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Shift Commutator Algebras and Multipliers

A. L. Barrenechea?®

"UNCPBA. FCExactas, Dpto. de Matemdticas, NUCOMPA. Argentina.

Abstract. We determine the precise structure of all multipliers on the commutator algebra associated to
the shift operator on a Hilbert space. The problem has its own interest by its connection with the theory of
Toeplitz and Laurent operators.

1. Preliminar

If U is a vector space L(U) will denote the class of linear endomorphisms of U. Further, if U is an
algebra let M (U) be the set of multipliers of U. Precisely, an element M € L(U) is called a multiplier if
M(a)b = aM(b) for all a,b € U. The notion of multiplier was introduced by S. Helgason in 1956 [5]. If U is a
Banach algebra then any multiplier on U is bounded and M(U) is a closed subalgebra of B(U) [6]. Our aim
in this paper is to determine the multipliers of the commutator of the algebra generated by the unilateral
or the bilateral shift on an underlying Hilbert space. Whence U will be Banach subalgebra of operators
or a C*-algebra of operators respectively. In the first case, the elements of U will be represented by (finite
or infinite) lower triangular (scalar or operator) matrices with constant diagonals, while the second case
(in infinite dimension) allows infinite matrices with constant diagonals. Thus, there is a close connection
with the theory of Toeplitz and Laurent operators which are of special interest to researches of Asymptotic
Linear Algebra and Functional Analysis [2].

As usual, if r € IN by M, (C) we shall denote the set of r X r matrices over C endowed with the
Hilbert-Schmidt norm defined for (zi,]-)r L € M, (C) as

i,j=

. 1/2

) ll, # | 2 s

ij=1

As a consequence of the Cauchy-Schwartz inequality M, (C) is a Banach algebra. If n € N and z € M, (C)"
let |lzll; £ Y5y llzkll,. Then (M, (C)", ||o|l;) becomes an nr?-dimensional Banach space on C. Indeed, M, (C)"
is also an associative Banach algebra if for z, w € M, (C)" we define z- w € M, (C)" as

Z-Ww = (Z1W1, Z1W2 + Z9W1, ooy Z1Wy + oo + ZyW1) .
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So, M, ()" is unitary and it is abelian if and only if r = 1. If L € L(M,(C)") we will write ||L|] =
supy, = IL@)ll; - Certainly, (L (M, (©)"),lloll) is a Banach space. More generally, let H be a separable
complex Hilbert space. Then, let the unilateral shift S* € 8(®]"H) and the bilateral shift S € 8 (&*3H) be
given as

S+(f1,f2,...) = (O,fl,fz,...) Zf (f1/f2/--~) € @;07’{,
SUfutmez) = m-tbnez — if  {fuhnez € BTIH.

Clearly, ®°H can be identified with a Hilbert subspace of ®'3H. If i,j € Z let i; : ®*3H — H be the
natural projection of ®"XH onto H and and let (; : H < & L H be the natural injection of H into &*3H.
By {S*} and {S}° we will denote the commutators of {S*} and {S} respectively.

The following is a well known consequence of the Putnam-Fuglede theorem: If y is a compactly
supported measure on C then {NM}c ~ {M¢ tpel® (y)} ,whereN,, M, € 8 (L2 (y)) are givenas Ny, (f) = zf,
My = ¢f for f € L?(u), ¢ € L™ (u) (cf. [3], Corollary 6.9; [4], [8]). Precisely, operators like N,, behaves
similarly to shift ones and they constitute a central tool to the multiplicity theory of normal operators.
Particularly, our interest in multipliers was motivated in previous studies concerning about the structure
of derivations on nonamenable nuclear Banach algebras, X-Hadamard and B-derivations [1], [7].

The article is organized in two sections: Section 2 in the context of finite dimensionality, and Section 3
for the infinite dimensional case. Then M ({S*}) is characterized in the Corollary 2.7 of the Section 2 and
in Prop. 3.1 of the Section 3, while the multipliers on {S}° will be described in Corollary 3.7.

2. Multipliers on finite matrix algebras

Proposition 2.1. Let M € L (M, (C)"). Then M € M(M, (C)") if and only if there is a unique a € Z [M, (C)"] so
that M(z) = a - z.

Proof. If M € M(M, (C)") we puta = M (e), where e = (1,40, ...,0) and 1,4, is the unit matrix of M, (C).
Then e is the unit of M, (C)" and if z € M, (C)" we see that

a-z=M(e)-z=e-M(z) =M(z) =M(z)-e=z-M() =z-4q,
i.e. a € Z[M, (C)"]. By the associativity of M, (C)" it is immediate that the condition is also sufficient. [J
Remark 2.2. It is readily seen that

ZIM (©)"] = Z[M, (O] = (C- 1p)" .
Corollary 2.3. If M € M (M, (C)") there are unique a', ...,a" € C so that M(e) = (allyxr, ...,a”lrxr) and

M, (z) = Za”’j”z]-, 1<v<n, zeM, (C)".
=1
Corollary 2.4. Let m : C" — M(M, (C)") so that
1 n a (.1 n n
m(a,..,a") (z) = (a Ty oeer 1W)-z, z € M, (C)".

Then m defines an isomorfism of Banach algebras and ||m(a)|| = 2 \ally foralla e C".

Proposition 2.5. Let H = &[C’, and let S* € L(H) be the shift operator

S+(f1,...,fn) = (O/flr---/fn—l)r (fl,...,fn) eH.
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If T € L(H), T commutates with S* if and only if there exists a matrix

1Tl . €M, (L@

rJ“lgi,jgn
so that

ro_[ 0 if 1<i<j<n,

and given f € H is
T(f)=Tiifi,Torfi+Tiafo, o Tupfi + Tuoiifo + o+ Tiafn)
Proposition 2.6. Let A : M, (C)" — {S*}* be given as

A (Z) (f) & (Z1f1, sz1 + Zlfz, ey anl + Zn—le + ...+ Zlfn) ,

where z € M, (C)" and f € H. Then A is an isomorphism of algebras.

Corollary 2.7. With the notation of Prop. 2.5, any multiplier n € M{S*}") is uniquely determined by a set of
scalars al, ...,a" € C so that ifTe{S*),1<k<nand f € H then

ko
p (M (f) = Z Z @ (feoj)- 1

=1 =1

3. Multipliers on infinite matrix algebras

Proposition 3.1. Any multiplier u € M({S*)°) is uniquely determined by a sequence of scalars a= {a"},,c so that

. 2+1/2
sup Z Zak‘j“fj < 400 )
felerH], [ k=1 |[j=1

and the following equalities
k o J j
(D) (f) = Z i Z Tiiv11(fi) = Z Tk-j+11 [Z al =it ] 3)
j=1 i=1 = i=1

hold if T € {S*)", ke Nand f € > H.

Proof. 1t is straightforward to see that any T € 8 (EBT’?—( ) is performed by the infinite matrix ||Ti, f”i N with

coefficients in B(H), where
S S H
Tij = T lepge T 01 517,

and T = s-). 72, 27;1 iy |BrH oT;j o 7tj lgwgr (cf. [3], §6, p. 276). Moreover, if T € {S*) then T;; = Ty, ju if
1<j<iandT;; =0ifj>i>1. Hence, if y € M({S*}) then (Ide;;o(H) € Z({S*}°) and it is easy to deduce

the existence of a sequence of scalars a = {a"}; ; so that u (I%‘{”")]’l = alldg if j € N. Now, given T € {S*},
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ke Nand f € ®°H we write
p(f) = (Mges o (D), ()
(1 (o) o T), ()
(e 30), (T)

- -

H (Id®TW)k— j+1,1 (Tf )f

j
gt Z Ti-is11(fi)-

i=1

-
Il
—_

The second equality of (3) is always true, and it follows similarly because

U (T) = p(T) o ldgeg = T o p (Ideyse).

Indeed,

1/2

2
] .

On the other hand, let a={a"},cn be a sequence of scalars so that (2) holds. Hence, if f € ®*H then
ta () = { =1 gk=i+1 f]} is a well defined element of ®°H and i, becomes a continuous linear operator

on &°H. Further, by (3) we deduce that u, € Z ({S*}°). Therefore, if we set u(T) = g, o T for T € {S*} then
i€ M({S*}%) and our claim follows. [

k

Z Z ak—j+1fj

k=1 || j=1

il = ezl = e
fe[erH],

Remark 3.2. If a multiplier u on {S*}° is implemented by a sequence a it is easy to see that a € I*(N) and
llall, < ||u|| - In general, this inequality is strict. For instance, let H = C and consider a = {2’1/2,2’1/2,0, 0, } f g
is the multiplier performed by a on the subalgebra {S*}° of B (12 (N )) then

1/2

|ewa]| =

Ha (Idlz(N))” = [suﬂlz)] [1 + Rernan

Consequently, taking f = {2’”/2}nZl we conclude that ||| > lall, = 1.

Lemma 3.3. Let A € B(®*XH). Then A € {S) if and only if there is a unique bounded sequence {Ay} ez in B (H)
so that Af = {ZmeZ Agom fm}qu and the extended number

n1/2
] 4)

Y Aqenf

meZ.

77 = 77 ({Am}mez) SUP [

is finite.

Proof. It is readily seen that Idg+og =5 — Y. ez tnTm. S0, if A € B(®TZH ) then

A=s- ZALmT(m =s5— ZS—ZLnTinALmTCm. (5)

meZ mezZ nez
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Hence, if A, £ T,ALy, for n,m € Z then A,,,, € B(H) and HAn,m” < |lA]l. If g € Z we see that ;A =
§ = Yomez AgqmTm- Now, let us suppose that A € {S}°. Then if f € ®*XH we obtain

Y A (fu1) = AS(f) = 1GSA(f) = g r AF) = Y Agar f (1)
meZ. meZ.

Itisimmediate that A, = Aj-1,-1 forallm, q € Zand we canwrite A, ,, = A;_;. Inparticular, n = ||A|| < +oo
and the condition is necessary. Now, for g € Z and f € HP let A1(f) £ Y.,z Ag-mfm- By (4) we have
“A‘?(f)” <7 ||f“ and so A7 extends to an element A7 € B(®*XH;H). If we set A(f) = {A"(f)}qu by (4) we
see that A € B( &% H). Finally, if f € ®*2H and g € Z then

1 AS(F) = Y Apnl(fur1) = Y Agyn(fu) = ATUF) = mySA(f),

meZ. mez.
ie. Ae{S). O
Corollary 3.4. Let T(H) be the set of bounded sequences {Aﬂ,}qu of bounded linear operators on H so that the

extended number 1 ({A‘?}qez) in (4) is finite. Then (T (H),n) has a natural norm space structure. Moreover, it is a

Banach algebra isometrically isomorphic with {S)°.

Proof. Clearly (T (H),n) is a norm space. As in Prop. 2.6, we consider the following assignment induced
by the Lemma 3.3:

AT (H) - {S)°, A({Aq}qez) A

In particular, A({(Sm,oldﬂ}mgz) = Idg; and A({(Sm,lldq{}mez) = S. Indeed, n (A ({Aq}
isometry. If o, p € T (H) we set

a B2 AT (M@)o A(B)).
Therefore, if a = {Aq}qu and f = {B;},cz then

a-B= {S—ZAq_mBm} .
qeZ.

meZ

)) = IA], ie. Aisan
qeZ

O

Remark 3.5. Let T : |z| = 1 be the complex unitary circumference endowed with the normalized Lebesgue measure.
Ifa € L*(T) and m € Z the m-th Fourier coefficient of a is given as

— 1 _ndz
a(m) = 50 La(z)z =
Let MP be the collection of all a € L}(T) so that a * z € IP (Z) whenever z € C% and SUP,cc@) 21 “21\* Z”p < +oo,

where @z = (Y, ez (g — m)zm}qez. Given a € MP the operator C% — IF (Z), z — a * z extends to an operator
L(a) € B(P(C)). Usually, L(a) is known as the Laurent operator generated by a. On the other hand, given A €
B (I (C)) there is an a € MP so that A = L(a) and aln —m) = A, (ew) for all n,m € Z (cf. [2], Prop. 2.4). Indeed, the
following generalization of a well known Toeplitz theorem holds: Let 1 < p < +oo and let A € B(L* (T)) so that there
is a sequence of complex numbers {am} ez S0 that (Az",2") = a,_y,. Thus there is an a € L* (T) so that Af = af for
all f € LF (T), {am} ez becomes to be the Fourier coefficient sequence of a and ||A||l = |lallo, (cf. [9] and Prop. 2.2 of
[2]). As besides there is an isometric isomorphism I? (Z) ~ L? (T) then M? = L™ (T).
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Proposition 3.6. If A € B(&*XH), A € Z({S)) if and only if there exists a € L™ (T) so that

{a(m)Idy}ez € T(H) (6)
and
Af = {ZE(q—m)fm} if f € &TSH, 7)
meZ. qez

Proof. (=) First, A"Y(A) C Z (B(H)). For, if b € B(H) then
1 ({8moblez) < IBIl < +oo.

So,B£ A ({5m,0b}mez) is well defined in {S}°. If f € @*XH and g € Z we have
Y A (b (fyon)) = mo(ABf) = 7tg (BAF) = Y, b(Anfy-m):
meZ. meZ

Thus A,, o b = bo A, for all m € Z and the claim holds. We can write A~'(A) = {a,,Id(},,c, for some
unique complex sequence {a,},cz. Now, let fy € [H]; and z € I*(Z) . Then {z,, fo}, ., € ®*3H and

[ZZWJY

qeZ. \meZ
i.e. {ay},,ez induces an element of B (12 (Z)). The claim now follows by Remark 3.5.

4 o)

LA 20 fo ez |
TS

(&) Let a € M? be given so that (6) holds and let A € B(&*XH) be defined by (7). If B € {S}° and
A"V (B) = {Bulmez, given f € H? weset F = {m € Z: f, # 0}. Thus F is a finite set and given g € Z

we have
iy (ABf) = Y @@-p) ) Bynlfn)

peZ meF

= Z[Zaq—pwnm]m
meF \ peZ

= Z[ZE(r—m)Bq_,](fm)
meF \reZ

= Y By Y @r—m)fi
reZ meF

= my(BAS).

Thus AB = BA on H®@. Since H? is dense in ®*3H and A and B are bounded operators we conclude
that AB = BA,ie. A€ Z({S}).
O

Corollary 3.7. If u € M({S)°) there is a € L (T) so that (6) holds and

(A oo A) ({Andnez) = {s - Y am - q)Aq} if {Ambnez € T(H).
meZ.

qeZ.
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