,a]r,ub = O then we get forall x € [

0= cy[xy‘l(b),a];\,“b = cy(x))/[y/_1 (b), A(@)]b + cylx, a]y,.bb
= cy(x)y[y‘l(b),)\(a)]b.
That is
YLy (), A@]b = 0.
This gives thatc =0 or [b, yA(@)]b =0. O
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Lemma 2.6. Leth : R — Rbeanonzero left-generalized (v, B)—derivation associated with a nonzero (a, f)—derivation
d: R — Rand I be a nonzero ideal of R. If b € R such that hy[I, b]y, = 0 then b € Z or dyu(b) = 0.

Proof. 1f hy[I,b]), = 0 then we get for all x € 1

0 = hy[ub)x, blau = hy(u®b)x, blru) = h(yp(b)ylx, bla,u)
= dyub)ay[x, blau + pyu®hylx, bla, = dyub)ay[x, bl -

That is

dyu®)ayll, bly = 0.
Using Lemma 2.5 (i) and the last relation we obtain that dyu(b) =0orbe Z. O

Theorem 2.7. Leth : R — Rbeanonzero left-generalized (o, B)—derivation associated with a nonzero (o, B)—derivation
d: R — Rand I, M be nonzero ideals of R. Let V be a left (0, T)—Lie ideal of R.

(i) If hy[I, M), = O then R is commutative.

(i) If hA(V) = 0 then o(v) + 1(v) € Z Vv € V.

(iii) If hy[I, V]p, = O then 0(v) + 1(v) € Z forallv e V.

Proof. (i) If hy[I,m];, = 0,Ym € M then using Lemma 2.6, for any m € M we get
m e Z or dyu(m) = 0.

LetK={meM|meZ}and L = {m € M |dyu(m) = 0}. Then K and L are additive proper subgroups of M
moreover M = KU L. Then it must be M = K or M = L. We have M C Z or dyu(M) = 0. Since yu(M) is
a nonzero ideal of R and d is a nonzero derivation then using Lemma 2.1, dyu(M) # 0. Hence we obtain
M c Z. This gives that R is commutative from Lemma 2.2.

(i) If Vc Ztheno(v) + t(v) € Zforallv € V.If V € Z then using Lemma 2.3, there exist a nonzero ideal
M of R such that

([R,M];r c Vand [R,M];: € Cyr) or 6(v) + 1(v) € Z, Vv € V.

If [R,M],. C V then hA(V) = 0 implies that hA[R, M], . = 0. If we use (i) then we have R is commutative and
so V C Z. This contradicts with V ¢ Z. Hence finally we obtain that 0(v) + 7(v) € Z, Vv € V for any cases.

(iii) If hy[I, V]r, = O then for any v € V, we have v € Z or dyu(v) = 0 from Lemma 2.6. Considering
as in the proof of (i) we get V C Z or dyu(V) = 0. It is clear that V C Z gives that o(v) + ©(v) € Z, Vv € V.
On the other hand, since d is a nonzero («, f)—derivation then d is a nonzero left (and right)-generalized
(o, B)—derivation associated with d. Hence, if dyu(V) = 0 then we obtain that 6(v) + 7(v) € Z,Vv € V by
(i). O

Corollary 2.8. ([9, Corollary 5]) Let R be a prime ring with characteristic different from two, let d be a nonzero
(6, p)—derivation of R and let U be a left (0, T)— Lie ideal. If d[R, U], = 0 then o(u) + t(u) € Z for all u € U.

Corollary 2.9. Let V be a left (0, T)—Lie ideal of R. If a € R such that (a, A(V))ap = 0 then a € Cy g or 0(v) + 1(v) €
ZNvevV.

Proof. The mapping defined by g(r) = (a,7)sp, V7 € R is a left-generalized (a, f)—derivation associated with
(@, B)—derivation d(r) = [a,7]ap, ¥r € R. If g = 0 then we haved = 0 and soa € Cop. Let g # Oand d # 0. If
(@, A(V))ap = 0 then we can write gA(V) = 0. Using Theorem 2.7 (ii) we obtain that o(v) + 7(v) € Z for all
veV. O

Lemma 2.10. Leth : R — Rbeanonzero left-generalized (o, f)—derivation associated with a nonzero (o, B)—derivation
d and I be a nonzero ideal of R. If a,b € R such that hA[l,al,.b = 0 then dAt(a) = 0 or [b, aAc(a)]b = 0.
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Proof. 1f hA[l,a]s.b = 0 then we have forall x €

0 = hA[t(a)x, alsb = h(At(a)Alx, als )b
= dAt(a)allx,als b + pAT(a)hAlx, als b = dAt(a)aA[x, als.b.

That is dAt(a)aA[l, al,.b = 0.
Using Lemma 2.5 (ii) we obtain that dA7(a) = 0 or [b,aAc(a)]b =0. O

Lemma 2.11. Let V be a left (0, T)—Lie ideal of R and a,b € R. If [a, A(V)]apb = O then a € Cyp or b € Z or
o(w)+t(w)€ZforallveV.

Proof. If V.C Zthen 0(v) + 1(v) € Zforallv € V. If V ¢ Z then using Lemma 2.3, there exist a nonzero ideal
M of R such that

([R,M]s: € Vand [R,M]s: &€ Cyr) or 0(v) + T(v) € Z, Vv € V.

Let [R,M];. C V. The mapping d(r) = [a,7]ap, V7 € R is a (a,f)—derivation and so left (and right)-
generalized (a, f)—derivation with d. If d = 0 then a € C, g is obtained. Letd # 0.

If [a, A(V)]apb = 0 then we have dA(V)b = 0 and so dA[R, M],,.b = 0. Using Lemma 2.10, this gives that
forany m e M

dAt(m) =0 or [b,aAc(m)]b = 0.
Considering as in the proof of Theorem 2.7 (i) we obtain that
dAt(M) =0 or [b,aAda(M)]b = 0.

Since At(M) is a nonzero ideal of R and d is a nonzero derivation then using by Lemma 2.1, dA7(M) # 0.
On the other hand, if [b, aAc(M)]b = 0 then we get for all m,m; € M

0 = [b,aAo(mmq)]b = aAa(m)[b, aAa(mq)]b + [b, aAo(m)]|aAa(my)b
= [b, aAo(m)]aAc(mq)b.

That is
[b, ara(M)]aAa(M)b = 0.

Since aAc(M) is a nonzero ideal of R then we have b € Z. Finally we obtain thata € C, 4 or b € Z or for
allve V,o() + 1(v) € Z for all case. [

Corollary 2.12. Let V be a left (0, 7)—Lie ideal of R and a,b € R. If [a,A(V)]b = O thena € Z or b € Z or
o(w)+t(w)eZforallveV.

Proof. Taking a = § = 1 an identity map of R in Lemma 2.11 we get the required result. [

Theorem 2.13. Let h : R — R be a nonzero left-generalized (o, B)—derivation associated with («, f)—derivation d
and let V be a left (o, T)—Lie ideal of R. If b € R such that hA(V)b = 0 then b € Z or 6(v) + t(v) € Z,Yv € V.

Proof. If hA(V)b = 0 then we have hA[R, V];.b = 0. Using Lemma 2.10, for any v € V, we obtain that
dAt(w) =0or [b,adc()]b =0. Let K = {v € V| dAt(v) =0}and L = {v € V | [b, aAc(v)]b = 0} . Considering as
in the proof of Theorem 2.7 (i), we get

dAt(V)=0or [b,ara(V)]b = 0.

Since d is a (a, f)—derivation then left-generalized («, f)—derivation with 4. If dAt(V) = 0 then using
Theorem 2.7 (ii), we have 0(v) + t(v) € Z,Yv € V. On the other hand if [b, aAc(V)]b = 0 then using Corollary
2.12, we obtain that b € Zor o(v) + t(v) € Zforallv e V. O
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Corollary 2.14. Let h: R — R be a nonzero left-generalized derivation associated with derivation d and let V be a
left (0, T)—Lie ideal of R. If b € R such that h(V)b =0then b € Zor 0(v) + 1(v) € Z Vv € V.

Proof. Taking @ = p = A =1 an identity map of R in Theorem 2.13, we get the required result. [
Remark 2.15. Let M be a nonzero ideal of R. If b[b, A(M)] = 0 then b € Z.
Proof. 1f b[b, A(M)] = 0 then for all m € M,r € R
0 = b[b, A(mr)] = bA(m)[b, A(r)] + blb, A(m)]A(r) = bA(m)[b, A(r)].
That is bA(M)[b, R] = 0. This gives thatbe Z. O

Lemma 2.16. Leth : R — Rbeanonzero right-generalized (o, B)—derivation associated with a nonzero (a, f)—derivation
d: R — R. Let I be a nonzero ideal of R and a,b € R. If bhA[l,al,. = 0 then b[b, BAt(a)] = 0 or dAc(a) = 0.

Proof. 1f bhA[l, a]s. = 0 then we have forall x €]
0 = bhA[xo(a),als = b{h(Alx, alsAc(a))} = bhA[x, al,.aro(a) + bBALx, alsdAc(a).
That is
bpAlx,als-dAc(a) =0,Vx € L. (1)
Replacing x by A71p7(b)x in (1) we get for all x € I

0 = bBA[AT' B (b)x, al,cdAa(a)
= bbBA[x, al,dAa(a) + BBA[ATB7L(D), T(a)]BA(x)dAo(a)
= BPA[AT' B (b), T(@)]BA(X)dA0(a).

That is
bBAIATI B (D), T(a)1BA(I)dAc(a) = 0.

Since BA(I) an ideal of R then we have bBA[A~!f71(b), T(a)] = 0 or dAc(a) = 0. That is b[b, BAt(a)] = 0 or
dAo(@)=0. O

Corollary 2.17. Let h : R — R be a nonzero right-generalized («, f)—derivation associated with a nonzero
(o, B)—derivation d and M be a nonzero ideal of R. If b € R such that bhA[R,M];. = 0 then b € Z.

Proof. 1f bhA[R, m],. = 0,¥m € M then using Lemma 2.16 we have for any m € M
b[b, pAt(m)] = 0 or dAo(m) = 0.
LetK = {m e M | b[b, At(m)] = 0} and L = {m € M | dAa(m) = 0}. Considering as in the proof of Theorem
2.7 (i) we obtain b[b, BAT(M)] = 0 or dAc(M) = 0. Since d is a nonzero derivation then dAo(M) # 0 from
Lemma 2.1. If b[b, BAT(M)] = 0 then using Remark 2.15, b € Z is obtained. [

Lemma 2.18. Let V be a left (0, )—Lie ideal of R and a,b € R. If bla,A(V)]ap = O then a € Cyp or b € Z or
o(v)+t(w) e ZforallveV.

Proof. If V.C Zthen 0(v) + 1(v) € Zforallv € V.If V ¢ Z then using Lemma 2.3, there exist a nonzero ideal
M of R such that

([R,M];r c Vand [R,M]s: € Cyr) or 0(v) + T(v) € Z, Vv € V.
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Let[R, M];. C V. The mapping d(r) = [a,r]sp, V1 € Ris a (a, f)—derivation and so right (and left)-generalized
(a, B)—derivation associated with d. If d = 0 then a € C, g is obtained. Assume that d is a nonzero derivation.

If bla, A(V)]ap = 0 then we have bdA(V) = 0 and so bdA[R, M];,. = 0. This gives that by Lemma 2.16, for
any m € M

dAc(m) = 0 or b[b, BAt(m)] = 0.
Considering as in the proof of Theorem 2.7 (i), we obtain that
dAo(M) = 0 or b[b, BAT(M)] = 0.

Since Ao(M) is a nonzero ideal of R and d is a nonzero derivation then dAg(M) # 0 by Lemma 2.1. On
the other hand, if b[b, AT(M)] = 0 then using Remark 2.15, we have b € Z.
Finally we obtain thata € Cyporb € Z or 0(v) + 7(v) € Z, Vv € V for all case. [

Corollary 2.19. Let V be a left (0, 7)—Lie ideal of R and a,b € R. If bla, (V)] = O thena € Zorb € Z or
o(w)+t(w)eZforallveV.

Proof. Taking @ = p = 1 an identity map of R in Lemma 2.18, we get the required result. [

Theorem 2.20. Leth : R — Rbeanonzeroright-generalized (o, B)—derivation associated with nonzero (o, B)—derivation
danda,b € R. Let V be a left (0, T)—Lie ideal and I # 0 an ideal of R.

(i) If bhA(V) =0 then b € Z or 6(v) + t(v) € Z,Yv € V.

(ii) If bhA[L, V], = 0 then b € Z or a(v) + t(v) € Z, v € V.

Proof. (i) If V C Z then it is clear that 0(v) + ©(v) € Z, Vv € V. If V € Z then using Lemma 2.3, there exist a
nonzero ideal M of R such that ([R, M],. € V and [R,M],: € Cyr) or 6(v) + 7(v) € Z Vv e V. If [R, M],r C V
then bhA(V) = 0 means that bhA[R, M],,. = 0. Using Corollary 2.17, we get b € Z.

Finally we obtain that b € Z or 0(v) + ©(v) € Z, Vv € V for any case.

(ii) If bhA[l,v]s. = 0,Vv € V then using Lemma 2.16, we have forany v € V

b[b, pAt(v)] = 0 or dAo(v) = 0.

LetK ={v e V|b[b,fAt(v)] =0} and L = {v € V | dAo(v) = 0} . Considering as the proof of Theorem 2.7
(i), we obtain

b[b, BAT(V)] = 0 or dAc(V) = 0.

Since d is a (a, f)—derivation then d is a left-generalized («, f)—derivation with d. Hence dAc(V) = 0
implies that 0(v) + t(v) € Z, Vv € V from Theorem 2.7(ii). On the other hand,
if b[b, BAT(V)] = 0 then using Corollary 2.19, we getb € Zor 0(v) + 1(v) € Zforallve V. O

Corollary 2.21. Let h: R — R be a nonzero right-generalized derivation associated with nonzero derivation d and
a,b € R. Let V be a left (0, T)—Lie ideal and I # 0 an ideal of R. If bh(V) = 0 then b € Z or 0(v) + ©(v) € Z, Vv € V.

Proof. Taking a = = A =1 an identity map of R in Theorem 2.20 (i), we get the required result. [

Theorem 2.22. Let V be a nonzero left (o, T)—Lie ideal of R. and a,b € R.
(@) Ifb[V,al,p=0o0r [V,al,gb=0thena € Zorb e Zoro(v) +t(v) € Z Vv e V.
(it) If (a, V)apb =0 thena € Coporb € Zor o(v) + 1(v) € Z, Vv € V
(iii) If (V,a)apb = O thena € Zorb € Z or 0(v) + 1(v) € Z, Vv € V.
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Proof. (i) Let us consider the mapping defined by h(r) = [r,al,s,¥r € R. Then h is a right(left resp.)-
generalized derivation associated with derivation d; (r) = [r,a(a)], Vr € R and derivationd, = [r, f(a)], Vr € R
respectively. Because

h(rs) = [rs,a]a,ﬁ =rls, a(@)] + [r,u]a,ﬁ s = h(r)s + rdy(s), ¥r,s € R,

h(rs) = [rs,al,p = 1[s,alap + [, f@)] s = da(r)s + rh(s), V1,5 € R.

Ifh=0then di =0and d, = 0 and soa € Z is obtained. Let h £ 0,d; # 0 and d, # 0.

If b[V,a],g = 0 then we have bh(V) = 0. Since h is a right-generalized derivation associated with
derivation d; then using Corollary 2.21, we get b € Z or o(v) + 1(v) € Z, Vo € V.

Similarly if [V, a], 4 b = 0 then we write (V)b = 0. Since / is a left-generalized derivation associated with
derivation d, then using Corollary 2.14 we have b € Z or 6(v) + ©(v) € Z, Vv € V. Finally we obtain thata € Z
orbe Zoro(®)+t(v) € Z Vv eV for two case.

(i) Let g(r) = (a,7)ap, Vr € R and d3(r) = [a,7]ap, Vr € R. Then g is a left-generalized (a, f)—derivation
associated with («, f)—derivation d3. Because for all #,s € R

g(rs) = (a, rs)a,ﬁ = B(r)(a, s)a,,; + [a, r]a,ﬁa(s) = dz(r)a(s) + p(r)g(s).

If g = 0 then we have d; = 0 and so a € C, is obtained. Let g # 0 and d3 # 0.

If (a, V)apb = 0 then we have g(V)b = 0. Since g is a nonzero left-generalized (a, f)—derivation associated
with (a, f)—derivation d; then considering Theorem 2.13, we get b € Z or 0(v) + t(v) € Z, Vv € V. Finally we
obtain thata € Cogorb € Z or 0(v) + 7(v) € Z,Vov € V for two case.

(iii) The mapping f(r) = (r,a)ap, Vr € R is a left-generalized derivation associated with derivation
dy(r) = —[r, B(a)], Vr € R. Because for all r,s € R

f(rs) = (rs,a)ap = 1(s,a)ap — [1, f@)]s = da(r)s + ().

If f =0thends = 0and soa € Z is obtained.
Let f # Oanddy # 0. If (V,a)4 b = 0 then we have f(V)b = 0. This gives thatb € Zor 0(v)+1(v) € Z, Vo € V
by Corollary 2.14. [

Lemma 2.23. Leth : R — Rbeanonzero left-generalized (o, B)—derivation associated with a nonzero (o, B)—derivation
d : R — R. Let V be a nonzero left (0, t)—Lie ideal of R and I be a nonzero ideal of R. If a,b € R such that
[n(D)b,alr, = O then dB~'u(a) = 0 or b[b, A(a)] = 0.

Proof. 1f [h(x)b,a]y,, = 0, Vx € I then we have
h(x)[b, A(a)] + [h(x),a]r.b=0,Vx €L 2)
Replacing x by sx,s € Rin (2) and using (2), we get forallx € I,s € R
0 = h(sx)[b, A(a)] + [h(sx),a];‘,yb
= d(s)a(x)[b, A@)] + B(s)n(x)[b, A@)] + [d(s)a(x) + Bls)h(x), al, b
= d(s)a(x)[b, A@)] + B(s)(x)[b, A(@)] + d(s)[a(x), A(@)]b
+[d(s), alr ua(x)b + B(s)[h(x), alaub + [B(s), w(@)]h(x)b
= d(s)a(x)[b, A@)] + d(s)[a(x), A@)]b + [d(s), alr wa(x) + [B(s), p@)]a(x)D.

If we take B u(a) instead of s and say that k = dB~" u(a) then the last relation gives that

ka(x)[b, A(a)] + kla(x), A(@)]b + [k, a]x ua(x)b = 0,¥x € L. 3
Replacing x by xa~!(b) in (3) we have for all x €I

0 = ka(x)b[b, A(@)] + ka(x)[b, A@)]b + K[a(x), A@)]bb + [k, al, ya(x)bb = ka(x)b[b, A(@)]

and so ka(I)b[b, A(a)] = 0.
Since a(I) is a nonzero ideal of R then we obtain dg™p(a) = 0 or b[b, A(a)] = 0. O
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Theorem 2.24. Leth : R — Rbeanonzero left-generalized (o, B)—derivation associated with a nonzero (a, f)—derivation

d: R — R.LetV beanonzero left (o, T)—Lie ideal of R and I be a nonzero ideal of R. Ifb € R such that h(I)b C C; (V)
then b € Z or 6(v) + 1(v) € Z Vv e V.

Proof. 1f h(I)b C C, (V) then we have [h(x)b,v]), = 0,¥Yv € V,x € I. Using Lemma 2.23, we get dptu() =0
or b[b, A(v)] = 0.

LetK={ve V|bb,A(v)]=0}and L = {v eV| dﬁ‘ly(v) = 0} . Considering as in the proof of Theorem 2.7
(i) we obtain

dp~ (V) = 0 or b[b, A(V)] = 0.

If dB~1u(V) = 0 then using Theorem 2.7 (ii), we have o(v) + t(v) € Z, Yo € V. On the other hand using
Corollary 2.19, b[b, A(V)] = 0 means thatb € Zoro(v) + t(v) € Z, Vv e V. O

Corollary 2.25. Let V be a nonzero left (o, t)—Lie ideal of R and a,b € R. If (a,1);.b C Cy (V) then a € Cy or
beZoro()+1t(v)eZYveV.

Proof. The mapping defined by h(r) = (a, 1), Y7 € R is a left-generalized (o, 7)—derivation associated with
(0, t)—derivation d(r) = [a, 7]y, Vr € R. If h = 0 then d = 0 and so we havea € C, .. Leth #0and d # 0.

If (a,I)s,.b C Cy (V) then we can write h(I)b C C, (V). Using Theorem 2.24, we get b € Z or 0(v) + 1(v) €
ZNveV. O

Theorem 2.26. Leth : R — Rbeanonzero left-generalized (o, B)—derivation associated with nonzero (o, )—derivation

d : R — R and I be a nonzero ideal of R. Let V be a nonzero left (0, T)—Lie ideal of R . If h(I) C Cj (V) then
o) +1(v) € ZVve V.

Proof. 1f h(I) C C, (V) then we have [h(x),v]),, = 0,Yx € I,v € V. Let us consider the following relations

[rs, tlau = rls, A()] + [, tlaus , V7,5, € Rand
[rs, tlyu = 7ls, tlau + [1, u(t)ls, Vr,s,t € R.

Using the hypothesis and the above relations we get forallv e V,x € [,s € R

0 = [h(sx), 0] = [d(s)a(x) + B(s)h(x), V] u
= [d(s)a(x), v]pu + [BS)h(x), vl
= d(s)[a(x), A(©)] + [d(s), v]n pa(x) + B(s)[1(x), 0]a . + [B(s), u()]h(x)
= d(s)[a(x), A(v)] + [d(s), v]p, pa(x) + [B(s), ()] (x)

and so

d(s)[a(x), A(v)] + [d(s), v uax(x) + [B(s), u(v)]h(x) = 0,Yo € V,x € I,s € R. (4)
If we take B~ p(v) instead of s in (4) and say that k(v) = df~' u(v) then we obtain

k()[a(x), A(©)] + [k(v), v]1 pa(x) = 0,Yo e Vx € L. )
Replacing x by xr,7 € R in (5) and using (5) we have forallv e V,x e [,r e R

0 = k@)a@)[a(), A(©)] + k@)aX), A@)]ar) + [k©), ol ga@)a(r)
= k(v)a(x)[a(r), A(v)]

and so

k(@)a(D[R, A(v)] =0,Vv e V. (6)
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For any v € V, the relation (6) gives that d8~'u(v) = 0 orv € Z.

LetK = {v eV I|dptu() = O} and L = {v € V| v € Z}. Considering as in the proof of Theorem 2.7 (i), we
getdp~lu(V)=0orV c Z.

If V C Z then o(v) + ©(v) € Z,Yv € V. On the other hand, since d is a («, f)—derivation and so a left-
generalized (a, f)—derivation associated with d then d~'u(V) = 0 means that o(v) + 7(v) € Z Vv € V by
Theorem 2.7 (ii). O

Corollary 2.27. Let V be a nonzero left (o, T)—Lie ideal of R and b € R. If (b,1)ap C Cpu(V) then b € Cop or
o(v)+1(v) € Z, Yo e V.

Proof. Let us consider the mappings defined by h(r) = (b,7)ap, VY € R and d(r) = [b, 7]ap, Vr € R. Since
h(rs) = (b,78)ap = T(r)(b,8)ap + [b, 7]apo(s) = d(r)o(s) + T(r)h(s), ¥r,s € R.

Then h is a left-generalized (a, f)— derivation associated with (a, 8)— derivation d. If h = 0 thend = 0
and so b € C, 4 is obtained.

If (,)ap C Cpu(V) then we have h(I) C C; (V). Let h # 0 and d # 0. Using Theorem 2.26, we obtain
ov)+t(v)eZNVveV. O

Theorem 2.28. Let h : R — R be a nonzero right-generalized (v, B)—derivation associated with («, f)—derivation
0 #d: R — R. Let V be a nonzero left (o, 7)—Lie ideal of R and I be a nonzero ideal of R. If b € R such that
bh(I) € Cyu(V) then b € Z or 0(v) + 1(v) € Z, Vv € V.

Proof. 1f bh(I) C C, (V) then [bh(I), 0]y, = 0,Yv € V. Using Lemma 2.4 , for any v € V, we obtain that
[b, u(©)]b = 0 or da~'A(v) = 0.

Let K={veV|[bu@)]b=0}and L = {v eV |da'A(v) = 0}. Considering as in the proof of Theorem
2.7 (i), we have

[b, w(V)]b = 0 or da™*A(V) = 0.

If da™*A(V) = 0 then o(v) + 1(v) € ZVYov € V is obtained by Theorem 2.7 (ii). On the other hand
[b, u(V)]b = 0 means that b € Z or o(v) + 7(v) € Z, Vv € V by Corollary 2.12. O

Corollary 2.29. Let I be a nonzero ideal of R and a,b € R. If b(a,I)s. C Cy (V) then a € Cyr or b € Z or
o)+ 1(v) € Z, Vv e V.

Proof. The mapping defined by h(r) = (a,7)s., Vv € Ris a right-generalized (o, T)—derivation associated with
(0, 7)—derivation d(r) = [a,t]s., Vr € R. If h = 0 then d = 0 and so we have a € C; .. Assume that  and d are
nonzero.

If b(a,I);. C Cau(V) then we have bh(I) C Cy (V). Since h is right-generalized (o, 7)—derivation then
using Theorem 2.2, we getb e Zoro(v) + t(v) € Z, Vo e V. O
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