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Abstract. Statistical convergence was extended to weighted statistical convergence in [24], by using a
sequence of real numbers s, satisfying some conditions. Later, weighted statistical convergence was con-
sidered in [35] and [19] with modified conditions on s;. Weighted statistical convergence is an extension
of statistical convergence in the sense that, for s = 1, for all k, it reduces to statistical convergence. A
definition of weighted af-statistical convergence of order y, considered in [25] does not have this property.
To remove this extension problem the definition given in [25] needs some modifications. In this paper, we
introduced the modified version of weighted af-statistical convergence of order y, which is an extension
of ap-statistical convergence of order y. Our definition, with s, = 1, for all k, reduces to af-statistical
convergence of order y.

Moreover, we use this definition of weighted af-statistical convergence of order y, to prove Korovkin type
approximation theorems via, weighted af-equistatistical convergence of order y and weighted a-statistical
uniform convergence of order y, for bivariate functions on [0, o) X [0, 00). Also we prove Korovkin type
approximation theorems via af-equistatistical convergence of order y and af-statistical uniform conver-
gence of order y, for bivariate functions on [0, c0) X [0, 0). Some examples of positive linear operators are
constructed to show that, our approximation results works, but its classical and statistical cases do not
work. Finally, rates of weighted af-equistatistical convergence of order vy is introduced and discussed.

1. Introduction
Recall that the natural density of a subset K of N is defined by

5(K) = lim n~t|{k € [1,n] : ke K}|,

provided that limit exists and |K| represents the cardinality of the set K. The concept of statistical convergence
which was introduced by Steinhaus [40] and Fast [17] independently, is based on this density function. A
sequence xj is called statistically convergent to L and denoted by st — lim, . x, = L, if, for each ¢ > 0,
o({ke[1,n]: |xx —L| > €}) = 0. Later, by using different density functions, A- statistical convergence [34]
and lacunary statistical convergence [18] are defined and studied.
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In [10], Colak introduced statistical convergence of order y by using the following generalization of 6.
0K y)=limn7|[{ke[l,n]: keK},
n—oo

where 0 <y < 1.
Let a and § be two non-decreasing sequences of positive numbers such that,

i) p(n)—a() =0, foralln,

i) limy e (B(1) — a(n)) = oo,

and let A be the set of all pairs (a, B) satisfying (i) and (ii). Then, for all (@, f) € A, 6*F(K, y) is introduced in
[2] as follows

5 (K, y) = }im |{k € [a(n), )] : k € K}| )

~e (Bm) —a(n) + 1)
where 0 <y < 1.

Remark 1.1. i) If a(n) = 1 and B(n) = n then 6*F(K,y) = 6(K, y).
i) Ifa(n) = 1, B(n) = nand y = 1 then 6*#(K, y) = 5(K).

Lemma 1.2. ([2]) Let K and M be two subsets of IN and 0 < y < 1, then for all («, f) € A, we have the following
properties.

0) 6% (¢, y) = 0.

ii) *B(N, 1) = 1.

iii) If K is a finite set then 6*F(K,y) = 0.

i0) IFK ¢ M = 6%(K, y) < 8*F(M, ).

0) 6P (KUM,y) < 6% (K, ) + 6% (M, )

0i) If0 <y < < 1 then 6%F(K, ) < 6YF(K, y).

The ap-statistical convergence of order 0 < y < 1 was introduced in [2] as follows.
Definition 1.3. ([2]) A sequence x is said to be ap—statistically convergent to L of order 'y, and denoted by sti;ﬁ -

limx, = L, if for every € > 0,

n—oo

|{k € [atn), p)] : e — LI 2 e}
(B) — a(n) + 1)) -

If y = 1, then afj—statistical convergence of order y is called af—statistical convergence.

6P ({k € [a(n), Bm)] : Ixx — LI = e}, y) = lim

2. Weighted af-statistical convergence of order y

The concept of weighted statistical convergence was first introduced in [24]. Then Mursaleen et. al. [35]
and Ghosal [19] considered modified forms of weighted statistical convergence. Recall that, a sequence x;
is said to be weighted statistically convergent of order y to L (see [19],[20],[24],[35]), if for every € > 0,

lim

n—oco (Sn))’

[tk < Sy :silxe — LI > €] =0,

where {s,} is a sequence of real numbers such that

n
s, =0, s1 >0, liminfs, >0 and Sn=Zsk—>oo as n — oo. (2)
n—.oo
k=1
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Remark 2.1. 1) Ifs, =1, for all n, then weighted statistical convergence of order y, reduces to statistical convergence
of order y.
2)If s, =1, for all n and y = 1 then weighted statistically convergence of order y, reduces to statistical convergence.

On the other hand, the weighted af-statistical convergence for sequences of real numbers is introduced
and discussed in [25] as follows.

Definition 2.2. A sequencex = (xy) is said to be weighted afp-statistically convergent of ordery tolor Sz g-convergent,
if for every € > 0,

(Sa’ﬁ({k CSilxe =1 > 6},)/) = lim k<S,:sxx =1 =¢}|=0, 3)

1
g
Sn
where sy is a sequence of real numbers such that, sp > 0, and

S, = Z Sk — 00 aAs N — 00,
kela(n),p(n)]

It is natural to expect that, under the condition, sy = 1 forall k (ors, = 1 forallkand y = 1), the weighted ap-
statistical convergence of order y will be af-statistical convergence of order y (or af-statistical convergence).
The following example show that, Definition 2.2, does not have this property. In other words, Definition
2.2, and Definition 1.3, are not the same under the condition that s; = 1 for all k. Therefore, Definition 2.2,
is not an extension of af-statistical convergence of order y. Moreover, it is well known that, for special
choices of a(n) and f(n), the ap-statistical convergence reduces to A-statistical convergence and lacunary
statistical convergence (see [2]). If we use the same choices of a() and (1), Definition 2.2, does not have
this property as well.

Example 2.3. Consider the sequence,

= 0, k € [22%71,22" — 1] for some n=1,2,3,...
k=11, otherwise

and let a(n) = 22"~ and B(n) = 2*" — 1. Then
ke 22,227~ 1] sl > e

rh_}rg (22n-1yr =0,

therefore st),; — limx; = 0.
On the other hand, by Definition 2.2, with 0 < & < 1, and sy = 1, we have S,, = 2*'~! and

;I{k <227 x| = )

2n-2 2n-2\y Y
2 @2y 1y
(zzn—l)y 4

| = 2 =15
(22n—1)y (2211—1))/ 2
where 2272 is the number of 1's in the last block before the interval [22"71,22" —1].

The main motivation of the present section is to introduce the concept of weighted af-statistical con-
vergence of order y which is a natural extension of aS-statistical convergence of order y. In other words,
weighted af-statistical convergence of order y with s, = 1 for all k will be af-statistical convergence of order
y.

Let s, be any sequence satisfying (2), then for any pair (a, f) € A, define,

[a(m)] [(m)]
_ a(n) _ B
n = [a(n)] kgl‘ Sk and Bn = —[ﬁ(l/l)] ; Sk,

where [r] is the integer part of r.
Now we introduce the following definition.
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Definition 2.4. A sequence x = (xi) is said to be weighted af-statistically convergent of order y to I, if for every
>0,
1

lim m“k € [An, Bal s selxi = 1| 2 €} = 0, (4)

where sy is a sequence of real numbers satisfying (2).
Remark 2.5. Taking si = 1 for all k, in (4), then A, = a(n), B, = B(n), and Definition 2.4 reduces to Definition 1.3.

Recall that, for special choices of a(n) and (), the af—statistical convergence reduces to A-statistical
convergence and lacunary statistical convergence. If we use the same choices of a(n) and (1), in Definition
2.4, we get natural definitions of weighted A-statistical convergence of order y and weighted lacunary
statistical convergence of order y, satisfying the property that, taking s, = 1 for all k, they gives A-statistical
convergence of order y and lacunary statistical convergence of order y.

3. ap-Equistatistical convergence of order y for bivariate functions

The main objective of this section is to introduce and discuss af-statistical pointwise, af-statistical
uniform and af-equistatistical convergence for bivariate functions. We construct examples to show the dif-
ferences among these definitions. Now, replacing 5(K) by 6*#(K, y’), we can introduce following definitions
for bivariate functions.

Definition 3.1. (f,) is said to be af—statistically pointwise convergent to f of order y on X*> = X x X ¢ R? if for
every € > 0 and for each (x, y) € X?

ke ta0m, ponn - et ) - £ ] = &
lim =0,

n—co (B(n) — a(n) + 1)

then it is denoted by stzﬁ - fu—>f

Definition 3.2. (f,) is said to be af—equistatistically convergent to f of order y on X*> c R? if for every ¢ > 0, the
sequence of real valued functions

|{k € [a(r), B : [filx, y) - Fx, )| = s}'

(B(r) —a(r) + 1)
converges uniformly to zero funtion on X> i.e ||p,,5,y(.)”C(X2) — 0, where ||fllcaey = suppexelf(x, y)l. Then it is
denoted by st;’;ﬁ — fu > f.

Prey(X,y) i=

Definition 3.3. (f,) is said to be af—statistically uniform convergent to f of order y on X* C R? if for every ¢ > 0

i < tatm 001 : i) = 565 e > )
lim =0

o (B(n) = a(n) + 1))

Then it is denoted by sti;ﬁ -3 f

Remark 3.4. 1) In the case y = 1, af—statistical pointwise convergence of order y, af—equistatistical conver-
gence of order y and af—statistical uniform convergence of order 'y are called afp—statistical pointwise convergence,
ap—equistatistical convergence and afj—statistical uniform convergence.

2) It is Obuvious that, forany 0 <y <1,

sthy=fo 3f = sthy—fo> f=sty—fuo f.
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Example 3.5. Consider the sequence of continuous functions h, : [0, 00) X [0, 00) — [0,1], n € IN, defined by

AP+ 12 (x- L) (x-L) Lif xe(5h 2
hy (x,y) = { 0 ( )< +1) , otherwis(e " ©

and let h(x, y) = 0. For a given ¢ > 0,0 <y < 1 and for all (a, B) € A we have,

[k € T, BT : et ) — b, )| = )| .

(B(r) = a(r) + 1) = B(r) = a(r) + 1)
uniformly in (x, y) which gives that st),; — hy > h. But st} , — hy =3 h does not hold since
SUP(y, )e[0,00)x[0,00) ‘hn(x, y)| =1 for all n.

Example 3.6. Consider the sequence of functions f, : [0,00) X [0,00) — [0, 1),

i) = ()G ©)

—0asr— o

Pre,y (x,y) =

Sincef(x,y) = 01is the pointwise limit of the sequence f,(x, y) in the ordinary sense it is obvious that f, — f(ap—stat)

forall (o, B) € A. On the other hand choose ¢ = %, then for all k € [a(n), B(n)] and (x,y) € (W, 00) X (W, o)
we have,
X g Y o 1 & 1 & 1 oy, 1 gy _ 1
filxy) = (1 +x) (1 + y) = ( /*<%) ( ﬁ(%) 2 ( m%)ﬁn ( ;4<%)ﬁn Ty

which implies that StZﬁ — fu — f does not hold for any 0 <y < 1.

In the following example, we also show that af-statistical uniform convergence does not imply statistical
uniform convergence or ordinary uniform convergence for functions of two variables.

Example 3.7. Let gi : D = [0, 00) X [0, 00) — {0, 1}, be such that

(x, 1) = 0, ke [22%71,22" — 1] for some n=1,2,3,...
gex Y) = 1, otherwise

for all (x,y) and let a(n) = 22"~ and B(n) = 2*" — 1. Then

‘&GB”%F—HJMWW—ﬂLﬂHDZ%

Yim Q21 =0

where g(x,y) = 0 for all (x,y). Therefore stog — g, = g. But since 5({1 < k < n : ||gr(x, y) — g(x, Y)llcp) = €}) does
not exist, g is not uniformly convergent to g in the statistical and ordinary sense.

4. Weighted af-equistatistical convergence of order y

Recently, weighted statistical pointwise, weighted statistical uniform and weighted equistatistical con-
vergence are introduced and studied in [1] for functions of one variable, by using the modified form of
weighted statistical convergence given in [19]. A Korovkin type approximation theorem, via weighted
af-statistical uniform convergence of order y on compact subset of IR, using Definition 2.2, is considered in
[25].

In this section we extend Definition 2.4, to functions of two variables and we introduce and discuss, the
weighted af-statistical pointwise convergence of order y, the weighted a-statistical uniform convergence of
order y and the weighted af-equistatistical convergence of order y, for sequences of real valued functions
of two variables. Since Definition 2.4, is the natural extension of af-statistical convergence of order y,
following definitions includes A-statistical and lacunary statistical versions.
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Definition 4.1. (f,) is said to be weighted af—statistically pointwise convergent of order y to f on X x X C R? if
for every & > 0 and for each (x, y) € X?

_ |{k € [Au, Bal st |filx, y) — f(x, y)| > 5}'
lim =0,

n—eo By — A, +1)

then it is denoted by w — stzﬁ o f

Definition 4.2. (f,,) is said to be weighted af—equistatistically convergent of order y to f on X> C R if for every
€ > 0, the sequence of real valued functions

‘{k e [A, B se|filx,y) - flx, )| = ‘S}‘
(B, — A, + 1)

Prey (x/ ]/) =

converges uniformly to zero funtion on X? i.e ”p,,g,y(.)HC(Xz) — 0, where ||fllcaey = sup,yexelf(x, y)| Then it is
denoted by w — st — f, > f.

Definition 4.3. (f,) is said to be weighted af—statistically uniform convergent of order y to f on X*> c R? if for
every € >0

’{k € [AuBul s si |l i 1) = F& )| ey 2 E}
lim .
o0 (B, — A, + 1)
Then it is denoted by w — st‘z;}S -3 f

Lemma44. ForanyO<y <l w-stl, —fy 3 f=w-st,— fu>» f=w-st, — fi > f.
Example 4.5. Consider the sequence of continuous functions hy : [0, 00) X [0, 00) — [0,1], n € N, defined by

i) = { e P e s) F xe (] ]

, otherwise

and let h(x,y) = 0, sy = k, (o, B) € A, such that a(n) = 1 and f(n) € N for all n. Then, A, =1 and B, = w
For a given ¢ > 0, and for any 0 <y < 1 we have,

[{k e 11, BON - st ) — b, )| = )| i

B! B/

—0asr > o

Prey(X, y) =

uniformly in (x, y) which gives that w — stzﬁ —hy > h. But w— stzﬁ — hy, =3 h does not hold since
SUP(y, )e[0,00)x[0,00) ‘hn(x, y)| =1 forall n.

Example 4.6. Consider the sequence of functions f, : [0, 00) X [0,00) — [0, 1),
- Yo
fulo ) = () G ) ®)

and let sy = 2k, (a,B) € A, such that a(n) = 1 and B(n) € IN for all n. Then for all n, we have A, =
and B, = p(n)(B(n) + 1). On the other hand since f(x,y) = 0 is the pointwise limit of the sequence f,(x,y) in
the ordinary sense it is obvious that w — f, — f(ap — stat). Now choose ¢ = i, then for all k € [1,B,] and

1 1
(x,y) € (W/‘X’) X (W’w) we have,

L k BHLB”:
1+x)(l+y) _(BV_) BV_ (B’\’/E) (BVE) 4

which implies that w — stzﬁ — fu > f does not hold for any 0 < y < 1.

1

Jilx, y) = (
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5. Korovkin Type Approximation Theorems

Korovkin type approximation theory was initiated by PP. Korovkin in [30] and used by many re-
searchers. Later, Korovkin type approximation theorems by means of statistical convergence, A-statistical
convergence, statistical C; summabilty, equistatistical convergence, af-statistical convergence etc. are con-
sidered in [2], [3], [4], [3], [6], [7], [12], [13], [14], [16], [20], [21], [22], [23], [25],[27][27], [28], [29], [31],
[32], [36], [37], [38] and [39]. Recently, a Korovkin type approximation theorem is considered via weighted
equistatistical convergence in [1]. The main purpose of this section is to prove different Korovkin type ap-
proximation theorems in the sense of af—equistatistical convergence of order y, weighted af—equistatistical
convergence of order y, aff—statistical uniform convergence of order y and weighted af—statistical uniform
convergence of order y, for bivariate functions on the set D = [0, c0) X [0, c0).

Let Cp(D) be the space of all continuous and bounded functions on D, which is equipped with the usual
norm

lfllcs) = suppenlf(x, v)I,

for f € Cg(D). Throughout the paper, we consider the space H,, of real-valued functions, defined on D and
satisfying

u o x v
1+u 1+x"'1+v 1+y

|f(u/v)_f(xry)| SwZ(f;l |)

where w» is a non-negative function on D = [0, o0) X [0, ), which is increasing for both variables and
satisfying;

i) wa(f; 61 + 02,0) < wa(f;061,0) + wa(f; 02,0).

ii) wa(f; 6,01 + 02) < wa(f;6,01) + wa(f; 6, 02).

iii) lim51_>0,52_>0 a)z(f,' 61, 62) =0.

Theorem 5.1. Let L, : Hy, — Cp(D) be a sequence of positive linear operators, 0 <y < 1 and let (o, B) € A. Then
forall f € Hy,

st = Lu(f;,9) > f(x,y) ©)
if and only if
StZﬁ - Ln((Pi;xr }/) - @i(x/ y) (10)

fori=0,1,2,3 where po(u,v) = 1, p1(u,v) = 7=, @2(u,v) = 7=, p3(1,v) = *(u,v) + P3(u, v).

Proof. Suppose that (10) holds, f € H,, is an arbitrary element and (x, y) € D is arbitrary but a fixed point.
By the assumption, for every ¢ > 0, there exits 01, 0, such that |f(u,v) — f(x, y)| < € holds for all (u,v) € D

satisfying |73 — 7351 < 01 andlﬁ—%l < 6s.
Let
u X v y
Ds 5, = eD: ——|<band |—— - ——| <
o160, = {1, 0) |1+u 1er|< 1 an |1+v 1+y|< 2}

Then,
fw,0) = fe,pl = 1f,0) = FO6PlxD,, s (0,0) + 110, 0) = f(x, YIxD\D, 5, (1,0)
< €+ 2Mxp\p, ,, (1, 0),

where xp denotes the characteristic function of the set D and M = ||f|c,x). On the other hand,

u X

L 3 1 v y
6% 1+u 1+x

5_3 1+v_1+y

) + ).

XD\Ds, s, (u,0) <
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Now take 6 = min{61, 6,2} in the last two inequalities we have,

u X

2 4 Yy
1+u 1+x)+( B )

2M
flw,0) = flxyl < &+ 1+v 1+y

S

By linearity and positivity of the operators L, we have,

ILa(f;x,y) — f(x, y)l Lu(lf(u,0) = f(x, ;)
+  |f(x, WIL(@o; x, y) — @olx, y)l
u _ X
T+u 1+x

IA

eLn«oO;x D)+ L Pix, 1)

La((

IA

1+v 1+y

Using the boundedness of f and (11) we get,

|Ln(f;xr 3/) - f(xr }/)l < e+ (e +M)|Ln(§00(xf y))l
+ Z(S—M{Ln(%;x,y)— ;X Y)
2y
T 11y —Lu(p2;%,y)
G R G PR

= &+t (é‘ + M)|L ((POI X, ]/) (pO(xr y)|

+ %(Ln((pa;x, y) — p3(x, )

4M
- Sy - i)
- L) - s v)

2M X

* ﬁ((l +x

)+ (_)2)(Ln((P0}x/ u) = po(x, y))

< et+(e+M+ — )IL (Po; %, ¥) — po(x, y)|

4M
+ ﬁ{an((Pl;x/ Y) — 1, Y| + |Lu(p2; X, y) — @a2(x, I}

2M
+ 5y lLa(esix y) — @s(x, )l

LetB=¢+M+ ?f,thenwehave

3
ILu(Fi%, ) = FOo ] < €+ B Y ILu(@ii %, y) = il ).

i=0
Now for a given s, choose 0 < ¢ < s and define the following sets :

Us(x, y) = {k € [a(n), p)] - ILe(f5x, ) = f(x, y)l = s}

Ui (x, y) = (k € [a(n), Bn)] : ILi(@i x, y) — pi(x, v)| = o

fori=0,1,2,3. It is obvious that

3
Us(x, y) C U Ui(x, Y).
i=0

— L2k ) + MILu(9o; %, ) — 9o(x, 1)1

6260

(11)

(12)

(13)
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Also define the following real valued functions:

1 S—¢€

pm,s,y(x, ]/) = (ﬁ(m) “am) + 1)}/|{k € [a(m),ﬁ(m)] : |Lk(f;x, y) - f(x, ]/)' > 4__B}|

and

; _ 1
Ps ) = (G —atm) + 17

\{k € [a(m), B(m)] : Li(@i; x, y) — @ilx, y)| > %”

fori=0,1,2,3and 0 < y < 1. Then as a consequence of (13) we have

3
Pmsy (%, y) < Z Py (%, ) (14)

i=0

for all (x, y) € D. Taking supremum on both sides of (14) we get,

3
”Pm,s,y(-)”CB(D) S Z ”pin,s,y(')”CB(D)' (15)

i=0

Applying limit to both sides of (15) as m — oo and using (10) we obtain (9) which completes the proof of
(10) = (9). The implication (9) = (10) is obvious. O

Theorem 5.2. Let L, : Hy, — Cp(D), 0 <y < 1and let (o, f) € A. Then forall f € Hy,

StZﬁ - Ln(f; X, y) j f(xr y) (16)
if and only if
szﬁ = Lu(pi; 2, y) 3 @i(x, y) (17)

fori=0,1,2,3 where po(u,v) = 1, 1(1,0) = 7=, P2 (u,0) = 7%=, 3(1,v) = Q1(u, V)* + P2(u, V)%

Proof. Using the same steps of the proof of Theorem 5.1 and taking supremum over (x, y) € D from (12) we
get the following inequality;

ILnf = fIl < B{lILupo = foll + ILn1 — @1l + ILugp2 — @2l + [ILags — @sll} + &,
where B = ¢ + M + L. Now for a given t > 0, choose 0 < ¢ < t and define the following sets:
[ - {k e [a(n), Bm)] : ||Le(f5 %, v) — flx, y)”CB(D) > t}

t—¢ .
viP o = {k € [a(n), B)1 : |Le(is %, 1) = i | ) 2 E} i=0,1,2,3
Then, we have
3
veb | Jvet
i=0

This implies that,

3
B(VeE,y) < Y 6V, y) (18)

i=0

using (17), completes the proof. The implication (16) = (17) is obvious. O
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Now, consider the following Bleiman, Butzer and Hahn operators [9]

k z
(1+@w1+y 2:2:ﬂn k+1711+1%J@)k¢

k=0 1=0

Bu(f,x,y) =

where D = [0,00) X [0,0), f € Hy,, (x,y) € D and n € N. By using B,(f, x, y) we can define following
positive linear operators;

Tu(f; 2, y) = (1 + ha(x, Y)Bu(f; x, y), (19)

where 11,,(x, y) is the sequence of functions given in Example 3.5.
It is easy to see that

Tu(po;x,y) = 1+ hy(x,y)
Tolp1;x,y) = (1+hn(x,y))

(F )
(1+h“x4”X1+4J(1+y)
|

Tu(p2;x,v)

2
Ta(a:%,) @+h“”y0 A2 +22 (e 1)Pl+x

nn-1 «x n X
nn-1) y N n Y }
n+121A+y? m+1)21+y)

and since, stzﬁ —h, —» 0, T, satisfies the conditions (10), hence by Theorem 5.1, we have
sty = Tu(fi 2, y) > flx,y)- (20)
Moreover, stzﬁ —h, &2 0 and T, does not satisfy conditions (17), therefore

St;’;ﬁ - Tn(f;xl y) :§ f(x' y)'

does not hold. In other words, ap-equistatistical convergence of order y can not be replaced by af-statistical
uniform convergence of order y, in (20).

Theorem 5.3. Let L, : Hy, — Cp(D), 0 < y <1, (a,B) € A and let s, be a sequence satisfying (2). Then for all
f €eHy,

w = st — Lu(f;x,y) > fx,y) (21)
if and only if
w = sthy = La(pis x, y) = i(x, ) (22)

fori=0,1,2,3 where po(u,v) = 1, p1(1,0) = £, 2(1,v) = 7=, P3(u,v) = P1(u, v)* + P2(u, V)%
Proof. By equation (12) we have,
3
La(f3%,9) = FGo I < €+ B Y ILu(gis x, ¥) = @i, ).
i=0
Now for a given s, choose 0 < ¢ < s and define the following sets :

H;(x, y) = {k € [An, Bul : silLi(f5x, y) — f(x, )l = s}
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. S— &
Hi(x,y) = {k € [A4, Bu] : selLi(@is x, y) — @i(x, y)| > E}

fori=0,1,2,3. It is obvious that

3
Hy(x, ) < |_JHiGx, y). (23)
i=0
Now define the following real valued functions:
oo () = —————|{k € [An, Bal : sklLe(f % 1) — fG6 )| = =l
m,s,y /]/ - (Bn_A”+1)y nsPnl - Skllk 7 ,]/ /]/ = 4B
and
i - ! k € [An, Ba] : silLi(@s; S
By s, (X, y) = mH € [Ay, Bul = selLi(pi; x, v) — @i(x, y)| > EH

fori=0,1,2,3and 0 < y < 1. Then as a consequence of (23) we have

3
hmrS/V (x' ]/ ) < Z hin,s,y (xr y) (24)
i=0

for all (x, y) € D. Taking supremum on both sides of (24) we get,

3
Wty Ollcsy < ) Wi, Ollcyo (25)
i=0

Applying limit to both sides of (25) as m — oo and using (22) we obtain (21) which completes the proof of
(22) = (21). The inverse implication (21) = (22) is obvious. [J

Theorem 5.4. Let L, : Hy,, — Cp(D), 0 <y <1, (a,B) € A and let s, be a sequence satisfying (2). Then for all

f € He,

w = st~ La(f;x,9) 3 f(x,y) (26)
if and only if

w = sty = Lu(@i;x, y) 3 @i(x, y) @7)

fori=0,1,2,3 where po(u,v) = 1, 1(u,v) = 7, @2(u,v) = 7=, P3(1,0) = Q1(u, v)* + Po(u, V).

Proof. Taking supremum over (x, y) € D from (12) we get the following inequality;

IL.f = fll < BlllLugo = foll + [ILx@1 — @1l + [ILup2 — @a2ll + ILa@3 — @sll} + &,

where B=¢+ M + %4 Now for a given t > 0, choose 0 < ¢ < t and define the following sets:
GY . = {k € [An, Byl : sk”Lk(f;x, v - flx, y)”CB(D) > t}
a, t—¢ .
G . = {k & [An Bl 5t [Le@ix, )~ 01 1) ) 2 E} i=0,1,2,3

Then, we have

3
G | JGt.
i=0
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This implies that,

3

5 H(G,y) < ) 6*H(G)T,y) (28)

i=0
which completes the proof of (27) = (26). The inverse implication is obvious. [

Let T;,(f; x, y) be the positive linear operator,
T.(f;%,y) = (1 + hu(x, y)Bu(f3 %, y), (29)

where hy,(x, y) is the sequence of functions considered in Example 4.5. If s, = n, a(n) = 1, f(n) € N for
all n, then for any 0 < y < 1, the sequence of positive linear operators T}, satisfies the conditions (22) (see
Example 4.5) hence by Theorem 5.3, we have

w — St;/(ﬁ - T;(frxry) -> f(x/y)
But since T}, does not satisfy conditions (27)

sty = To(fi,9) B 5, 1).

6. Rates of weighted af-equi statistical convergence of order y

In this section we study the rates of weighted af-equistatistical convergence of order y of a sequence L,
of positive linear operators defined on Hy,, by using the modulus of continuity.

Definition 6.1. Let a, be a non-increasing sequence then f, is called weighted af-equistatistical convergent of order
y to function f with the rate of a, and denoted by w — (f, — f) = o(a,, v) (af — equistat) if for every e > 0 we have,

k€ (A, B silfie, )~ f = el
(B, - A, + 1) a,

uniformly, with respect to (x,y) € D, where sy is a sequence satisfying (2).

Lemma 6.2. Assume that f, and g, are two sequences in Hy,, such that w — (f, — f) = o(a,, y) (af — equistat) and
w — (gn — g) = 0o(by, V) (af — equistat) then,

D)~ ((f + ) = (f + 9)) = olcu, y) (af — equistat).

ii)w = ((f, = F)(gu — 9)) = 0(anbn, ¥) (af — equistat)

iii) w — (M(f, — f)) = o(an, y) (ap — equistat), for any scalar M.

iv) W — (\/fu — f) = 0o(an, V) (af — equistat).

where, ¢, = max{a,, b,}.

Proof. i) Assume that w — (f,, — f) = o(a,, y) (af — equistat) and w — (g, — g) = o(by, ¥) (ap — equistat) on D. For
any ¢ > 0 and («a, ) € A consider the following sets,

Kn,a,ﬁ(x, Yy, 8) = Hk (S [An, Bn] : Sk|(fk + gk)(x, y) — (f + g)(x’ ]/)| > Sl}
Khapoy) = k€ [An Bl slfete ) = f0o, 0 = 511
Konglo 0,0 = lIK€ [Aw Bl stlgi(x, ) = 96,1 = 5

It is obvious that,

Kn,a,ﬁ (x, v, é') < K;/a,ﬁ(x/ Y 5) N Ki,a,ﬁ (x, Y 5)
By—An+1) cn  (Bu—An+1V ay  (By— Ay +1) by’

(30)

If we apply limit to both sides of (30) as # — oo and using the hypotheses of Lemma 6.2, we complete the
proof for section i). Since (ii)-(iv) can be proved in a same way we omit them. O
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Theorem 6.3. Let L, : Hy, — C(D) be a sequence of positive linear operators. Assume that the following conditions
hold:

i) Lu(fo; x, ¥) — fo = o(an, y) (w — staparp — equistat)

ii) (f, 6,) = o(by, 7) (af — equistat) where 5, = L. (@%%,y) with (¢% %, y) = (4 = 2 + (0 - 1)
Then, for all f € Hy,, we have,

Lu(f;x,y) = f = o(cu, y) (ap — equistat))
where ¢, = max{ay,, b,}.

Proof. Let f be any element of H,,, and let (x, i) be a fixed point of D then it is well known that

Lo(Fixy) = fE ] < FG Pl ILa (o 3 9) = foloe, )l + 20(F, )L foi %, ) = fole, y)
+a(f, 0u) VILa(fo; X, 1) — folx, y)l.
Using the hypothesis, and Lemma 6.2, in the above inequality, completes the proof. [

7. Concluding Remarks

It should be mentioned that, Definition 2.4 is an extension of af-statistical convergence of order y.
Therefore, for special choices of a(n) and S(n) (see [2]), results obtained in this paper can be restated in
the sense of weighted A-statistical convergence of order y and weighted lacunary statistical convergence of
order y.
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