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Abstract. In this paper, we present some characteristics and expressions of the core inverse A® of bounded
linear operator A in Hilbert spaces. Additive perturbations of core inverse are investigated under the
condition R(A)NN(A*) = {0} and an upper bound of |A® — A®|| is obtained. We also discuss the multiplicative
perturbations. The expressions of core inverse of perturbed operator T = EAF and the upper bounds of
|IT® — A®|| are obtained too.

1. Introduction

Let H, K be Hilbert spaces throughout this paper. Let B(H,K) denote the set of all bounded linear
operators from H to K, B(H) denote B(H, H). For an operator A € B(H, K), R(A), N(A) denote the range space
and null space of A, respectively. Let Py be a projector onto M along a complementary subspace L. If
L = M+, then Py is an orthogonal projector.

An operator X € B(K, H) which satisfies AXA = A is called the inner inverse of A, denoted by A~. If
XAX = X holds too, then X is called a reflexive generalized inverse, denoted by A”. Assume that R(A) is
closed and Pya),s, Qr(1),m are continuous projectors. If X satisfies

AXA = A, XAX = X, AX = QR(A),M/ XA = I - pN(A),S/

r

. In this case
Pnay,s,Qraym ’

then X is called the oblique projector generalized inverse, denoted by A
H=NA)®S, K=RA)eM.

Specially, if S = N(A)*, M = R(A)*, i.e. Pnwayn@y:, Qrea)ra) are orthogonal projectors, then X is Moore-
Penrose inverse of A, denoted by A'. In this case, the equalities AX = Qryra): and XA = I — PNy
are equivalent to AX = (AX)" and XA = (XA)" if R(A) is closed, respectively. We know from [8, 10] that if
R(A) closed, then A" exists and

At = (- A"A—(ATA))TAT (I - AAT — (AATY) L.
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The group inverse of A € B(H) is an operator X € B(H) such that
AXA=A, XAX=X, AX=XA.

The group inverse of A is unique if it exits and denoted by A*. The idempotent operator I — AA* is denoted
by A™. The group inverse A" exists if and only if ind(A) < 1 if and only if R(A) ® N(A) = H. We have from
[11, 25] that if A* exists, then

AP =(I+A-AA)PA=AI+A-A"A)2

The core inverse of matrices was introduced in [2] by Baksalary and Trenkler. A matrix A® € C"™" is
called core inverse of A if AA® = Prayr): and R(A®) € R(A). In [12], D.S. Rakig, N.C. Dingi¢ and D.S.
Djordjevi¢ extended the notion of core inverse to operator on a Hilbert space as follows:

AA®A=A, R(A®)=R(A), N(A®) = N(AY).

They show their definition is equivalent to the definition by Baksalary and Trenkler in a finite dimensional
Hilbert space, but in arbitrary Hilbert space the first definition does not imply the second definition. The
core inverse was been extended to rings with involution in [13]. Let R be a ring with involution, a € R. An
element 4% € R satisfying

ad®a=a, a®R=aR, Ra®=Ra"

is called core inverse of a. Moreover, the authors characterized the core invertibility by the following
equations:
axa=a, xax=x, (ax)" =ax, xa*=a, ax*>=x.
This characterization was simplified in [24]. Specifically, a € R is core invertible if and only if there exists
x € R such that
ax* =x, xa*=a, (ax)" =ax.
Clearly, if the core inverse exists then it is unique.

The core inverse combines some of the properties of the group inverse and the Moore-Pennrose inverse.
Various properties of core inverse have been investigated in [1, 12, 13, 24].

The perturbation analyses of generalized inverses have been studied from various perspectives in last
decades. In general, there are two kinds of perturbation analysis of generalized inverse, one is additive
perturbation analysis, the other is multiplicative perturbation analysis. Most classic reference consider
additive perturbation analysis and many results have been obtained. The paper [19] and [21] discuss
various results on perturbations till 1976. Using the perturbation bounds for outer inverse, M. Nashed and
X. Chen present a Kantorovich-type analysis for Newton-like methods for singular operator equations in
[22]. Subsequent research has been the subject of many papers. For example, in [8, 26], Xue and Chen
have investigated the stable perturbation and got the error upper bounds of perturbation of Moore-Penrose
inverse. Xue has systematically studied additive perturbation of generalized inverse of linear operators in
his book [25]. For more details of additive perturbation analysis, the reader can refer to more reference.

Lately, there has been an increase of interest in multiplicative perturbation analysis. For example, Cai
et.al, in [7], have studied the Moore-Penrose inverse of A = D]AD,, where D, € C™m and D, € C" are
nonsingular matrices and obtained the upper bound of IA* — At||; N.Castro-Gonzilez, et.al, in [5, 6], have
discussed the Moore-Penrose inverse of a matrix of the form A = (I + E)A(I+F) € C"™", where (I +E) € C"™"
and (I + F) € C™" are nonsingular matrices and improved the related results in [7]; L.Meng and B.Zheng
have studied multiplicative perturbation of group inverse in [16], ect. Please see [4, 23, 28] for more details
of multiplicative perturbation theory.

Our goal of this paper is to consider the expressions, additive perturbations and multiplicative pertur-
bations of core inverse of bounded linear operators in Hilbert space. The paper is organized as follows.
In Section 2, we recall some lemmas and basic results which will be used in the context. In Section 3, we
present explicit expressions of the core inverse and consider additive perturbations of the core inverse. In
section 4, we investigate expressions and multiplicative perturbations of the core inverse.
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2. Preliminaries

In this section , we recall some lemmas and basic results which will be used in this paper. we start
with the definition of the core inverse of a linear operator. D.S. Raki¢, et.al, introduced the core inverse of
bounded linear operator in [12] as follows:

Definition 2.1. [12] Let A € B(H). An operator A® € B(H) is called a core inverse if
AA®A=A, R(A®)=R(A) and N(A®)=N(A").

In [12], the authors showed that this definition is an extension of the definition of the core inverse of matrix
and characterized the core inverse using the following five equations( see [12, Theorem 3.5] for details):

AXA=A, XAX=X (AX)'=AX, XA’=A and AX*’=X
Motivated by [24, Theorem 3.1], we also characterize the core inverse of linear operator as follows:

Proposition 2.2. Let A € B(H). Then X € B(H) is a core inverse of A equivalent to X is a solution of the following
equations
AX? =X, XA?’=A, (AX) =AX

Proof. The result follows from the proof of [24, Theorem 3.1] and [12, Theorem 3.5]. O

Many properties of core inverse have been investigated. We summarize some of these properties in the
next lemma.

Lemma 2.3. [2, 12, 13] Suppose the core inverse A® of A € B(H) exists. Then
(1) A® € Af1,2}.
(2) A® = A*Prea)rea)--
(3) A® = A*AAT.
(4) (A®)2A = A%,
(5) A®A = AA*.
(6) AA® = AAT.
(7) A=0e A=0.
(8) A® = Pruayrpay © A* = A.

From property (2) and property (4) in Lemma 2.3, it follows that A® exists if and only if A* exists.

3. Additive Perturbation Analysis

In this section, we consider expressions and additive perturbations of the core inverse of a bounded
linear operator. First of all, we present some characteristics of the core inverse.

Lemma 3.1. Suppose the core inverse A® of A € B(H) exists. Then
A® = PriaynayA” Qreay,R(A)-

is independent of the choice of A™.
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PTOOf. Set X = PR(A),N(A)AiQR(A),R(A)L Then
AXA = APrayNnayA” Qreay,rayr A
=AAA
= A,
XAX = PreayNnayA™ Qrea),ray- APRra),NAYA™ Qra),r(A):
= PriayN@ayA~ Qrea),rA)*
=X
R(X) = R(XA) = R(PraayNayA™A) = R(Prayn@) = R(A),
N(X) = N(AX) = N(AA_QR(A),R(A)l) = R(A)J' = N(A*)
[

Lemma 3.2. Let A € B(H) and suppose A® exists. Then A® is a oblique projector generalized inverse with respect to

Priay,ray and Qreayreayt, e,
A=A

;’N(A),R(A),QR(m,R(mL ’
Proof. The result follows from Lemma 3.1. [J
In order to get a representation of core inverse, we need the following expressions for A*.
Lemma 3.3. [11] Let A € B(H) and suppose A* exists. Then
AP = AT+ A-A"A)?
=(I+A-AA)A
=(I+A-AANTAI+A-ATA)™.
Using expressions of the group inverse of A, we give some explicit expressions of the core inverse.
Lemma 3.4. Let A € B(H) and suppose A® exists. Then
A® + A" = (T+A - AAHL.
Proof. The result follows from simple calculations. [
Remark 3.5. Using Lemma 2.3 and Lemma 3.4, it is easy to verify the following equations.
AAT = AA® = AU+ A - AAT) T,
AA* = A®A = (I+ A - AAT) A
Lemma 3.6. Let A € B(H) and suppose A® exists. Then
A® =1+ A—-AAHTAAT = A+ A - ATA)LAT.
Proof. Noting that (I + A — AA")A = A%, by Lemma 3.3 and Lemma 2.3, we have
A® = APAAT
=(I+A-AATH)2A2AT
=(I+A-AAT)TAAT
Using the equality (I + A — ATA)A" = AAY, we get
A® = A+ A -ATA)2AAT = AU+ A - ATA)IAT.
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Lemma 3.7. Let A € B(H) and suppose A® exists. Then
A® = (I+A - AA)TAAT(AAT + (AATY = D)7t
=A(l+A - ATA)TTAT(AA" + (AA =)7L
Proof. Using [10, Lemma 2.2], we have
AAT = AAT(AA" + (AAT) =)7L,
Noting that
I+A-AANVA =A%, (I+A-ATAA = AA,
we have, by Lemma 2.3 and Lemma 3.3,
A® = ATAAT
= ([+A-AA)ZAAT(AAT + (AATY = D)7
=(I+A—-AA)YTAAT(AA" + (AA) =)

and
A® = A*AAY
=A(l+A - ATA)2AAT
=A(l+ A - ATA)ZAAT(AAT + (AATY = )71
=A(l+A—-A"A)TTA(AA" + (AA) = D)7\
O

Next, we consider additive perturbations of the core inverse. The following proposition gives an
expression of the core inverse of the perturbed operator.

Proposition 3.8. Let A € B(H)and A = A+ 0A € B(H). Let Z =1+ A™0A, U = (I - AA"SA,Fy =1-U'U,S =
ATAZFy. Then A® exists if and only if A + FyFs is invertible. In this case

A® = A(A + FyFs)2AAT.
Proof. We have from [11, Corollary 3.5],
A* = A(A + FyFs)™.
The result then follows from A = A*AA*. O

Xue and Chen have investigated stable perturbation of group inverse in [27]. In virtue of those results,
we consider the error estimation of additive perturbations of the core inverse of a bounded linear operator
in Hilbert space.

Theorem 3.9. Suppose that the core inverse A® of A € B(H) existsand A = A+56A € B(H). Assume R(A)NN(A*) =

1 _
0} and ||A*||||6A|| < ————. Then A® exists and
{0} LA |[[I0AL] T A7

A® = (I + C(A)D(A)AA®{A(I + A*SA)TA® + (I + SAAH) LI - AA®)) L.

Moreover,
T IA*|
IA®]] < ,
[1 -+ |ADIA#I|0A]]?
1o - aey < JATPIDAIL 2)A"| oA,
— 1= [IARII6AINT T = (1 + [JATDIA#lIIOAI 2
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Here,

C(A) = A™SA(I + A*sA) 1A,
D(A) = (I + A*5A)1A*D71(A),
D(A) = I+ 0A(I — AAHSA[(I + A*6A) 1AM

Proof. Since R(A) N N(A*) = {0} and ||A*|[|I6A]l < from [27], we have

1
L+[Am
A" = (I + C(A))[D(A) + D(A)?*6AA™I(I - C(A)).

It follows from [8] that A" = A*(I + SAA*)™! = (I + A*0A)~1A* and
At =(1-A"A - (ATA)) A1 - AA" — (AAT)")™!

and

AAY = —AAT(1 - AA" — (AA")")7L.
Let Q = AA" = (I + SAA")AA*(I + 6AA")™1, then, by simple calculations, we have
Q = C(A) + AA* = (I + C(A)AA".
Note that AA* + (AA*)* — I = A®A + (A®A)* — I is invertible and
(A®A + (APAY - ' = AAT+ ATA- L.
Using these results and the following computations

CANAAT + ATA — 1) = A™0A(I + A*SA) TA*(AAT + ATA - 1)

= ATOA(I + A*5A)TATAAT
= A™(I + 6AA")10AATAAT
= A™(I + 0AA") (I + 6AA* — DAAT
= ATAAT — A™(I + 6AA")TAAT
= —A™( + 6AA")TTAAT,

(CA))(AAT + ATA — ) = [(AAT + ATA - DCA)I*
= [(AAT — D)SA(I + A*5A) 1A
= —[(I - AANSAA*(I + 6AAHT,

we have

AAT = (I + C(A))AA*[(C(A) + AA") + (C(A) + AA®y — 1]
= (I + C(A)AA*[C(A) + (C(A))* + AA* + (AA*Y — 11!
= (I + C(A)AA*(AAT + ATA — D[(C(A) + (C(A))NAAT + ATA - D) + 1]
= (I + C(A)AATI — A™(I + SAAHTAAT — [(I - AANHSAA*(I + 6AAH 1) !
= (I + C(A)AATI — A™(I + SAAHTAAT — [(I - AANHUT - (I + 6AAHY H]}!
= (I + C(A))AAT(AAT — A™(I + SAANTTAAT + [(I + 6AAH (I - AAH!
= (I + C(A))AAT{(BAA" + AAH)I + SAANTTAAT + [(I + 6AAHY (1 - AAT))
= (I + C(A))AATAAY I + 6AAHYTAAT + [(I + SAAH (1 - AAT) L.
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Thus,
A® = A*AAY

= (I + C(A))[D(A) + D(AY?5AA™(I — C(A))

x (I + C(A)AAMAAHI + SAAM)TAAT + [(I + 6AA") (I - AAT)}!

= (I + C(A))D(A)AAMA(I + A*SA)TAPAAT + [(I + 6AA®) (I - AAH)!

= (I + C(A))D(A)AA®{A(I + A*6A)TA® + (I + SAA*)) (I — AA®))!
It follows from [27], [8, Theorem 1] and [9, Corollary 3.1], respectively that

1A%
[1 -1+ IATIDIA#I6ANT

IA%]| = |A*AAT| < |A*)) <

and E
_ A* - 1+ V5 |JA*[]2||6A
— [|A#|[||6All 21— [IA*lIeA]
It also follows from the proof of [27, Theorem 3.1], that
2| A™ LA A

|A*A — A*A|l <

1= (1 + [IATDIA#IOAI
Using the following equality

A® — A® = (A*A - APA)AT + APA(AT - A,
we obtain

IA® — A < IA*A = A*AJIAT|| + A*ANIAT - A7)

2/IA™IIA*IIISAI 1A% IIA#Alll + 5 IIA#IIZII(SAII
= 1= @+ [ATIDIA#IIOAI T = IA*[IOA] = lIA#llIA]
_ _lIA"PIoAl { 2|A™| T At ”1 + \/_
1= [IA#IlIoAI "1 = (1 + [JATDIA#[IOA]

O

4. Multiplicative Perturbation Analysis

Multiplicative perturbation theory play an important role in analysis of High Relative Accuracy al-
gorithms for a wide range of Numerical Linear Algebra problems. Recently, Multiplicative perturbation
analysis of Moore-Penrose inverse has received an increase interest, in part, due to its application to the
error estimate of least squares problems.

In this section, we consider multiplicative perturbation analysis of the core inverse of a bounded linear
operator. First, we consider expressions of the core inverse of the product of operators.

We start with the notion of the gap between subspaces which plays an important role in perturbation
analysis of generalized inverse.

Definition 4.1. [14] Let M, N be the subspaces of Banach space X. Let

supldist(x, N)[x € M, x| =1},  M# {0}

oM, N) = {o M=1{0}’

here, dist(x, N) = inf{||x — y||, Vy € N}. We call 5(M, N) = max{6(M, N), 5(N, M)} the gap between M and N.
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It is easy to verify dist(x, N) < [|x]|6(M, N)(Yx € M) from the definition of the gap between subspaces.
The upper bound of difference of two oblique projectors was presented in the following lemma in term
of the gap between subspaces.

Lemma 4.2. [25, Lemma 4.4.1] Let P, Q € B(H) be idempotents. Then
IP = QI < I = PINIQNSR(Q), R(P)) + IPIII = QI6(N(Q), N(P)).
Z. Boulmaarouf, et.al., have studied the projections in [3], and presented the following useful lemma:
Lemma 4.3. [3, Proposition 1.7] Let P € B(H) be projection. P # 0,P # 1. Then
Pl = [lI =Pl =[[=P =Pl =|[+P =Pl =l -P+P].

Lemma 4.4. Let A, E, F € B(H) and suppose that R(A), R(E), R(F) are closed. Let T = EAF. Assume that E'EA = A
and AFF' = A. Then T* = FtA'E".

Proof. The assertion is easy to verify. [

Proposition 4.5. Let A, E,F € B(H) and suppose that R(A), R(E), R(F) are closed. Let T = EAF. Assume that
EYEA = A and AFF' = A and T® exists. Then

T® = (I + EAF — EAATE") 'EAATEN(EAATE" + (EAATETY — )7L
Proof. Noting that TT" = EAA'E', by Lemma 3.7, we have
T® = (I + EAF — EAATEN) 'EAATEN(EAATE! + (EAATETY — 7.
O

Corollary 4.6. Let A, E,F € B(H) with R(A) closed, and let T = EAF. Assume E, F are invertible in B(H) and T®
exists. Then
T® = {AF + (I - AAYE Y TAAYE(AAT = 1) + (E'EAATE Yy} L.

Proof. Since E, F are invertible in B(H), by Proposition 4.5, we get
T® = {[ + EAF — EAA'E"Y\ 'EAATE"YEAATE™! + (EAATE™Y) —1}7!
={E7' + AF - AA'ETY)TTAAYEAAT + (EAATE"Y'E — E)!
= {AF + (I - AANE Y TAANEAAY — 1) + (E'EAATE"Y)"} L.
O

Remark 4.7. It is known that T® exists if and only if T* exists if and only if R(T) ® N(T) = H. So, if E, F are
invertible, then
R(T) = R(EAF) = R(EA),N(T) = N(EAF) = N(AF).

Consequently, T® exists if and only if R(EA) ©@ N(AF) = H.
Next, we consider multiplication perturbation of the core inverse of a bounded linear operator.

Proposition 4.8. Let A,E,F € B(H) and R(A), R(E), R(F) be closed subspaces, and let T = EAF. Assume that
E'EA = A and AFF' = A and A*, T* exist. Then E'Preryne)E and I — FPrerynery)F' are projectors onto R(A) and
N(A), respectively. Moreover,

ATENI-TME =0, (I-E'I-THE)(I-AT) =0,

F(I-TYF'A™ =0, (I-A™(I-FI-THF" =0.
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Proof. Itis easy to verify using the equalities E'EA = A and AFF' = A that E*Pg¢r n(r)E and FPrryn(rF' are
idempotents and R(A) = R(AF) and N(EA) = N(A).
Noting that R(ETPr¢r)n(rE) € R(AF) and E*Pgery N EAF = AF, we have

R(E*Pren,nnE) = R(AF) = R(A).

That is, E*PR(T),N(T)E is a projector onto R(A).
Since N(EA) € N(FPrynnF") and EAFPry N FT = EA, we have

N(FPrnmF') = N(EA) = N(A).

So, I — FPrirn(nF' is projector onto N(A).
Since Priaynay =1 — A™, Prerynery = I = T, the following equations hold.
ATEYI-TME =0, (I-E'I-TME)I-A") =0,
F(I-TMF'A™ =0, (I-A™(I-FI-TYF") =0.

O

Corollary 4.9. Let A, E, F € B(H) with R(A) closed and let T = EAF. Assume E, F are invertible in B(H) and A*, T*
exist. Then E™PrrynerE and I — FPrryner)F~! are projectors onto R(A) and N(A), respectively. Moreover,
ATETYI-TY =0, TFE(I- A™) =0,
(I-THFA™ =0, (I-A™FT™ = 0.

Proof. The results follow from Proposition 4.8. 0O

Lemma 4.10. Let A,E,F € B(H) and suppose that R(A), R(E), R(F) are closed. Let T = EAF. Assume that
E'EA = A and AFF* = A. Then

(1) 6(R(A),R(T)) < Il - El,

(2) 6(N(T),N(A)) < I - FI|.

Proof. (1) For any u € R(A) with |[u]| = 1, there exists a y € Y such that AA'y = u. Thus, by AFF' = A, we
have
dist(u, R(T)) < |lu — EAF(FHA'y||
= |l - B)AATy]
< |l - EIlIAATyI
< I = E|lllull-
Consequently, 6(R(A), R(T)) < |II - E||.

(2) Noting that E'EA = A, we have N(EA) = N(A). For any u € N(T) with ||u|| = 1, we have Tu = EAFu =
0. So, Fu € N(EA) = N(A). Thus,

dist(u,N(A)) < |lu — Ful| < || - F||.
Consequently, 0(N(T), N(A)) < [l = Fll. O

Corollary 4.11. Let A, E, F € B(H) with R(A) closed and let T = EAF. Assume E, F are invertible in B(H). Then

(1) O(R(A),R(T)) < |l - Ell
(2) 8(N(T), N(A)) < Il - FI|.
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Utilize the results of Lemma 4.10, we give an estimation of the norm of the oblique projector Pr(r)n(r).-

Lemma 4.12. Let A,E,F € B(H) and suppose that R(A), R(E), R(F) are closed. Let T = EAF. Assume that
EYEA = A and AFFt = A and A*, T* exist. Set

© = 1= |IPreay N (I = Ell + I = FT)).

Ift >0, then

P
PRy NIl < w-

Proof. Since E'EA = A and AFF" = A, we have A = E'TF". Itis easy to check that EE'T = T, TF'F = T. Thus,
by Lemma 4.10 (2), we have
8(N(A),N(T)) < |II - F1.

Therefore, from Lemma 4.2, Lemma 4.3 and Lemma 4.10, we have
IPreryNeT) = Preay,nayll < I = Prery N PRy, Ny l10(R(A), R(T))
+ IPrey NI = Preay,nayllO(N(A), N(T))
< IPrery NIl Preay Ny IIO(R(A), R(T)) + 6(N(A), N(T))]
< IPrery N PRy Nyl = EIl + 11T = FF).

So,
PR~ < PRy N+ PR N PRy N I = ElL -+ 11— FY).
Since
7 =1—||Preayneyll(Ill = Ell + |II = F|)) > 0,
we obtain

[IPRra) Nl

IIPremy Nl £ -

O

Remark 4.13. Replacing the assumption of existence of A* by the assumption that R(A) is closed and replacing
Preaynay by the orthogonal projection Preayreay: in Lemma 4.12, we have

1
IIPreryNemyll £ =

where t =1 — ([ = E|| + |l = F*|)) > 0.
Corollary 4.14. Let A, E,F € B(H) and let T = EAF. Assume E, F are invertible in B(H) and A*, T* exist. Set
7 =1 IPreayNey (I = Ell + [IT = F7Y)).

Ift >0, then
[IPRreay Nyl

[IPreryNen)ll < .

Theorem 4.15. Let A, E,F € B(H) with R(A), R(E), R(F) closed and let T = EAF and A®, T® exist. Assume that
E'EA = A and AFF' = A. Set
©=1-||AA|I(Il - Ell + Il - F")).

Ift >0, then
(1) T® = PR(T),N(T)F+A®E+QR(T),R(T)i = (I + GF)A®(I + QE),
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IA®AIIEIIA®IE

@) Il <
T® — A® A®A
@ T < e = 1= L+ R g - - P + 1.
Here,

O = (I - Prennem)(E = I) = Prepynen (I — FY),

O = (E* = DI - Qrenyrery) — I = ENQrery reny- -
Proof. Put

O = (I = Preynen))(E = 1) = Prenynen (L= ),

O = (E" = )(I - Qren,ren) — (I = ENQrnr(ry:-
Since R(T) = R(EAF) C R(EA) = R(EAFF') C R(T), then R(T) = R(EA). Thus, (I — Prerynm)EA = 0 and
(I = Qrer,rar)t)EA = 0. So, we have (I — Prirynm)EA® = 0 and (I = Qren),rer))EQrea),r(a)r = 0 which is
equivalent to Qreayrea):[I + (E = I)*1(I = Qr(r),r(ry+) = 0. Therefore,

Qreay,ra)- I+ (E = I)'(I = Qrer),rer)+)] = Qrea),r(A)- Qr(T),R(T)* -

Noting that
(I + QF)A® = PR(T),N(T)F+A®

and
AYE*Qreyrenyr = AT[I+ E' = IIQrr r(1)*
"[Qray Ry + E = IIQR(r)r(1)*
"Qrw@yry- (I + (E = I)'(I = Qrenyrery)) + (E" = DQrery &1y ]
= AT+ (E-D"(I - Qreryren) + (BT = DQrenyrey: ]
=AY (I + Op),

=A
=A

we have
T® = PraynnF APETQreryrerye = (I + Op)A(I + OF).

Then, by Lemma 4.12,

IA®AINIEHIIA®IIET

IT®Il < IPrey N IEFIIAPHIET] = .

Using Lemma 4.3, we have

6!l < IPrey N IUIE = N + I = FFIl)
6Nl < |E =11l + Il - ET|
I+ O]l = IE*(I - Qreny,rery) + EQrery.reny- |l
< [IEI| + IE*].
It is easy to verify
T®? — A® = A®0Of + 6rA® + 6rA®0Or.
Thus,
IT® — A®|| = |A®OF + OrA®(I + OF)||
< [IA®N(IOEN + O + Okl)
< [IA®I{IIE = Il + T = E*{ + IPreny N IUIE = TN+ 11T = FFIDCIEN + 1IETI1)}
lIAZA]|
T

< IA®IHIE = Il + 1T = E¥|l + (IE = 111+ 1T = FFIDCIEN + EETID).
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Consequently,

IT® — A%
lA®ll

lA®Al
<IE—DI+ - E"l + — (E=Tli+qir — E IDIEN + IETI).

O
Corollary 4.16. Let A,E,F € B(H), T = EAF and suppose A®, T® exist. Assume E, F are invertible in B(H). Set
T=1-[|AA|(I - El + Il = F')).

Ift >0, then

(1) T® = PreynenF P APE Qrenyrerye = (I + Op)A®(I + O),
IA®A[IIIEILA®IEY|

@) Il <
T® — A® A®A
@ T < e = - B P - = I+ )
Here,

Or = (I = Preynen))(E = I) = Preynend = F7Y),
Or = (E' = (I = Qreryren) — 0 — ET)Qrery,R(T)--

Similar to the proof of Theorem 4.15, associate with Remark 4.13, we have the following results if R(A)
is closed and A* does not necessary exist.

Theorem 4.17. Let A,E,F € B(H) with R(A),R(E), R(F) closed and let T = EAF with T® exist. Assume that
E'EA = A and AFF" = A. Set
T=1- (- Ell+ I -F).

Ift >0, then
(1) T® = PraynenyFTATET Qreryrerye = (L+ Br)AT(I + Ok),

@) |IT®|| < IEHTIATIE ]
- T
IT® — A| e
©)) TIAT <|IE-I|+|Et =1 + (f +[IE = IDAEN + IETD.
Here,

Br = PRoNmF" + (I = Prepynr)F = 1,
Or = (E* = I)(I - Qrery,reryt) — (L = ENQrery rery--
Proof. Since N(T) € N(E'EAF) = N(AF) € N(T), then N(T) = N(AF). Thus,
ATAF(I - Prerynemy) = 0.
Noting that
(PrenynnE' A" = (AT (FY) Py ny
= (A+)*{(F+)*P*R(T),N(T) + A+AF(I - PR(T),N(T))}
= (A+)*{(F+)*P*R(T),N(T) + F(I - PR(T),N(T))}/

we have
Pray e FT AT = {Prayne T+ (I = Piepy ) FIA™
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Put fr = PR(T),N(T)FJr +(I - Py — L. Then, we have, from the proof of Theorem 4.15,

(T),N(T))F*
T® = PreynenF ATE Qreryrery: = (I + Br)AT(I + Of),
where O = (E* — I)(I — Qrenyrr)t) — (L — ENQr(ryr(1)- -

It is easy to check
T® — A" = A"0r + BrAT + BrAT 0.

Since
IBENl = Il = PyrynenyF + PreynenE' + F =1l
< IPrey N IFI + 1IEH]) + [IF = 1]
< IIEIl +;IIFJFII FIE-TIL,
then,

IT® — A™|| < |AT0kll + IBAT(L + Op)l

F|| + ||F*
< IATIGIE = 11+ 1Y = 1) + BAICE L e g + e,

Thus,
IT® — A¥||

<|E =TI+ IE" =11 + (
AT

F|| + |IF*
WALETE s e — mpauen + e

6143

O

Corollary 4.18. Let A, E,F € B(H), T = EAF with R(A) closed and T® exists. Assume E, F are invertible in B(H).

Set
T=1= ([ - Ell + Il - F|)).

Ift >0, then
(1) T® = PR(T)/N(T)F_lA-rE_lQR(T),R(T)L = (I + ﬁp)/ﬁ(l + QE),

@) Il < IE-IIATIIE|
i T 7
IT® — AY|| _ IEI| + IIE)| _
@) — 57— <IE=DI+E7" = 1ll) + (/———=——— + [IF = TI(IEIl + IE7"]))-
[IAT]| T
Here,

Br = PreyNenyF ' + (L= Py F = 1
0k = (E" = D(I = Qrnyrery) = ([ = EDQre) R(T)- -
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