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Abstract. We investigate biprojectivity and biflatness of generalized module extension Banach algebra
A > B, inwhich A and B are Banach algebras and B is an algebraic Banach A—bimodule, with multiplication:
(a,b)-@,b') = (ad’ ,ab’ +ba +0bb).

1. Introduction

Let A and B be Banach algebras and let B be a Banach A—-bimodule. Then, we will say that B is an
algebraic Banach A—bimodule if for alla € Aand b,b’ € B

a(bb’) = (ab)b , (bb)a =b®'a), (ba)b’ = bab) .
The Cartesian product A X B with the multiplication
(a,b)-@,b)=(aa ,ab +ba +bb),

and with the norm ||(a,b)] = ||l + [Ibl, becomes a Banach algebra, which is called
the "generalized module extension Banach algebra“, and it is denoted by A < B. Also A = A x {0} is a
closed subalgebra, while B = {0} X B is a closed ideal of A > B, and A > B/B = A. The authors in [11]
have studied some properties of this kind of algebra, such as bounded approximate identity, spectrum,
topological centers and n—weak amenability. This algebra can be a generalization of the following known
algebras:

(a) Let A X B be the direct product of two Banach algebras A and B, with multiplication
(a,b)-@,b) = (ad,bb).

If we define the A—bimodule actionson Bbyab =ba =0,fora € Aand b € B,then A X B = A = B.
(b) Let A ® X be the module extension Banach algebra, in which X is a Banach A-bimodule, with
multiplication

(a,x)-(a,x) = (aa ,ax +xa) .

If we define the multiplication on X by xx' =0, then A® X = A m X.
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(c) Let A x¢ B be the 6—Lau product of two Banach algebras A and B with 6 € A(A) and the following
multiplication

(a,b)-(a,b) = (aa’,0(a)b + 6@ )b +bb).

These kinds of products have been investigated in two prior studies [7, 13]. If we define the
A-bimodule actions on B by ab = ba =: 9(a)b, fora € Aand b € B, then A Xg B = A = B.

(d) Let A X1 B be the T-Lau product of two Banach algebras A and B with algebra homomorphism
T : A — Bwith||T|| <1, and with multiplication

(a,b)-(a,b) = (aa’, T(a)b' +bT(a) +bb) .

These kinds of products were introduced by Lau [7], and studied by many authors
such as [2, 5, 13]. If we define the A-bimodule actions on B by ab =: T(a)b , ba =: bT(a), for
a€eAandbeB,then A Xt B=AB.

(e) Let A </ [ be the amalgamation of A with B along I with respect to 6, in which A and B are Banach
algebras, I is a closed ideal in B, 0 : A — B is a continuous Banach algebra homomorphism, and with
the following multiplication

(a,i)d,i) = (ad,0(a)i +i6@)+ii),

fora,a € Aandi,i €I These kinds of Banach algebras have been studied in some other studies [9,
10]. Now if we define the A—bimodule actions on I by ai =: 6(a)i and ia = i0(a), fora € Aand i € [,
then AP T=AxI

Homological properties of Banach algebras have been studied by several authors. We refer to [4] as a
standard reference in this field. The properties biprojectivity and biflatness have been studied: for 6—Lau
product A Xg B in [6], and for T—Lau product A Xt B in [1]. In this paper we will study biprojectivity and
biflatness of L = A = B, in two separate sections 3 and 4. We will show that if L = A » B is biprojective
[biflat], then A is biprojective [biflat], but for biprojectivity [biflatness] of B, we need some conditions. Also
it will be shown that if A and B are biprojective [biflat], then under a mild condition on B, we conclude the
biprojectivity [biflatness] of L = A  B. In section 5 our results will be applied in some examples.

2. Preliminaries

Throughout this paper, A and B are Banach algebras, B is an algebraic Banach A-bimodule, and
L = A » B denotes the generalized module extension Banach algebra. Consider the A—bimodule and also
B—bimodule actions on L = A < B by

a -(a,b):=@a,0) @ab), and b -(a,b)=(0,b)-(a,b),
(a,b)-a :=(a,b)-(0,a), (a,b)-b =(a,b)-(0,b),

forall (a,b) € L,a € Aand b’ € B. Following [4], we say that A is biprojective if there exists a bounded
A-bimodule map ps : A — AQA such that Ta0pA = ida, in which 74 : A®A — A denotes the product map
with ma(@®a’) = aa’. Also A is called biflat if there is a bounded A—bimodule map A4 : (A®A)* — A*, such
that A407t}, = id4-. For the basic properties of biprojectivity and biflatness, see [3, 12].

Finally, the following maps will be introduced and then used in our results. Let
pa:L=AnB— Aandpp: L = A rB — Bbe the projections defined by pA<(a, b)) =gand pB((a, b)) =D for
all (a,b) e L. Alsoletgs: A — L=AwnBandgp:B — L =A B be the injections, defined by g4(a) = (4,0)
and gp(b) = (0,b), for alla € A and b € B. Besides, suppose that B is unital with unit e, and define the
following bounded linear maps

rp:L=A>B— B by rg(a,b)=aeg+1,
sa:A—>L=AxB by sa(a)=(a, —aep).
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Note that, the mappings pa, ga are bounded A—bimodule maps, and gz is a bounded B—bimodule map. We
have the following lemma about relations between bimodule structures for rg and s4.

Lemma 2.1. Let A and B be Banach algebras, and let B be an algebraic Banach A—bimodule with unit eg, such that
aeg = epa for all a € A. Then the mappings rg and s, are B—bimodule map and A—bimodule map, respectively.

Proof. Leta,a’ € Aand b,b" € B. By using the assumptions, we have

ro(b’ - (a, b)) r5((0,6) - (a,1))
= rp(0,ba+bb)
= ba+bb
= bega+bb
= baeg+b'b

b - (aeg + b)

b -rp(a,b).

Similarly, we have rB((a, b)- b') = rB((a, b)) -b’, and we conclude that 7 is a B—bimodule map. Also we have

saaa) = (ad,—aa'ep)
= (a,0)-(a,~dep)
a-(a,—aeg)
= a-s4d),

and similarly, by the assumptions

(aa’, —aa e)

sa(aa)
= (aa/, —aega')
= (a,—aep)-(@,0)
= (a,—aep)-a
= sala)- a,

and so sa is an A—bimodule map. O

3. Results on Biprojectivity

This section deals with relations between biprojectivity of L = A = B and biprojectivity of A and B.

Theorem 3.1. Let A and B be Banach algebras, and let B be an algebraic Banach A—bimodule.

(i) IfL = A v B is biprojective, then A is biprojective.
(ii) Suppose that B has unit eg, such that foralla € A, aeg = epa. If L = A » B is biprojective, then B is biprojective.

Proof. By the hypothesis, there exist a bounded L—bimodule map py. : L — L®L, such that i 0p;, = idy.
(i) Define pa : A — A®A by pa =: (pa ® pa)opLoga. Clearly p, is bounded. Since p; is L-bimodule map, for
a,a € Aand b € Bwe have

p(a-@b) = p(@,0-(@Db)
@,0)pc((a, b))
a - pL((a, b)) .
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Similarly, we have pL((a, b) - a') = pL((a, b)) -a’. We conclude that p; is A—bimodule map. Then p, is a
bounded A-bimodule map. Also for (a,b) ® (a',b') € LSL

(rao(pa @ pa))((@,b) @ (@, 1))

na(@®a)=ad ,

(paom)((@, D) ® (@, b)) = pa((ab)-@,b0))=ad
this shows the identity mao(pa ® pa) = paomr.. Now one can have the following
Ta0pa = Ta0(pa @ Pa)opLoga
= pAonLopLoqA

pAoidLoqA = id,q .

This shows that A is biprojective.
(ii) Define pp =: (rg ® rg)opLogp. Since py, gp and rp are bounded B—bimodule maps, then pp is bounded
B—bimodule map. Also for (a,b) and (a’,b’) in L we have

(mpo(rs @ r8))((@, D) ® (@, b)) = mp((acs +b) ® (a'es + 1))
= (aeg+b)-(@eg+b)
= agega ep + aegb + ba eg + bb
= adeg+ab +ba +bb
= rB(aa',ab/ +ba + bb/)
= (@ b)-@,b))
= (rpom)((a, )@ (a, 1))
We conclude that rtgo(rp ® rg) = rgomt. Moreover it is easy to check that rgogp = idg. Then
ngopp = Tgo(rp ® r)OPLOGR
= TrBOTILOPLOYB
= rpoidLoqp
= TBOgB
= idg,

and this shows the biprojectivity of B. [

Theorem 3.2. Let A and B be Banach algebras, and let B be an algebraic Banach A—bimodule with unit eg such that
foralla € A, aeg = epa. If A and B are biprojective, then L = A v B is biprojective.

Proof. By the hypothesis, there exist bounded A—bimodule map p4 : A — A®A, and bounded B—bimodule
map pg : B — B®B, such that maopa = idy and Tpopp =  idp. For
(a®a) € A®A we have

nL((a, —aep) ® (4, —a,eB))

= (a,—aep)-(a,—a ep)

= (aa ,—aa eg —aega + aepa ep)

(nLo(sA ® sA))(a ®a)

= (aa/, —ad'eg — aa' ep + aa'eg)
= (aa ,—ad ep)

= saaa)

= (saoma)@a®a),
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and we conclude that mo(sqy ® s4) = S40Tt4. Also, it is easy to check that
11.0(qr ® qg) = qgomig. Now define p; : L — LeL by

p1((@, 1)) =: ((s4 ® s4)0pa0pa)(@, b) + (a,b) - (45 ® 45)(ps(es))) -

Clearly p. is bounded, we first show that p;, is a left-L-module map. For all
(a,b),(c,d) € L, we have

((s4 ® sa)opaopa)(ac,ad + be + bd) + ((a,b) - (c,d)) - (95 ® q8)(p5(es)))
= (54®54)(pa(ac)) + (@ b) - (c, ) - (95 ® 95)(ps(en)))

= (0,00 (54®54)(pa©) + (@ 1) - (¢, D)) - (35 ® 95)(p(en)))

= (@,0)-[(sa ®sa)(pa(0) + (c,d) - (5 ® 35)(ps(en) )]

= (0,b)- (4 ®3a)(pa(©))

= (@) prlc,d) - (0,0) - ((54 ®54)(pa()))

pi(@b)- (c,d)

but (0,0) - (54 ® sA)(pA(c)> =0, because for all (4’ ®a") € A®A, we can write

(0,b) - (sa(@) ®s4(a"))

= (Ob) (@, ~den) @@, ~a"er))
((O, b)-(d, —a'eB)) ® (', —a"ep)
(O, ba — ba/eB) ® (a”, —a//eB)
(0,ba" — bepa) ® (", —a"ep))

0,0)® (a",—a'ep)
= 0 ,

(0,b) - ((s4 ®54)(@ ®0"))

and we conclude that (0,b) - (s4 ®s A)(p A(c) =0for pal(c Z a,® a , in which (a ), (a ') are some sequences
i=1

in A with Z lla; Il 1| < oo
i=1
Thus pL((a, b)-(c, d)) =(a,b)- pL((c, d)), and so py, is left—L—module map. To show that py, is right—L—-module
map, we note that for all (' ® b") € BB
(95 ® qp)((b + acs) - (V' @ ")),
(g5 ®q)((b ®b") - (b + aeg)) .

@b)- (g5 @) ®1"))
(5 ® q8)(0 ®1")) - (a,b)

Hence
(a,b) - ((IJB ® EIB)(PB(EB))) = (® QB)((b + aep) - PB(eB))

= (e qB)(PB(eB) b+ aeB))
= ((gs®95)(per))) - @,D).
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It follows that (g ® qB)(pB(eB)) commutes with the members of L. Consequently,

p(cd)-@b) = ((a@sa)opaopa)((c.d)- (a,b)+((cd)- (@) (@5 ®q5)(psles)))
(54 ®3a)(pa(ca)) +((c,d) - (a,1))((q5 ® 3)(p5(er)))

(a4 ®34)(pa(©))) - (@,0) + (¢, d) - (g5 @ g5)(p5(en))) - (@, b)

|(s4 ®54)(pa(©)) + (c, ) - (95 ® 48)(ps(e))) ] - (@, b)

(a4 ®s4)(pa©)) - (O, b)

pi((c,d)- @,b) - (54 ®54)(pa(©))) - (O, 1),

but with similar reasoning for (0,b) - ((SA ® sA)(pA(c))) = 0 we have the identity

((sA ® SA)(pA(C))) - (a,b) = 0. Thus pL((c, d) - (a, b)) = pL((c, d)) - (a,b), and so pr is a right—-L-module
map. Finally, we have

(nLopL)(a, b)

(m10(s4 ® sa)opaopa)(@,b) + (a,b) - (g5 ® q5)(ps(es)))
(sa0maopaopa)(a,b) + (a,b) - ((qz0mz0ps)(es))

= (s40pa)(a,b) + (a,b) - (qs(es))

= sa(@) +(a,b) - (0,ep)

= (a,—aep) + (0,aep + b)

= (D),

therefore myop;, = id;, and hence L = A > B is biprojective. [

4. Results on Biflatness
This section is devoted to the relations between biflatness of L = A < B and biflatness of A and B.

Theorem 4.1. Let A and B be Banach algebras, and let B be an algebraic Banach A—bimodule.
(i) IfL = A v B is biflat, then A is biflat.
(ii) Suppose that B has unit ep, such that for all a € A, aeg = epa. If L = A v« B is biflat, then B is biflat.

Proof. By the hypothesis, there exist a bounded L—bimodule map Ay : (L@L)* — L, such that Aport] = idp..
The following identities have been shown in the proof of theorem (3.1)

1t40(PA ® pa)
1igo(rp ® 1p)

paomy ,
rgoTty, .

(i) Define A4 : (ARA)* — A* by Aa =: q,0AL0(pa ® pa)*, which is a bounded A—bimodule map and

Aaotty, g40AL0(pa ® pa) oty

= q;oALo(nAo(pA ® pA))*
= guoAro(paomy)’

= g,o0ALomiop],

= qgyoidr-op},

= (paoga)’

= (ida)

= idg .
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Hence A is biflat.

(ii) Define Az : (B®B)} — B by Ap = gpoAio(rg ® rp)". Since B is unital and
aeg = epa (a € A), then rg and hence Ap are bounded B—bimodule maps, and we have

qroAro(rg ® rg) omy

/\BOR*B
= q%oAm(ngo(rB ® rB))*
= gpoAro(rgomy)’
= qgpoAromory
= ggoidy-ory
= (rpogp)’
= (idp)*
= idp .

This proves the biflatness of B. [

For the converse of theorem (4.1) we should determine the L-bimodule structures on
L* = (A v B)*. We recall that the dual space A* of A is a Banach A—bimodule by module operations

(f-a,b)y=(f,ab) and (a- f,b) = (f,ba),

fora,b € Aand f € A*. We remark that the dual space L* = (A » B)* can be identified with A* x B* by the
following bounded linear map

0:A'xB > (AwB) =L, ((6(f,9), (b)) = f(@a) +g(b)).

Now suppose that B has unit eg such that for all a € A, aeg = ega. Define ¢ : A — B by ¢(a) = epa. For
(a,b),(d,b) e L =AwBand (f,g) € L* we have

(F9)-@b)a,t) = (£9(@b-@,b))

= (f,9)aa ,ab’ +ba +0bb’)

= f(aa') + g(ab’) + g(ba’) + g(bb')

= (f-a)@) + glaegb) + g(bepa’) + (g - b))

= (f-a)@)+ (g @)t +((7-bop)@) +(g- b))
= (f-a+ (g Dop)@)+(g- (aes) +g-b)¥)

= (f-a+ (g-b)og , g - (aep) +g-b)(a',b'),

therefore
(f,9) @b)=(f-a+(g-bop,g- (aes) +g-b),
and similarly
@b)-(f,9)=(a-f+(b-gop,(esa)- g +b-g).

Theorem 4.2. Let A and B be Banach algebras, and let B be an algebraic Banach A—bimodule with unit eg such that
foralla € A, aeg = epa. If A and B are biflat, then L = A > B is biflat.
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Proof. By the hypothesis, there exist a bounded A—bimodule map A4 : (A®A)* — A* and a bounded
B—bimodule map Aj : (B@B)* — B, such that Aso1, = ida- and Aporty, = idp-. Define A : (L@L)* - L=
A* X B" by

AL(h) =: ((Aa0(sa ®sa))() + (@*0Aso(qs ® g5)")(h), (Apolqs ® qs)’ (1),

forh e (L@L)* and ¢ : A — B (¢p(a) = aep). Clearly A; is a bounded map. To see that A, is a L—bimodule
map we need the following identities for i € (L®L)* and (a,b) € L

(1) (g5 ®q8) (- (@,0)) = (45 ® 8) (1) - (a5 + D) ,
2) (95 ® q8)"((@,b) - 1) = (aes + D) - (g5 ® q8)" () ,
3) Ga®sa)(h-(a,D)=(sa®s4)(h)-a,
@) a®sa)(@b)-h)=a-(sa®s4)(h).

To prove the equality (1), for (' ® b") € B®B we can write

(@5 ® ) (- @D))E' @) = (1 @b))(Gs@a5)0 ©1")
(h-(a, b))((o b’)® 0,
h((@,b)- (0,6)®(0,1"))
1((0,ab" + bb) ® (0,b"))
1((0, aesb’ +bb) ® (0,6"))
(
(

1((0, (acs +b) - ) (0,1"))
1((95 ® g5)((aes + b)Y’ ®1"))

(45 ® g5)° (0))((aes + D) 1))
(95 ® 9" (1) - (ae5 + b))V’ @)

This proves the identity (1). Similarly, we can prove the identity in (2). To investigate the equality (3), for
(@ ®4") € AQA we can write

(sa®@s4) (- (@)@ ®a")

(h-(a,b)((a ®sa)a ®a"))
(h - (a, b))((a/ —a/63)®(a”,—a”eg))
h((@,b)- (@, —d'ep) ® (a",~a"ep))

= h((aa —ad'eg +ba —ba'ep)® (a’, —a"eg))

h((aa —ad'ep) ® (@, —a 63))

h((sA ®s4)(ad ®a ))
= (ca®sa)m)a- @ ®a")
(ca®@say () -a)@ ®a"),

this proves the identity in (3), and similarly one can proves the identity in (4). Now, using the identities
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(1-4) we have

AL(l- (a, b))

((/\Ao(sA ® sA)*)(h - (a, b)) + ((p*oABo(qB ® qB)*)(h - (a, b))
, (Abo(gs ® qs)")(- (a,b)))

= (Aa(Gsa®@sa)(h) -a) + (9*0A)((q5 ® q8)" () - (acs + b))
, As((q5 ® qs)"(h) - (acp + b))

= (Aa((sa®52) () -a+(9045)((45 ®45)'(h) - acs)

+ (¢ 0An)((g5 ® q8)"(h) - D)

, /\B((QB ®qgp)*(h) - ﬂeB) + /\B((QB ®qs)(h) - b))

(Aa0(sa ®sa)'() - a + (A5((q5 ® q8)" (1) - aep) Jog

+ (Apo(gs ® g8)(h) ) )
. (Abo(qs ® qs)()) - acs + (Apo(qs ® qs)"(h)) - b)
+ ((Aso(gs ® qs) (1)) - b)og

Apo(qs ® gs)"(h)) - aes + (Ago(qs ® qs)"(h)) - b)
((Aao(sa ®sa))(h) + (¢"0Apolqs @ gu)" ) (h)

, (Apo(qs ® q5)")()) - (a, )
= Au(h)-(a,b),

(
(
(
= ((Aa0(sa ®s4)'(h) - a + (9" (Aso(gs ® g5)"())) -
((
(
(

this shows that Ap is right-L-module map, where we have wused the fact that
(g . aeB)O(p = (go*(g)) -a, for g € B* and a € A. With similar arguments, we can obtain that Ay is left—L—module

map, and consequently A; is bounded L—bimodule map. Finally, by using the following identities, in proof
of the theorem (3.2)

11.0(54 ® 54)

no(gp ®4p) = qomp,

SAOTtp ,

and for (f, g) € L* we have
(Aromp)(f, 9) AL (f, )
((Aao(sa ®s4)0m;)(f, 9) + (9"0Aso(gs ® gs) 071} (£, 9)
(Apo(qs ® q8)" 07t} )(f, 9))
((Aa07405)(f, 9) + (@"0Apomt0a3)(f, 9), (ApoTtsoqs)(f, 9)

(s2(F.9) + (@ ogp)(£,9),a3(£, 9))
£9.

= idr-, and the proof is completed. O

~

this proves that Apor}

5. Examples

This section includes some illustrative examples.
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Example 5.1. Let L = A X¢ B be the 6—Lau product of Banach algebras A and B with 6 € A(A). If B is unital
with unit eg such that ega = aeg for all a € A, then A Xy B is biprojective [biflat] if and only if A and B are
biprojective [biflat].

Example 5.2. Let L = AX7Bbe the T-Lau product of Banach algebras A and B with algebra homomorphism
T :A — B(||T]| £1). If Bis unital with unit eg, then for all 2 € A we have egT(a) = T(a)eg = T(a). Hence
A Xt B is biprojective [biflat] if and only if A and B are biprojective [biflat].

Example 5.3. Let L = A Y [ be the amalgamation of Banach algebras A and B along the closed ideal I
in B, with respect to continuous Banach algebra homomorphism 6 : A — B. If I has unit ¢; such that
O(a)er = e10(a), for all a € A, then A »U I is biprojective [biflat] if and only if A and I are biprojective [biflat].

Example 5.4. Let G be a locally compact group and let L'(G) and M(G) be its group algebra and measure
algebra, respectively. It is known that L}(G) is unital if and only if G is descrete, and L!(G) is biprojective if
and only if G is compact [4, 12]. Also, L!(G) is biflat if and only if G is amenable [4]. Therefore we have the
following results

i) If L(G) »a LY(G) is biprojective, then G is compact.
i) If L1(G) w LY(G) is biflat, then G is amenable.
iii) If G is descrete group, then I'(G)  I}(G) is biprojective if and only if G is finite, and I'(G) = [}(G) is
biflat if and only if G is amenable.
iv) M(G) = M(G) is biprojective [biflat] if and only if M(G) is biprojrctive [biflat].
v) If M(G) » LY(G) is biprojective [biflat], then M(G) is biprojective [biflat].
vi) Suppose that G be descrete, and A be a Banach algebra, such that I'(G) be an algebraic Banach
A-bimodule.
If A  [1(G) is biprojective, then I'(G) and A are biprojective, and G is finite.
If A > ['(G) is biflat, then I'(G) and A are biflat, and G is amenable.
If G is finite and A is biprojective, then A x I'(G) is biprojective.
If G is amenable and A is biflat, then A  [1(G) is biflat.
vii) If Co(G) » M(G) is biprojective [biflat], then Cyo(G) and M(G) are biprojective [biflat].
viii) If G is finite, then Co(G) and Cy(G) > M(G) are biprojective.

Example 5.5. Let A" be the second dual of a Banach algebra A with first Arens
product 0. Then A” can be an A-bimodule by aF =: aOF and Fa =: FOa, for alla € A and F € A",
and with natural embeding of A into A” (2 = 4). Also it is known that if A is Arens regular, then A” is
unital if and only if A has bounded approximate identity, [3]. By theorems (3.1) and (4.1), if L = A » A”
is biprojective [biflat], then A is biprojective [biflat]. Also we can apply part (ii) of theorems (3.1) and (4.1)
and theorems (3.2) and (4.2) for Arens regular Banach algebras A with bounded approximate identity and
forL=AxA".

On the other hand, by using the results in [8], if A is Arens regular with bounded opproximate identity,
then L = A A” is biflat if and only if A" is biflat. Besides if A < A", then L = A » A” is biprojective if and
only if A” is biprojective.

One can use this example for a c*—algebra, which is Arens regular and has bounded approximate identity.
Also, for A = L1(G), in which G is compact, we will have L!(G) < L(G)".
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