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A New Method for Finding the Shape Operator
of a Hypersurface in Euclidean 4-Space
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Abstract. In this paper, by taking a Frenet curve lying on a parametric or implicit hypersurface and
using the extended Darboux frame field of this curve, we give a new method for calculating the shape
operator’s matrix of the hypersurface depending on the extended Darboux frame curvatures. This new
method enables us to obtain the Gaussian and mean curvatures of the hypersurface depending on the
geodesic torsions of the curve and the normal curvatures of the hypersurface.

1. Introduction

In differential geometry, the shape of a geometric object (curve, surface, etc.) has always been a point
of interest. In Euclidean space, along a space curve we have only one direction to move. This direction is
determined by the tangent vector of the curve. The curvature of the curve measures the rate of change of
its tangent vector, and together with the torsion of the curve they give us some information to its shape.
However, along a surface we have different directions to move. These directions constitute a plane at a
point, called the tangent plane of the surface at that point. When we move along a given direction, the
tangent plane and thereby the normal vector of this plane, that is, the unit normal vector of the surface will
change its direction except for some special cases. It is well-known that the rate of change of the unit normal
vector of a surface has been measured by the shape operator. That’s why computing the shape operator
of a surface is important in surface theory. The calculation of the shape operator of a surface in Euclidean
3-space is well-known [3, 4]. The shape operator’s matrix of a surface can be expressed by depending on
the first and second fundamental form coefficients of the surface by using the Weingarten equations [3].

In this paper, we give a method which enables us to compute the shape operator of a hypersurface in
Euclidean 4-space. We consider a Frenet curve lying on a hypersurface, and use the extended Darboux
frame of the Frenet curve in Euclidean 4-space while constructing this new method. Our method includes
two cases in which one can obtain directly the shape operator’s matrix of a hypersurface along a Frenet
curve. The elements of obtained new matrix are composed of the geodesic torsions of first and second order
of the curve and the normal curvatures of the hypersurface.
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2. Preliminaries

Definition 2.1. Let M be an orientable hypersurface with the unit normal vector field N. The shape operator
S x(M) = x(M) of M is defined by S(X) = —Z)>"(‘ for X € x(M), where D is the Riemannian connection of E*,
[51.

Definition 2.2. Let M be an orientable hypersurface in B* and P be a point of M. Then K(P) = detSp and
H(P) = %trace(Sp) are called the Gaussian and the mean curvatures of M at P, respectively, [5].

Definition 2.3. Let M be an orientable hypersurface in E*, P be a point of M, and Xp € Tp(M). The normal

curvature at P of M in the direction of Xp is defined by x,(Xp) = %,[3}.
P, Xp

4
Definition 2.4. Let {e1, ey, e3,e4} be the standard basis of R*. The ternary product of the vectors u = Y, u;e,
i=1

v = Z viey, and w = Z wie; is defined by the vector [7]
i=1

€ € e3 €4

Ui Uy U3z Uy
URVvVew= ,

U1 U2 U3 U4

w1, Wy W3 Wy
and satisfies the following properties:

u A\ w

(wy) (v,y) (w,y)
(u,x) (v,x) (w,x)

XYy URVOW) =

7

x,u) (x,v) (x,w)
<X®y®z,u®v®w>= <YIu> <YIV> <YIW>
(z,u) (z,v) (z,W)

2.1. Curoves on a parametric hypersurface in IE*

Let M be a regular hypersurface given by its parametric equation R = R(uy, u, uz) and f: ICR - M
be a Frenet curve with arc-length parametrization. Since M is regular, R; ® R, ® R3 # 0 at every point of
M, where R; = a .- Then, the unit normal vector field of M is given by

Ri®R, ®R;

= -2 1
IIR1 ® Ry ® Rs|| M

Moreover, since the curve f(s) lies on M, we may write (s) = R(ul(s), us(s), u3(s)). Then we have

3
B(s) =) Rai, 2)
i=1

Z Rju! + Z R,ju 3)

i,j=1
B (s) = ZRM’” +32Rl]u”u' + Z R;ju/u uk,
i,j=1 i,jk=1

- R . _JFR__
where R;; = ujou; 7 and Rij = aukau T 1<1,j,k<3.
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2.2. Curves on an implicit hypersurface in E*

Let M be a regular hypersurface given by f(x,y,z,w) = 0, and B(s) = (x(s), y(s), z(s), w(s)) be a Frenet
curve on M. Since M is regular, at every point of M we have N(s) = %(s) for the unit normal vector field
of M along 8. Besides, we have [1]

(Vf.B)=0,
(VF,B")=~p'Hs (B, 4)
d(H
(VEB") = -8F"Hy (B") - ﬁ’% @),
where ‘B/ - [x/ y/ Z, w/], ﬁ// - [xu yu ZN w//]’ ‘BNI - [x/// y/u ZNI w///], vf = [fx fy fz fw]/ and
fxx fxy fxz fxw
Hf= fo S S fr d(Hf) - [ 9Hy oHy

fo fou fe fuw | 5 ey ey
fwx fwy fwz fww

f xxx f xyx f xzXx f xwx f xxw f xyw f xzw f xww

ﬁ _ f yxx f yyx f yzx f ywx . % _ f yxw f yyw f yzw f yww
ox B fzxx fzyx fzzx fzwx ! ! ow B fzxw fzyw fzzw fzww
f wxx f wyx f wzx f wwx f wxw fwyw f wzw f www

2.3. The extended Darboux frame(ED-frame) field in IE*

Let M c E* be an orientable hypersurface and g : I ¢ R — M be a Frenet curve in Euclidean 4-space
E*. Let T and N denote the unit tangent vector field of the curve g and the unit normal vector field of
M restricted to the curve 8, respectively. Then the extended Darboux frame (ED-frame) field along f is
denoted by {T, E, D, N} [2], where

_ ﬁ// _ <ﬁ”,N>N
B = (B, NONII’

_ ﬁ/u _ <ﬁ,/’/ N>N _ (,BN/I T)T
B =<, N)N = (g, THTII’

E if {N, T, 5"} is linearly independent (Case 1), (5)

E

if {N, T, 8"} is linearly dependent (Case 2)
and
D=N®T®E, in both cases.

The differential equations for ED-frame field have the form

T [0 kg 0 m |[T

=4 -« 0«2 1l E

— g g

DDl | O —Ké 0 Tg D (Case 1),
L B B A U N
r T 7 0 0 0 xy T

E’ 0 0 x5 14 E

DT 0 =& 0 0]|D (Case 2),
| N | | —xa —’L’; 0 O N

where K; and T; are the geodesic curvature and the geodesic torsion of order i, (i = 1, 2), respectively [2].
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3. Shape Operator’s Matrix of a Hypersurface

Let us consider an orientable hypersurface M in 4-dimensional Euclidean space and take a Frenet curve
B(s) lying on this hypersurface. Let us denote the extended Darboux frame field along g with {T,E, D, N}. It
is obvious from the definition that {T, E, D} constitutes a basis for x(M) along . Our aim is now to obtain
the matrix of the shape operator along the curve and to give the Gaussian and the mean curvatures of the
hypersurface depending on the geodesic torsions of first and second order of the curve and the normal
curvatures in the directions of E, D and E + D of the hypersurface for each case.

3.1. Casel

Proposition 3.1. Let M be an orientable hypersurface, B be a Frenet curve lying on M, and {T,E, D, N} denotes the
ED-frame field of B. Then, the shape operator’s matrix of M along B with respect to the basis {T, E, D} is obtained by

xn(T) T; T;
S=| 1 k() V¥ |, (6)
T% v xn(D)
where
W = 1,(E + D) - %(Kn(E) +11(D))- 7)
Proof. Let

S(T) = 1111T + 1112E + 1113D
S(E) = 5121T + {122E + a23D . (8)
S(D) = 6131T + ﬂng + 033D
Then, we obtain
a11 =(S(T), T) = xu(T), ax =(S(E),E) = x4(E), as =(S(D),D) =x.(D),
a1z = ay = (S(T),E) = (E',N) = 1, w3 = a3 = (S(T),D) = (D',N) = 7.

On the other hand, we may write

(S(E + D), E + D) = (S(E), E) + (S(D), D) + 2(S(E), D)
ie.

2,(E + D) = 1, (E) + x,(D) + 2(S(E), D).

Thus, we have
2y = 132 = (S(E), D) = ky(E + D) = 5 (u(E) + k(D)) = .
Substituting the obtained results into (8), we find the shape operator’s matrix S as desired. O
The computations of x,(T), T; and T; are known for not only parametric hypersurfaces [6] but also for
implicit hypersurfaces [2] in Euclidean 4-space. To make the matrix of the shape operator in the Proposition

3.1 understandable, we now show how the normal curvatures in the directions of E, D and E + D can be
obtained for both parametric and implicit hypersurfaces.
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Lemma 3.2. Let M be an orientable hypersurface given by R(uy, up, uz) and p(s) = R(u1(s), ua(s), uz(s)) be a Frenet
curve lying on M. Denoting the ED-frame field of p by {T,E, D, N}, the normal curvature of M in the direction of T
is (also in Case 2) given by [6]

wen(T) = Z it
i,j=1
where hij = (R;j;,N), (1 < i, j < 3), denotes the second fundamental form coefficients of M.

Lemma 3.3. Let M be an orientable hypersurface given by R(u1, uz, us), and B(s) = R(u1(s), ua(s), us(s)) be a Frenet
curve with its ED-frame field {T, E, D, N}. Then, the normal curvature of M in the direction of E is found as

3
kn(E) = Z hijaaj, )
i1
where
1
a; = E{(gjjgkk - 9]2';()<Ri, E) + (gig ik — 9ijgu){R;, E) + (g9 % — 9ixgj){Rx, E)}, (10)

i,j,k=1,2,3 (cyclic),
= IRy ® Ry ® Rs|* = 911922933 + 2912913923 — G119 — 92975 — 933912, (11)

(Ry E) = = Xg,mu +Z<R”’R ), m=1,23,

i,j=1
3 3 -
2
= Zgl]u” Y2 Z (R,],Rk)u’ uy! Z (Rij, Repyuiut; ukuf Zh,-,-ul’.u;) } ,
i,j=1 i,jk=1 ijk (=1 ij=1

and g;; = (R;,R;), (1 < i, j < 3), denotes the first fundamental form coefficients of M.

Proof. We may write

3
E = Z R,-ai. (12)
i=1

Taking the scalar product both hand sides of (12) with R;,j = 1,2,3, we obtain the linear equations
3
(Rj,E) = ¥ gija;. These equations constitute a linear system which has nonzero coefficients determinant

i=1

=||IR; ® R» ® Rs|[>. By solving this system, we find the scalars a; as

1
4= E{(gﬁ!]kk = 73)(Ri, E) + (gigjx = i) (R}, E) + (g1 jx — 9xg i) R E)},
i,j,k=1,2,3 (cyclic). If we use (5) and (3), we get
(R, E) = Z Gimu + Z(Rz]/R ), 1<ms<3,
i,j=1
where
‘Ll ‘B <ﬁl/ N>N|| —_ <ﬁ/l ﬁ/l) <ﬁl/, N>2}%

3 2
{ Z glju” u! +2 Z (Rl],Rk)u:u;u;’ + ) (Rij,Rkwul’.u;u u; ( Z hijulu ) } .
i,jk=1 1,7k, (=1 i,j=1

[NTE

Since x,(E) = (S(E), E), using Lemma 3.2, the normal curvature of M in the direction of E is obtained as
desired. O
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Lemma 3.4. Let M be an orientable hypersurface given by R(uy, up, uz) and p(s) = R(u1(s), ua2(s), uz(s)) be a Frenet
curve lying on M. Denoting the ED-frame field of f by {T,E, D, N}, the normal curvature of M in the direction of D
is obtained by

3

K(D) = ) hiAiA, (13)
ij=1
where
1 3 3
Ai=~ {(Rj, E) Y gmttyy = (Ri,E) ) | .%'mu:n}, i, jyk =1,2,3(cyclic). (14)
m=1 m=1

3
Proof. LetD = ) R;A;. Since D = N® T ®E, using (1) we get
i=1

D=

Bl

3
Y R EXR T) = (R, THR, )R, i, j,k = 1,2, 3(cyclic).
i=1

Then, using (2), we find A; as given in (14). So, Lemma 3.2 yields the desired normal curvature. [

Lemma 3.5. Let M be an orientable hypersurface given by R(u1, uz, us), and B(s) = R(u1(s), ua(s), us(s)) be a Frenet
curve with the ED-frame field {T,E, D, N} lying on M. Then, the normal curvature of M in the direction of E + D is
given by

3
Kn(E + D) = % Z ]’li]'BiBj, (15)
ij=1

where B; = a; + A;.

3 3
Proof. We may write E + D = ) Ri(a; + A;) = ) R;B;. Then it follows from
i=1 i=1

%u(E + D) = %(S(E +D),E + D).

O

Lemma 3.6. Let M: f(x,y,z,w) = 0 be an orientable hypersurface and p(s) be a Frenet curve lying on M. Denoting
the ED-frame field of B by {T, E, D, N}, the normal curvature of M in the direction of T is given by [2]

-1 , ,
Kn(T) = Wﬁ Hy (B,

where H denotes the Hessian of f.

Lemma 3.7. Let M : f(x,y,z,w) = 0 be an orientable hypersurface, p(s) be a Frenet curve lying on M and
{T, E, D, N} denotes the ED-frame field of B. Then the normal curvature of M in the direction of E is obtained by

-1
VA

*a(E) {B7Hy(B") + AB"H{(Vf) + AV FH(B") + A2V fH/(V )},

where

_L’ I\t 2:,, NIV 5
A= et e, 8 =0T - AV
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Proof. If we substitute N = % into (5), and use (4), we find

= S+ AVS), (16)
where
_ 1 7" t
A=AV = IIVfllzﬁ Hrp,

62 — <ﬁ”/ﬁ”> _ <,8"/ N>2 — ‘Bl/(ﬁ/l)f _ /\2”vf||2

Then, the desired result is obtained from Lemma 3.6. [

Lemma 3.8. Let M : f(x,y,z,w) = 0 be an orientable hypersurface and {T, E, D, N} denotes the ED-frame field of
the Frenet curve B(s) = (B1(s), B2(s), B3(s), Ba(s)) lying on M. Then, the normal curvature of M in the direction of D
is found as

(o) Jom—— Y

-1
?|IVFIPR
where @ = [p1 P2 3 Pal, VI = (f1, fo, f5, f4), and

i = (BB - BLBy) + 1 A(BIBY — BYBY) + (1) f(BIBY - BYBY),

i,jk,€=1,2,3,4(cyclic).

\Y
Proof. Substituting N = ||V;|| and E = %(ﬁ” + AVf)intoD = N® T ® E gives
4] (%) (%] (]
L A fo fi fa 1
’ ’ ’ ’ = ®I 17
“T e Te = B, By B, B, | OV 1w

1 2 3 4

where ® =[p1  ¢» ¢z ¢4]. Then, the normal curvature of M in the direction of D follows from Lemma
3.6. O

Lemma 3.9. Let M : f(x,y,z,w) = 0 be an orientable hypersurface, p(s) be a Frenet curve lying on M and
{T, E, D, N} denotes the ED-frame field of B. Then the normal curvature of M in the direction of E + D is obtained by

1n(E + D) = =———QHCY,

252||Vfll

where

Q=p"+AVf+ — ||Vf||

Proof. The result can be seen by using (16) and (17). O
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3.2. Case 2

The proofs of the following results can be done similar to the proofs given in Case 1.

Proposition 3.10. Let M be an orientable hypersurface, B be a Frenet curve lying on M, and {T, E, D, N} denotes
the ED-frame field of B. Then, the shape operator’s matrix of M along B with respect to the basis {T, E, D} is found as

ka(T) 75 0

S = T; (E) W |, (18)

0 ¥ x,(D)
where W = x,(E + D) — %(Kn(E) + K,,(D)).

Lemma 3.11. Let M be an orientable hypersurface given by R(u1, uz, us), and f(s) = R(ui(s), uz(s), us(s)) be a Frenet
curve with its ED-frame field {T, E, D, N}. Then, the normal curvature of M in the direction of E is given by

3
kn(E) = Z hijﬂiaj,

ij=1

where a; and A? are as given in (10) and (11),

Ry, E) = {Z gmu"' +3 Z <Rz]/R >u”u, + Z (szk/R >u: ; ],(
(19)

3
- Zigmu ( Z gl]u”’u’ + 3 Z (Rz],Rk)u”u up + kZZ (Rijk, Rg)ttl’u;u}’(u;)}
i= i,jk, =1

n=1,2,3,and

vy o= ||ﬁ/// _ <ﬁ///, N>N _ <ﬁ///’ T)T” — {<ﬁ”,/ﬁ”/> _ <ﬁ///, N>2 _ <ﬁ///’T>2}%
{ Z gl]u”'u”' +6 Z (Rij, Riyu!"u "u +9 Z (Rij, Reyu v/ wiu

ke
i,j=1 i,jk=1 i,k =1 J
3 3
+2 Z (Rijk, Rg)u”’u’u,’(u} +6 Z (Rijk, Rgm)u”u’u,’(u;u’
ijkt=1 ijktm=1
3 3 3 2
+ Z (Rij, Remn)uij u'u,’(u}u’ u, (3 Z h,-julf’u;- + Z (Rijk, N)ulfu;-u;)
i,k mn=1 ij=1 ijk=1

[NE

3
Z gijui"u’ +3 Z (Rij, Riou Wiy, + Z (Rijk, Reyuiu /M;ug)z} .

i,j=1 i,jk=1 i,jk,0=1

Lemma 3.12. Let M be an orientable hypersurface given by R(uy, up, uz) and p(s) = R(u1(s), ua(s), us(s)) be a Frenet
curve lying on M. {T,E, D, N} denotes ED-frame field of B, then the normal curvature of M in the direction of D is
obtained by

3
(D) = Y hiAiA,

ij=1

where A; is as given in (14), and (R;, E) is as given in (19).
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Lemma 3.13. Let M be an orientable hypersurface given by R(u1, uz, us), and B(s) = R(ui(s), ua(s), us(s)) be a Frenet
curve lying on M. Let {T,E, D, N} denotes the ED-frame field of . Then, the normal curvature of M in the direction
of E + D is found as

3
1
Kn(E + D) = E Z h,']'BiBj,
i,j=1
where B; = a; + A;.

Lemma 3.14. Let M : f(x,y,z,w) = 0 be an orientable hypersurface, p(s) be a Frenet curve lying on M and
{T,E, D, N} denotes the ED-frame field of p. Then the normal curvature of M in the direction of E is given by

kn(E) =

-1
€2||Vf|| {ﬁ//’Hf(ﬁN/)t + Cllg”'Hf(vf)t + CZ‘B,/,HJI(ﬁ,)t + Clfof(ﬁ/N)t

+GVFHp(V) + GGV FHfB) + QB Hy(B”) + GG Hp(V ) + C%ﬁ'Hf(ﬁ’)t},

where

G =

Gl
”vfuz(ﬁHf(ﬁ =),

— _ﬁ/(ﬁ///)tl
€2 — ‘B,”(‘B,”)t _ C%nvf“Z _

Lemma 3.15. Let M : f(x,y,z,w) = 0 be an orientable hypersurface and {T,E, D, N} denotes the ED-frame field of
the Frenet curve B(s) = (B1(s), B2(s), B3(s), B(s)) lying on M. Then the normal curvature of M in the direction of D
is found as

1a(D) = ———TH/T',

2IIVfII3
ij, k,f =1,2,3,4(cyclic).

Lemma 3.16. Let M : f(x,y,z,w) = 0 be an orientable hypersurface, p(s) be a Frenet curve lying on M and
{T, E, D, N} denotes the ED-frame field of B. Then the normal curvature of M in the direction of E + D is obtained by

- t
‘K,'n(E + D) = WVf”AHfA ,

where A =" + GVf + G + AT

IIVfH

If we use the matrices for the shape operator in each case, we may give the following corollaries:

Corollary 3.17. Let M be an orientable hypersurface, p be a Frenet curve lying on M, and {T,E, D, N} denotes the
ED-frame field of B. Then, the Gaussian curvature and the mean curvature of the hypersurface along p can be given

by
Case 1: Kﬁ(s) = k(T (E)x, (D) — \PZKH(T) (Tg)ZKH(E) (Ty)zkn(D) + 2’[172‘1’
Case 2: K/ﬂ(s) = xn(T)xu(E)x,(D) - \IIZKn(T) - (Tg)ZKn(D)/

and in both cases

Hio = 5 (50(T) + k0(B) + (D),
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Corollary 3.18. Let M be an orientable hypersurface, § be a line of curvature on M. Then T corresponds to the
principal direction, i.e. S(T) = kiT. If the principal curvature ky # 0 and E, D correspond to principal directions,
then we have W = 0 in each case. In this case, «,(E + D) corresponds to the arithmetic mean of the normal curvatures
K, (E) and x, (D).

4. Examples

In this part, we calculate the Gaussian curvatures and the mean curvatures of the hypersurfaces de-
pending on the ED-frame curvatures by finding the matrices of the shape operators of hypersurfaces given
by parametric or implicit equations.
Example 4.1. Letus consider the hypercylinder M givenby its parametric equation R(u1, u, u3) = (cos u; cos uy,
sin 11 cos Uy, sin uy, uz) and the curve B(s) = R(%, \i&, cos %) lying on M. Since Case 1 is valid along f, at
the point f(0) = (1,0,0,1) we obtain «,(T) = —1, 7, = 7; = 0 [6]. We also find A =1, (Ry,E) = (Ry,E) =0,
(R3, E) = —1. Substituting these values into (10) gives a; = a4, = 0, a3 = —1. So, from (9) we obtain «,(E) = 0.
If we use (14), we get A; = —Ay = %, Az = 0. Then, from (13) we have x,(D) = —1. Besides, we find
By =-B, = %, B3 = —1 and from (15), we get x,(E + D) = —%. So, from (7) we obtain W = 0.

Finally, the shape operator’s matrix of M at $(0) = (1,0, 0, 1) is obtained from (6) as

-1 0 0
Sgoy=| 0 0 O
0 0 -1
which yields the Gaussian curvature and mean curvature of M as Koy = 0 and Hg)) = —3, respectively.

Example 4.2. Let us consider the unit speed curve a(s) = (? cos (%), % cos (%), sin (%), ?s) lying on the

hypercylinder M given by its implicit equation x> + y* + z2 = 1. Since Case 2 is valid along a, at the point

V31

a(0) = (7, E'O' O) we have
V3 1 3 7
1 _ —_—— = —— = —— = — = —— =
Ty - 4 ’ KH(T) 4/ KH(E) 4/ KTL(D) 1/ KTI(E + D) 8/ \II 0
The shape operator’s matrix is then follows from (18) as
V3
_%@ + 0
Sa=| =¥ -2 0
0 0 -1
We again have
2
Kooy =0, Heo) = -3
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