Filomat 32:18 (2018), 6457-6464
https://doi.org/10.2298/FIL1818457Y

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Hermite-Hadamard Type Inequalities for B~!-Convex Functions
Involving Generalized Fractional Integral Operators

Ilknur Yesilce?, Gabil Adilov®

?Department of Mathematics, Science and Letters Faculty, Aksaray University, 68100 Aksaray, Turkey
bDepartment of Mathematics, Education Faculty, Akdeniz University, 07058 Antalya, Turkey

Abstract. B~!-convexity is an abstract convexity type. We obtained Hermite-Hadamard inequality for
B~!-convex functions. But now, there are new and more general integral operator types that are fractional
integrals. Thus, we need to prove Hermite-Hadamard inequalities involving different fractional integral
operator types with this article.

1. Introduction

Recently, abstract convexity which becomes different convexity types is studied more than classic
convexity. Because, abstract convexity has an important area in convexity theory and also, abstract convexity
has significant applications variety fields like mathematical economy, operation research, inequality theory
and optimization theory. Additionally, one of these abstract convexity types is B~'-convexity ([5, 7]). It has
applications to mathematical economy and inequality theory ([7, 18]). Many articles were written about
B~!-convexity ([4, 6, 12, 16]).

As an application on inequality theory for abstract convexity types, we can give the Hermite-Hadamard
inequalities that are shown for integral mean value of a convex function. ([1-3, 9-11, 14, 17]). For B1-
convex functions Hermite-Hadamard inequality via classic integral was proven in [18]. Hermite-Hadamard
inequality is an integral inequality and it has be given with classic integral operator up to now. But,
recently, fractional integral operators because of generallity have been used when proven the integral
inequalities ([8, 15]). Also, fractional integral operators can be compared in themselves according to
generality. Therefore, we study Hermite-Hadamard inequalities involving different fractional integral
operator types for B~!-convexity and we compare generality of these inequalities.

In this article, three parts that are definitions of fractional integral types, required definitions and
theorems of B~!-convexity and Hermite-Hadamard inequality for B~!-convex functions are given in Section
2. In third section, we give Hermite-Hadamard type inequalities involving Riemann - Liouville fractional
integral. Next, Hermite-Hadamard type inequalities involving Hadamard fractional integral is shown. In
last section, we prove Hermite-Hadamard type inequalities involving fractional integrals of a function with
respect to another function. Consequently, we show that the last inequalities are more general.
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2. Preliminaries

In this section, we give some required definition and theorems.

2.1. Fractional Integral Types

Lets recall the following definitions of fractional integral types. Along the paper, let f : [2,b] - Rbe a
given function, where 0 <a < b < +oo and f € L [a,b]. Also, I (a) is the Gamma function.

Definition 2.1. [13] The left-sided Riemann-Liouville integral |7, f and the right-sided Riemann-Liouville integral
Ji-f of order a > 0 with a > 0 are defined by

0= s [ @m0 Fd v 1)
and
1 o
e f 0=t f (t-x)" f(dt, x<b )
respectively.

Definition 2.2. [13] The left-sided Hadamard fractional integral J7. of order a > 0 of f is defined by

a _alm
o f () = )f 1 x>a ()

provided that the integral exists. The right-sided Hadamard fractional integral J;_ of order a > 0 of f is defined by

b a—1
]‘;‘f(x)zﬁj; (m)-i) @dt, x<b @)

provided that the integral exists.

Definition 2.3. [13]Let g : [a, b] — Rbe an increasing and positive monotone function on (a, b], having a continuous
derivative g’ (x) on (a, b). The left-sided fractional integral of f with respect to the function g on [a, b] of order @ > 0
is defined by

g (1) f (1)
f(x) F(oz)f 700 - g(t)l adt, xX>a (5)

provided that the integral exists. The right-sided fractional integral of f with respect to the function g on [a, b] of
order a > 0 is defined by

o Y A A OF 0
Ib,;gf (x) = @ ‘fx 0 —g(x)]l_“dt’ x<b (6)

provided that the integral exists.
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2.2. B !-convexity
Forr € Z~,themap x — ¢,(x) = x2+lis ahomeomorphism from R, = R\ {0} toitself; x = (x1, xo, ..., x) —
D,(x) = (@(x1), Pr(x2), ..., Pr(x4)) is homeomorphism from R} to itself.

For a finite nonempty set A = {x(l),x(z), ...,x(m)} C R? the ®,-convex hull (shortly r-convex hull) of A,

which we denote Co"(A) is given by

m ) m
ZtiCI)r(x(’))] h> O,Zt,- = 1} .
i=1 =1

m .
We denote by .Alx(’) the greatest lower bound with respect to the coordinate-wise order relation of
i=

xD 4@ xM e R" that is:

Co'(A) = {qn;l

m .
() — : 1 .2
ii\lx = (mln {xl , X5

), min 2D, P, 200))

where, xj.i) denotes jth coordinate of the point x.
Thus, we can define B~!-polytopes as follows:

Definition 2.4. [5] The Kuratowski-Painleve upper limit of the sequence of sets {Co"(A)},cz-, denoted by
Co~*(A) where A is a finite subset of R, is called B~!-polytope of A.

The definition of B~!-polytope can be expressed in the following form in R, .

Theorem 2.5. [5] For all nonempty finite subsets A = {x(l),x(z), ...,x(m)} c R”, we have

Co™(A) = lim Co'(A) = {Z(ltix(i) 4> 1, min t; = 1} .

1<i<m
Next, we give the definition of B~!-convex sets.

Definition 2.6. [5] A subset U of R is called a B'-convex if for all finite subsets A C U the B~!-polytope
Co™®(A) is contained in U.

By Theorem 2.5, we can reformulate the above definition for subsets of RY , :

Theorem 2.7. [5] A subset U of R", is B~!-convex if and only if for all x),x® € U and all A € [1, ) one
has AxM A x@ e U.

Remark 2.8. As a result of Theorem 2.7, we can say that B~!-convex sets in IR, are positive intervals.

Definition 2.9. [12] For U c R?, a function f : U — R, is called a B!-convex function if epi*(f) =
:(x, 1) |x eUueR, pu= f(x)} is a B!-convex set.

In R, we can give the following fundamental theorem which provides a sufficient and necessary
condition for B~'-convex functions [12].

Theorem 2.10. Let U ¢ R”?, and f : U — R,,. The function f is B~!-convex if and only if the set U is
B~!-convex and one has the inequality

fAxny) <Af (@) A f(y) )
forallx,y € Uand all A € [1, +00).
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2.3. Hermite-Hadamard Inequality for B~'-convex Functions

We proved the following theorem that gives the Hermite-Hadamard inequality involving classic integral
for B~!-convex functions in [18].

Theorem 2.11. Suppose f : [4,b] € Ryy — Ry isa B~!-convex function. Then the following inequality
holds

f(a)(a+b) b [0
a = f(a)
— f fdt < be )f(b)-a [(f(u)) +(f<b>)] b o
1 < & < Q
2(0-a)f (@) ~f@ Ta

3. Hermite-Hadamard Type Inequalities Involving Riemann - Liouville Fractional Integral

Lets recall the Riemann-Liouville fractional Hermite-Hadamard inequalities for B~!-convex functions
which were given the following theorems for left-sided integral and right-sided integral, respectively ([19]).

Theorem 3.1. Let f : [a,b] C Ry — Ry and f € Li[a,b]. Iffisa B-convex function on [a,b], then the
following inequality holds:

f(a)(b—a)" (aa+b) b . [
o b) < ul;(+0i+2) ’ a+l “= @ 9
L,+f (b) < (f@)"" (b-a)* (aa+b)—(bf(a)-af (b)) 1< fb) <l )
a(f(@))"T(a+2) ’ = fla T a

with a > 0.

Theorem 3.2. Let f : [a,b] C Ryyw — Ry and f € Li[a,b]. Iffisa B1-convex function on [a, b], then the
following inequality holds:

f(a)(b—a)* (ab+a) b . fb)
al(a+2) 7 a = fla)
Ty £ (@) < a@an)(5@)° f0)0-0° (a7 ®)-af @)™ 1<f® b {10
a(f(a)) T(a+2) / = fla " a
with a > 0.

4. Hermite-Hadamard Type Inequalities Involving Hadamard Fractional Integral

Hadamard fractional integral is one of the important fractional integral types. So, the authors introduced
Hermite-Hadamard type inequalities including Hadamard fractional integral in [20].

Theorem 4.1. Let a > 0. If f is a B™'-convex function on [a, b], then

f@ a-l b o fO)
o £ (5 < <a>1(1 ) an i <T@ "
e f () < f(ﬂ) 0 A fo)(n 25) 1< f® _b (11)
T h (nm) “Tar) - ST <a-
Theorem 4.2. Let a > 0. If f is a B~'-convex function on [a, b], then
f@) a-1 b [
b= T f@ (@ -1 £(b) b f® o _ b
£ ﬁf“ (In )" dA + 22 [(1n5) ~(In f(a)) ] 1<io<t
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5. Hermite-Hadamard Type Inequalities Involving Fractional Integral with respect to The Function g

Theorem 5.1. Let a > 0and 0 <a <b < 400, g : [a,b] — R be an increasing and positive monotone function on
(a,b], having a continuous derivative g’ (x) on (a, b). If f : [a,b] — Ry, is a B~'-convex function and f € Ly [a,b],
then

4@ f _ i) b 10
T 11 b T b L0
% f(b) < [y() g(Aa)] e 10 "
7 ff(n g gy, f oo T | o
F(a) [9)-g(1a)]" e 1<7m <a

Proof. Since B™!-convexity of f : [4,b] = R.., the inequality (7) is valid for all A € [1,+c0) and 0 <a < b <

+00. We have to multiply both sides of this inequality by [g(;n%
U

with respect to A over [1, +00) to obtain desired inequality. We have the following equation for left hand
side of inequality

and integrate the resulting inequality

+eo ¢’ (min {Aa, b})
(min {Aa, b}) dA
fl [7(®0) - g (Aa)]"~ “f

: g’ (min {Ag, b}) i * ¢ (min {Aa, b}) )
- Aa, b)) dA Aa, b)) dA
fl [g(b)—g()\a)]l‘“f(mm{ o +f [9(b)—9(Aa)]1‘“f(mm{ "o

i g (Aa)a +oo
= Aa)dA 0f (b)dA
fl [9 () —9(Aa)]1“"f( ? +f: o

b ’
g ()
- S — T
fa [g(b)—g(t)ll‘“f
T (@) I3, f (b) .

For the right hand side of inequality, we have to consider two cases:

Firstly, it can be % < % In this case, for the right hand side we obtain that

f“’" g’ (min {Aa, b})
1 [g () - g(Aa)]'™

; g (Aa)a
- Af (a)dA
L\g@ g
g (Aa) A

1 [g®) -g )]

min{Af (a), f (b)}dA

af (a)

Hence,

IA

flm g miniAa b)) intAa, bl A in{Af @), f ()} dA

f+°° g’ (min {Aa, b))
[g(b) - g(Aa)]'™® 1

g@ g

(/\a)/\
)ﬁ [g(b) -

af (a) ; g (Aa))\
F@ Ji [g()-gQa)]™

IN

T ()12, f (b)

18, f () <
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When we handle the second case 1 < ;E ; < 2, we meet following;

f+°° ¢’ (min {Ag, b})
1 [9®) - g (Aa)]™
fb) b
@ g’ (Aa)a “ g (Aa)a
Af(a)dA + (b)da
fl [9®) - g (Aa)]"™ re fﬁbi [g(b) -9 (Au)]mf
B yoaa F®]g® -9 (42
af (a) f TdA +
1 [g®)-g(Aa)] a

min{Af (a), f (b)}dA

Thus, we have that

S < af (a) f i g (Aa) A 4 f(®) [g (b) - g(u]{(;b)))]a
I' (o) [g(b) - g(/\a)]l_“ IF(a+1)

O

Theorem 5.2. Let @ > 0and 0 <a < b < +oo, g : [a,b] = R be an increasing and positive monotone function on

(a, b], having a continuous derivative g’ (x) on (a,b). If f : [a,b] — R, is a B~ -convex function and f € Ly [a, V],
then the following inequality for fractional integrals holds:

af@) (f g (Aa)d b f)
" ) T(e) 1 [g()\ﬂ)—g(u)]]ﬂ d/\ a < f(a) 14
' fa) < . a
o/ ( s (5 __goam £®)(90)-9@)"~(o()-90)'| L0 (14
T(a) J1 [9(&1)—9(&7)]17“ T(a+1) ’ = f(a 7

Proof. For the B~!-convex function f:1a,b] = R,;, we have the following inequality

f (min{Aa, b}) < min{Af (a), f ()} (15)

g’ (min{Aa,b})
min{Aa,b})— g(a)]
and integrate the resulting inequality with respect to A over [1, +c0). Thus, for the left hand side of inequality
we obtain that

for all A € [1, +00). To obtain the inequality (14), we should multiply both sides of (15) by I
g

+00 !]I (min /\Cl,b}) '
Aa,b})dA
fl [g (min {Aa, b}) — g(a)]l—af(mln{ a,b})
' 7 b

g (Aa) (Aa)’ e
= (Aa)dA + A ha— V)
fl [g(Aa) =g @] o f [g(b)—g(a)]l’“f

b 7
i f Wf Bt =T @I ,f @ .

Additionally, for the right hand side of inequality, we meet two possibilities. One of these is possibility

of £ < ;Ebi In this case, the equality is

* g (min{Ag,b}) '
Af (a), f (b)}dA
»fl‘ [g(min{/\a,b})_g(a)]1_a min { f@),f( )}

>

oy
Af(a)dA
jl‘ [g(Aa) — g(a)]l_a fa

d g (Aa) A
af @ I [g(Aa)—g (a)]lfa
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Then we deduce that

"(Aa) A
T(@) I, f @) <af a)f (/\Z)(—Z)(a)]l_a

« F@ uf (a) g (Aa) A
T [g(Aa)—g(a)]l‘“

dA. (16)

In the possibility of 1 < ;Eb; , we have to analyse the following;:

+oo ¢’ (min {Aa, b}) )
A ,f (D) dA
fl [9 (min {1a,b) - g @] i@, 7o)

fb) b

F@ g (Aa)a “ g (Aa)a
= Af (a)dA + (b)dA

fl [g(Aa) — g @] s ﬁf [g(Aa)—g(a)]l‘“f
i ff 7 () A F®|@® - @) - (9(%) - 9@)|
= af(a) —dA + _
1 [g(Aa) —g@)] a

Therefore, we deduce that

’ (b) ( (b)_ ())a_ af(ah) _ ()01
T(a) ., f (@) < af (a) g 1) dAJrf [g 9@)" - (9 (%) 9”)]

1 g —g @] "
0@ [E_guar  Oe®-90r-((@)-se)]
f - F(OC) [g(/\a)_g(a)]lfa 1_'(0(4_1) )

As a result, from (16) and (17), we have the inequality (14).
|

Theorem 5.1 and Theorem 5.2 which are proven above are the most general Hermite-Hadamard in-
equalities for B™'-convex functions.

Corollary 5.3. The inequalities (9) and (10) can be obtained the inequalities (13) and (14), respectively.

Actually, if we observe that for g (x) = x, the fractional integral (5) reduces to the left-sided Riemann-
Liouville fractional integral (1), and the fractional integral (6) reduces to the right-sided Riemann-Liouville
fractional integral (2) in general.

Additionally, this hypothesis are valid for our results. Namely, if we get g (x) = x in (13), the inequality
return to (9). Similarly, getting g (x) = x in (14), it gives (10).

Corollary 5.4. Hermite-Hadamard inequality via generalized fractional integral operator for B~'-convex function
is generalized form of the Hermite-Hadamard inequality involving Hadamard fractional integral.

The conclusion can be proven by using the same method in Corollary 5.3. For this, observe that for
g (x) = Inx, the fractional integral (5) reduces to the left-sided Hadamard fractional integral (3), and the
fractional integral (6) reduces to the right-sided Hadamard fractional integral (4).
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