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Abstract. In the first part of this note we show that if X is a paracompact Hausdorff space and there is a
locally compact closed subspace Y of X such that for every x € X \ Y there exists an open neighborhood
O, of x in X such that O, is base-paracompact, then the space X is base-paracompact. In the second part
of this note we introduced notions of monotonically base-paracompact (base-metacompact, base-Lindelof)
and discuss some of their properties.

1. Introduction

For two collections U and V of subsets of a space X, we write U < V to mean that for each U € U there
is some V € V with U C V. For a subspace U of a space X and a collection V of subsets of a space X, we
write U < V to mean that there is some V € V with U C V. For a topological space X, w(X) denotes the
weight of X.

A topological space X is base-paracompact [13] (base-metacompact [9]) if there is a base B for X with
|B| = w(X) such that every open cover of X has a locally finite (point-finite) refinement by members of 8. In
[13] and [9], some properties of base-paracompact spaces and base-metacompact spaces are investigated.
In [5], it is proved that every paracompact generalized ordered topological space (ab. GO-space) is base-
paracompact.

A topological space (X, 7") is monotonically (countably) metacompact if each (countable) open cover U of
the space X has a point-finite open refinement r(f) such that if ¢/ and V are (countable) open covers of the
space X and U < V, then r(U) < r(V)[12]. Popvassilev showed that w; and w; + 1 are not monotonically
countably metacompact[12]. In [1], it is proved that any metacompact Moore space is monotonically
metacompact and any monotonically metacompact GO-space is hereditarily paracompact. In [11], it is
proved that a monotonically normal space that is monotonically countably metacompact (monotonically
meta-Lindelof) must be hereditarily paracompact. In 2013, Chase and Gruenhage proved that compact
monotonically metacompact Hausdorff spaces are metrizable [3].
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In the first part of this note we show that if X is a paracompact Hausdorff space and there is a locally
compact closed subspace Y of X such that for every x € X \ Y there exists an open neighborhood O, of x in
X such that Oy is base-paracompact, then the space X is base-paracompact. In the second part of this note
we introduced notions of monotonically base-paracompact (base-metacompact, base-Lindel6f) and discuss
some of their properties.

A topological space X is called monotonically base-paracompact (monotonically base-metacompact, monoton-
ically base-Lindeldf) if there is a base B for X with |B] = w(X) such that for each open cover U of X there
is a locally finite (point-finite, countable) open refinement #(Uf) by members of B such that if U and V
are open covers of X and U < V, then r(U) < r(V). In this case, the operator r is called a monotone base-
paracompact (monotone base-metacompact, monotone base-Lindeldf) operator for the space X. We point out that
there exists a paracompact scattered space which is not monotonically base-paracompact. We prove that
any topological space with a regular (point-regular) base is monotonically base-paracompact (monotoni-
cally base-metacompact). As a corollary, we get that every metric space is monotonically base-paracompact
and every developable metacompact space is monotonically base-metacompact. In [2], it is proved that
any separable GO-space is hereditarily monotonically Lindelof. We show that any separable GO-space is
hereditarily monotonically base-Lindel6f.

A subspace M of a topological space X is called base-paracompact (base-metacompact) relative to X if there
is a base B for X with |8| = w(X) such that for every family U of open subsets of X with M c |J U there
is a subfamily r(U) of B which is locally finite (point-finite) in X such that r(U) < U and M c |JrU).
The notion of base-paracompact relative to a space X is introduced in [13]. A subspace M of a topological
space X is called monotonically base-paracompact (base-metacompact) relative to X if there is a base B for X
with |B| = w(X) such that for every family U of open subsets of X with M c |JU there is a subfamily
r(U) of B which is locally finite (point-finite) in X such that r(U) < U, M c |Jr(U) and if families U and
V of open subsets of X satisfying that U < V and M c U then r(U) < (V). If M is monotonically
base-paracompact (monotonically base-metacompact) relative to X, then M is also called a monotonically
base-paracompact (monotonically base-metacompact) set relative to X. We prove that if X is the countable union
of closed monotonically base-metacompact sets relative to X, then X is monotonically base-metacompact.
As a corollary, we show that every F,-set A of a monotonically base-metacompact space X satisfying that
w(A) = w(X) is monotonically base-metacompact.

The set of all positive integers is denoted by IN and w is IN U {0}. In notation and terminology we will
follow [4].

2. Main Results

In [5], it is pointed out that every paracompact GO-space is base-paracompact. It is an open problem
that whether every paracompact space is base-paracompact [13].

Definition 1. A subspace M of a topological space X is called base-paracompact (base-metacompact) in X if
there is a base B for X with |B| = w(X) and for every open cover U of X there is a subfamily U’ of B such that
U < U, U islocally finite (point-finite) in X and M C |J U . If M is base-paracompact (base-metacompact)
in X, then M is also called a base-paracompact (base-metacompact) set in X.

Clearly, if a subspace M of a topological space X is base-paracompact (base-metacompact) relative to X,
then M is base-paracompact (base-metacompact) in X. Every subspace M of a compact topological space X
isbase-paracompactin X. w; +1 with the order topology is compact, but the subspace w; is not paracompact.
The subspace w; of w; + 1 is base-paracompact in w; + 1, but it is not base-paracompact relative to w; + 1.
Thus a subset of a topological space X which is base-paracompact in X need not be a paracompact subspace
of X and a base-paracompact set in a topological space X need not be a base-paracompact set relative to X.

Proposition 2. If M is a closed subspace of a topological space X, then M is base-paracompact (base-metacompact)
relative to X if and only if M is base-paracompact (base-metacompact) in X.
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Lemma 3. Let X be a paracompact Hausdorff space and let F be a closed subspace of X. If for each x € F there is an
open neighborhood V. of x in X such that V, is base-paracompact, then F is base-paracompact in X.

Proof. Let B* be a base for X such that |B*| = w(X). For each x € F, there is an open neighborhood V, of x in
X such that V, is base-paracompact. Thus there is a base B, for V, such that V, is base-paracompact. So
|B,| = w(vx) for each x € F. The family {V, : x € F} U {X \ F} is an open cover of X. Since X is paracompact
Hausdorff, the space X is regular. The open cover {V, : x € F} U {X \ F} of X has a locally finite open
refinement V] such that for each V; € V] with V1 N F # 0, there is some x € F such that V; C VicCV,.
Denote Vy = {V € V| : VNF # 0}. The family V; U {X\ F} is an open cover of X. Since X is a paracompact
regular space, the open cover V; U {X \ F} of X has a locally finite open refinement V} such that for each
V2 € V} with Vo N F # 0 there is some Vi € Vi such that V, C Vi. Denote V, = {W €V}, : WNF # 0}.
For each W € V; there is some Ay € V; such that W C W C Aw and there is some xw € F such that
Aw CAw C Vy,. Thus Wc W Cc Aw C Aw C Vy,,. For each x € F|8,| < w(X). Since V; is locally finite in X,
for each x € X there is some open neighborhood O, of x such that O, € 8" and |{W € V, : Oy NW # 0}| < w.
Thus |V,| < w(X). For each W € V, we denote By = {O € By, : O C Aw}. So |Bw| < w(X) for each W € V.
Let B = 8" U (U{Bw : W € V,}). We can see that B is a base for X and |B| = w(X). L

Let U be any open cover of X. For each W € V), the family Cw = {UNAw : U € U} U {V,, \ W}is an
open cover of V,,. The subspace Vy,, of X is base-paracompact, so there is a family Uy, c 8,, such that
U, is locally finite in V_xW such that V_xw =UU;, and U, < Cw. LetUw ={V e U, : VN W # 0}. So
UUw € Aw. Thus Uw C Bw C B and Uy is locally finite in X. If V = U{Uw : W € V5}, then V < U.
Since {Aw : W € V,} is locally finite in X and Uy is locally finite in X such that | Uw C Aw, the family V
is locally finite in X. We can see that V C 8. Thus F is base-paracompactin X. [

Theorem 4. Let X be a paracompact Hausdorff space. If there is a locally compact closed subspace Y of X such that

for every x € X \'Y there exists an open neighborhood Oy of x in X such that Oy is base-paracompact, then X is
base-paracompact.

Proof. Let Y be a locally compact closed subspace of X such that for every x € X \ Y there exists an open

neighborhood O of x in X such that O, is base-paracompact. Let B be a base for X such that |8 = w(X). Tt
is well known that a paracompact Hausdorff space is regular. Thus the space X is regular. For each x € Y

there is an open neighborhood V/ of x in X such that V, N Y is compact. For each x € X \ Y there is an open

neighborhood V, of x in X such that x € V, € V, c X\ Y. Since X is paracompact regular space, the open
cover {V, : x € X} of X has a locally finite open refinement V; such that for each A € V; there is some

x4 € X such that A ¢ A c V,,. We can see that ['V;| < w(X). Since X is a paracompact regular space, the
open cover V; of X has an open refinement V, which is locally finite in X, and for each W € V), there is

some Ay € Vi and some x4, € X such that W ¢ W C Ay C Vi, € TAW We can see that |V,| < w(X).
Denote Vo1 = {WeVo,: WNY #0)and Voo = {We Vo : WNY = 0}. Since V, is locally finite in X, we
have [V, < w(X). Thus [Va| < w(X) and [Vy| < w(X). If W € Vy, then W C Ay C Vy, C Vy, . Since
WNY #0, the point x4,, € Y. So m N'Y is compact if W € V.

For each W € Vy we denote Cw = (W\UBw : Bw € B,IWNY c UBw c Aw and |Bw| < w}. Since
|B| = w(X), we have |Cw| < w(X). Let Coy = U{Cw : W € V). S0 |Co1| < w(X). Let Con = {W : W € Vool
S0 |C2| £ w(X). Denote C = Cy1 U Cy. Let C be an arbitrary element of C. Then the set CN'Y = (. Thus
for every x € C there exists an open neighborhood Oy of x in X such that O, is base-paracompact. So the
closed subspace C of X is base-paracompact in X by Lemma 3. Thus C is base-paracompact in X for each
C € C. So for each C € C there is a base 8. for X such that |B| = w(X) and C is base-paracompact in X with
respect to the base 8. If 8" = BU (U{B_. : C € C}), then B’ is a base for X and |B'| = w(X).

Let U be any open cover of X. For each W € V,; the set W N Y is compact. Thus there is a finite family
Bw c Bsuchthat WNY c By C Aw and satisfying that for each B € Byy there is some Up € U such that
B c Ug. If Cw = W\ U8By, then Ciy € Cy and hence Cyy € Co1. If Uy = {UNAw : U € U U (X \ Cw),
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then Uy is an open cover of X. The set Cy is base-paracompact in X by Lemma 3. Thus there is a family
(VEW C B*CW which is locally finite in X and (VEW < Uw. Denote V¢, = {V € (VEW : VN Cw # 0). Thus
Ve, C B"CW, Ve, is locally finite in X, |J V¢, C Aw, and every element of V¢, is contained in some
member of U. If Vi = V¢, U Bw, then Vi € B’ and Vyy is locally finite in X such that |J Vw C Aw and
W C U V.

Foreach W € Vy, theset WNY = 0. So W is base-paracompact in X by Lemma 3. Denote Uy, = {UNAy :
U € UYU{X\ W) for each W € V,,. Thus Uy is an open cover of X. Since Wis base-paracompact in X, there
is a locally finite family V}, C 8}, such that V}, < Uw and Wcl Vi UV ={VeV,,:Vn W # 0},
then Vy is locally finite in X, (JVw C Aw, Vw C Bj, and every element of V(, is contained in some
member of U.

IfV=U{Vw: W e YV, then V C B is a locally finite open refinement of U. Thus X is a base-
paracompact space. [

In what follows, we discuss some properties of monotone base-covering properties which are stronger
than base-covering properties and monotone covering properties, respectively.

Obviously,

monotonically paracompact = monotonically metacompact
m T
monotonically base-paracompact = monotonically base-metacompact
{ l
base-paracompact = base-metacompact.

In [12], it is proved that w; +1 is not monotonically metacompact. Thus w +1 is not monotonically base-
metacompact. So there exists a paracompact scattered space which is not monotonically base-paracompact.
Every paracompact GO-space is base-paracompact [5, Theorem 3.1], the space w; + 1 is base-paracompact.
Thus there is a base-paracompact space which is not monotonically base-paracompact and there is a base-
metacompact space which is not monotonically base-metacompact.

In what follows, we discuss some basic properties of monotonically base-paracompact spaces and
monotonicaliy base-metacompact spaces.

Recall that a base 8 for a topological space X is point-regular if for every point x € X and any neighborhood
U of x the set of all members of B that contain x and meet X \ U is finite, and a base 8 for a topological
space X is regular if for every point x € X and any neighborhood U of x there exists a neighborhood V c U
of the point x such that the set of all members of 8 that meets both V and X \ U is finite [4]. Clearly, every
regular base of a topological space X is point-regular.

Lemma 5. ([4, Theorem 1.1.15]) Let « be a cardinal. If w(X) < x, then for every base B for X there exists a base By
for X such that |By| < k and By C B.

For a family A of subsets of a topological space X we denote by A™ the subfamily of A consisting of all
maximal elements (i.e., of sets A € A such thatif AC A'and A" € A, then A= A).

Lemma 6. ([4, Theorem 5.4.3]) If B is a point-regular (reqular) base for a space X, then the family 8™ C Bisa
point-finite (locally finite) cover of X.

Theorem 7. Let X be a topological space. If X has a regular base, then X is monotonically base-paracompact.

Proof. Let B be a regular base for X. Thus there is a regular base 8 ¢ B for X such that |B| = w(X) by
Lemma 5. Let U be any open cover of X. Put 7 (U) = {B € B: B c U for some U € U}. Thus r (U) is a
regular base for X. Define r(U) = r (U)". Thus r(U) is a locally finite open refinement of U by members
of Bby Lemma 6. If U and V are open covers of X and U < V, then ' (U) C r' (V). For each S € r(U), the
set S € ¥ (U). Since ¥ (U) C ' (V), there exists some T € 7 (V) such that S ¢ T'. Since 7(V) is a collection of
maximal elements from 7' (V), there exists some T € r(V) such that T" c T. Therefore there is some T € (V)
such that S C T. So r(U) < r(V). Thus X is monotonically base-paracompact. [



L.-X.Peng, H.Li/ Filomat 32:18 (2018), 6311-6318 6315

Lemma 8. ([4, Theorem 5.4.6]) A fopological space is metrizable if and only if it is a Ty-space and has a reqular
base.

By Theorem 7 and Lemma 8, we have:
Theorem 9. Every metric space is monotonically base-paracompact.
Corollary 10. ([13, Theorem 3.3]) Every metric space is base-paracompact.

Recall that a base 8 for a topological space X is said to be non-Archimedean if By, B, € 8 and B1 N B, # 0,
then either By C B, or B, C By. A topological space is called non-Archimedean if it has a non-Archimedean
base. In [10], it is proved that every non-Archimedean space has a base which is a tree by reverse inclusion.

Theorem 11. Every non-Archimedean space is monotonically base-paracompact.

Proof. Let X be a non-Archimedean space and let U be any open cover of X. Thus there exists a base 8
which is a tree by reverse inclusion and |B| = w(X). Let B(U) = {B € B8 : B C U for some U € U}. Denote
r(U) = B(U)".

(1) For any x € X, there exists U € U and B € B such that x € B ¢ U. Hence there exists B, € r(U) such
that x € B C B,. Thus r(U) is a pairwise disjoint open refinement of the cover U. So r(U) is a locally finite
refinement of U by members of 8.

(2) Let U and V be open covers of the space X such that V < U. For any W € (V) there is Viy € V
such that W C V. Since V < U, there exists Uy € U such that Viy C Uw. So W € B(U). Thus there exists
Bw € r(U) such that W C By. Then r(V) < #(U). So X is a monotonically base-paracompact space. [J

By a similar proof with Theorem 7, we have the following conclusion.
Theorem 12. Let X be a topological space. If X has a point-reqular base, then X is monotonically base-metacompact.

Lemma 13. ([4, Theorem 5.4.7]) For every Hausdorff space X the following conditions are equivalent:
(1) The space X has a point-reqular base.
(2) The space X is metacompact and has a development.

By Theorem 12 and Lemma 13, we have:
Theorem 14. Every developable metacompact space is monotonically base-metacompact.

Thus we have the following corollaries.

Corollary 15. ([1, Theorem 3.1]) Every metacompact Moore space is monotonically metacompact.
Corollary 16. ([9, Theorem 1.5]) Every developable metacompact space is base-metacompact.

A topological space X is monotonically Lindeldf [2] if for each open cover U of X there is a countable open
cover *(U) of X such that #(U) refines U and has the property that if an open cover U of X refines an open
cover V of X then r(U) refines r(V). The function r is called a monotone Lindeldf operator for X.

Proposition 17. Every second-countable space is monotonically base-Lindeldf.
Proof. Let X be a second-countable space and let 8 be a countable base for X. For any open cover U of X,
put r(U) = {B € B : there is some U € U such that B ¢ U}. Thus r is a monotone base-Lindel6f operator for

X. O

Corollary 18. Any separable metric space is hereditarily monotonically base-Lindeldf.
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In [2], it is proved that any separable GO-space is hereditarily monotonically Lindelof. By a similar
proof, we can show that any separable GO-space is hereditarily monotonically base-Lindeltf. In [7], it
is proved that if X is a linearly ordered topological space (LOTS), then X is separable if and only if X is
hereditarily separable. In [6], it is pointed out that X is a GO-space if and only if X is a subspace of a LOTS.
Recall that a LOTS Y is a linearly ordered dense extension of a GO-space X = (X, 7, <) if Y contains X as a dense
subspace and the ordering of Y extends the ordering < of X [8]. Every GO-space has a linearly ordered
dense extension [8]. Thus a separable GO-space is hereditarily separable.

Theorem 19. Any separable GO-space is hereditarily monotonically base-Lindeldf.

Proof. Let X be a separable GO-space. Since any subspace of X is a separable GO-space, it is sufficient to
show that X is monotonically base-Lindel6f. Let E be a countable dense subset of X. Let I = {x : x is an
isolated point of X}. Since X is separable, |I[| < w. LetR = {x € X\I: [x,—>)isopen}and L = {x € X\I: («,x]
is open }. Let B be a base for X such that |8| = w(X). Since every open subset of a GO-space can be uniquely
represented as the union of some maximal convex open sets, we can assume every element of 5 is a convex
open subset of X. Let B ={{x}:xel}U{(e1,e2) 11,60 € E}U{[x,e) : x €R,e € E}U{(e,x] : x € L, e € E}. Since
E is countable, |{(e1,e2) : €1, € E}| < w < w(X). For any x € R, the set [x, =) is open. Thus there is some
By € Bsuch that x € By C [x,—). If y € Rand y # x, then [y, —) is open. Thus there is some B, € B such
that y € B, C [y, —). Since x # y, we have B, # B,. So |R| < |8| = w(X). Analogously, we have |L| < w(X).
Since E is countable, [{[x,e) : x € R,e € E}| < w(X) and |{(e,x] : x € L,e € E}| < w(X). Thus B’ is a base for X
such that |B8'| = w(X).

Let U be any open cover of X. Let ri(U) = {{x} : x € I} and let r(U) = {(e1,€2) : e1,e2 € E and
(e1,€2) < U}. Thus ri(U) U ry(U) € B, |ri(U) U ry(U)| < w and 71(U) U ro(U) < U. Let r3(U) = {[x,e) :
x € Re € E,[x,e) < U and (d,e) £ U for any d € E with d < x}. Clearly, r3(U) < U,r3(U) C B. Let
ras(U) = {(e,x] : x € R,e € E,(e,x] < U and (e,d) « U for any d € E with d > x}. Clearly, r4(U) < U and
ra(U) € B'. Let r(U) = r1(U) U ro(U) U r3(U) U r4(U).

Firstly, we prove that r(U) is countable. Since r1(U) U ro(U) is countable, we only need to show that
r3(U) U r4(U) is countable. Now we prove that r3(U) is countable. Since E is countable, it is sufficient
to show that the set R(U) = {x € R : there exists e € E such that [x,e) < U and (d,e) £ U for any d € E
with d < x} is countable. For each e € E, let W(e) = {x € R : [x,e) < U and (d,e) £ U for any d € E with
d < x}. Thus R(U) = U{W(e) : e € E}. If we show that [W(e)| < 2 for each e € E, then R(U) is countable.
Suppose that there exist three distinct points xj, x, x3 in some set W(e). We may assume x; < x; < x3. Then
X1 < Xy < x3 <eand [x;,e) < U fori=1,2,3. Since (x1,x3) # 0, there is some d € E such thatd € (x;,x3).
Hence (d',e) < U, where d € E. So x3 ¢ W(e). A contradiction. Thus |W(e)| < 2 for each e € E. So r3(U) is
countable. Similarly, 4(U) is also countable. Thus (/) is countable.

We show that 7(U) covers X. For any x € X, we show that x € (Jr(¥). If x € I, then x € Uri(U). If
x € X\ (I URUL), then choose some U € U such that x € U. Thus there are points ¢;,e, € E such that
x € (e1,e2) C U. So (e1,¢e2) € r2(U) and hence x € |J »(U). Now we consider the case of x € RU L. Assume
x € R\ (Ur(U)) U (Ur2(U))). Then for any e € E and for any d € E with d < x < ¢, we have (d,¢) £ U.
Choose some U € U such that x € U. Since x € R € X\ I, there is some ¢ € E such that x < e and [x,e) C U.
Since x ¢ (Jr2(U), the set [x, e) € r3(U). Similarly, we have x € [J rg(U) if x € L\ (U r1(U)) U (U r2(U))). So
r(U) covers X.

Finally, let U and V be open covers of X such that U < V. It is obvious that #;(U) < r{(V) fori = 1,2.
If x € R and [x, ¢) € r3(U), then [x,e) < U and (d,e) « U for any d € E with d < x. If there exists some d < x
such that (d,e) < V, then (d,e) < (V) and [x,e) C (d,e). Now we assume that (d,e) # V for any d € E with
d < x. Thus [x,e) € r3(V). Hence r3(U) < r(V). Similarly, r4(U) < r(V). Therefore r(U) < r(V).

So X is hereditarily monotonically base-Lindelof. [

In what follows we discuss some properties of a monotonically base-paracompact (monotonically base-
metacompact) set relative to a topological space X and discuss some basic properties on monotonically
base-paracompact (monotonically base-metacompact) spaces.
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Theorem 20. If X is a monotonically base-paracompact (monotonically base-metacompact) space, then every closed
subspace of the space X is monotonically base-paracompact (monotonically base-metacompact) relative to X.

Proof. LetFbeaclosed subspace of X. Let Bbe abase for X which witnesses monotone base-paracompactness
(monotone base-metacompactness) for the space X and let r be a monotone base-paracompact (monotone
base-metacompact) operator for X. For any family U of open subsets of X with F c [JU, the family
U = UU{X\F}isan open cover of X. Thus "U)c Bisa locally finite (point-finite) refinement of the open
cover U'. Let re(U) = {B € (U'): BN F # 0}. Clearly, r/(U) is locally finite (point-finite) in X, r¢(U) < U
and F C Jrp(U). If families U and V of open subsets of X satisfying that ¢« < V and F C [JU, then
U < V. Since r is a monotone base-paracompact (monotone base-metacompact) operator for the space X,
we have r(U') < (V). So rr(U) < rp(V). Therefore F is monotonically base-paracompact (monotonically
base-metacompact) relative to X. [

Theorem 21. Let X be a monotonically base-paracompact (monotonically base-metacompact) space. If F is a closed
subspace of X with w(F) = w(X), then F is monotonically base-paracompact (monotonically base-metacompact).

Proof. Let Bbe abase which witnesses monotone base-paracompactness (monotone base-metacompactness)
for the space X and let r be a monotone base-paracompact (monotone base-metacompact) operator for the
space X. Put By = {BNF : B € B}. Thus Br is a base for F and |Br| < |B|. Since w(F) = w(X), we have
|Br| = w(F) = |B|. Let U be any open cover of F.

Let U ={UU(X\F): U e U}. Thus the open cover U of X has a locally finite (point-finite) refinement
r(U') by members of B. Let rp(U) = {BNF: B € r(U')and BNF # 0}. Clearly, rr(U) is a locally finite
(point-finite) refinement of U and rr(U) C Br. If an open cover U of F refines an open cover ‘W of F,
then for any U € U, there is some W € W such that U ¢ W. Hence U < W'. Thus r(U') < r(W'). So
re(U) < re(‘W). Therefore F is monotonically base-paracompact (monotonically base-metacompact). [

Theorem 22. If X is the countable union of closed monotonically base-metacompact sets relative to X, then X is
monotonically base-metacompact.

Proof. Let X = |J X;, where each X; is closed and monotonically base-metacompact set relative to X. For
icw
each i € w, there exists a base B; for X such that X; is monotone base-metacompact relative to X. Thus
|B;] = w(X) for eachi € w. Let B ={B\UX;:B € B;,i € w}U(UB). Clearly, B is a base for X with
j<i i€w
|B| = w(X) and B witnesses monotone base-metacompactness relative to X for each X;. Let U be an open
cover for X. Put U, = {U € U : UN X, # 0} for each n € w. Thus U, is a family of open subsets of X
with X,, ¢ UU, for each n € w. So r,(U,) is point-finite in X such that r,(U,) < U,, r,(U,) C B, and
X, € Uru(U,), where 1, is a monotone base-metacompact operator relative to X for the subspace X, of X.
Let r(Uo) = ro(Uo) and r(U,) = {B\ U X; : B € r,(U,)} for each n > 0. Thus r(U,) C B for each n € w.
j<n

Denote r(U) = U{r(U,) : n € w}. Thus n(U) C B.

Claim The operator r is a monotone base-metacompact operator for the space X.

Proof of Claim. (1) For any x € X, there exists a minimal number m, < w such that x € X,,, .. If m, =0,
then x € B for some B € ro(U)), which implies that x € B € r(Uy) C r(U). If m, > 0, then x € B for some
Bery (Uy,) Thusx € B\ ,U X € r(Uy,) C r(U). So r(U) covers X.

]<m3(
(2) For any x € X, there exists a minimal number m, < w such that x € X,,,. If n > m,, thenx ¢ B\ U X;
j<n
for each B € r,(U,). Thus x ¢ |Jr(U,) if n > m,. Since r;(U;) is point-finite in X for each i < m,, the point
x is in only finitely many members of r(U/;). Hence x is in only finitely many members of #(U/). For each
V € r(U), there exists some my € w such that V € r(U,,,). Thus there is some Wy € 1y, (U, ) such that
V=Wy\ 'U X;. Since ty,, (Up,) < Uy, there is some Uy € Uy, such that Wy c Uy. Thus V c Wy c Uy

i<my

and Uy € U. So r(U) is a point-finite open refinement of U by members of 5.
(3) If U and V are open covers of X and U < V, then U,, < V,, for each n € w. Thus r,(U,) < 1,(V}y).
So r(U) < (V).

1y 7
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Thus X is monotonically base-metacompact. [J

Corollary 23. Let X be a monotonically base-metacompact space. If M C X is an Fs-set of X with w(M) = w(X),
then M is monotonically base-metacompact.

Proof. Since M C X is an F,-set, we let M = |J M,, where M, is closed for each n € w. By Theorem

new
20 each M, is monotonically base-metacompact relative to X. Since w(M) = w(X), M, is monotonically

base-metacompact relative to M. Thus M is monotonically base-metacompact by Theorem 22. [
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