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Abstract. Let A be an operator with the polar decomposition A = U|A|. The Aluthge transform of the

operator A, denoted by A, is defined as A = IAI% UIAI%. In this paper, first we generalize the definition of
Aluthge transform for non-negative continuous functions f, g such that f(x)g(x) = x (x > 0). Then, by using
this definition, we get some numerical radius inequalities. Among other inequalities, it is shown that if A
is bounded linear operator on a complex Hilbert space H, then

nA) < 7 (o7 0a0) + 1 (2 0AD)| + 30 (0 (A,)).

where f, g are non-negative continuous functions such that f(x)g(x) = x (x > 0),  is a non-negative and
non-decreasing convex function on [0, o) and A £ = fUADUgG(A]).

1. Introduction and preliminaries
2. Introduction

Let B(IH) denotes the C*-algebra of all bounded linear operators on a complex Hilbert space H with an
inner product (-, -) and the corresponding norm || - ||. In the case when dimlH = n, we identify B(IH) with
the matrix algebra IM,, of all # X n matrices with entries in the complex field. For an operator A € B(IH), let
A = U|A| (U is a partial isometry with kerU = range|A|*) be the polar decomposition of A. The Aluthge
transform of the operator A, denoted by A, is defined as A = |A|% UlAl%. In [7, 21], a more general notion
called t-Aluthge transform has been introduced which has later been studied. This is defined for any
0<t<lby A, = |ATUIAM. Clearly, for t = % we obtain the usual Aluthge transform. For the case t = 1, the
operator A; = |A|U is called the Duggal transform of A € B(H). For A € B(H), we generalize the Aluthge
transform of the operator A to the form

Agy = fIANUG(A),

in which f, g are non-negative continuous functions such that f(x)g(x) = x (x > 0). The numerical radius of
A € B(H) is defined by

w(A) = sup{[{Ax, x)| : x € H, ||x]| = 1}.
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It is well known that w(-) defines a norm on B(IH), which is equivalent to the usual operator norm || - ||. In
fact, for any A € B(H), %IIAII < w(A) < ||All; see [8]. Let r(-) denote the spectral radius. It is well known
that for every operator A € B(IH), we have r(A) < w(A). An important inequality for w(A) is the power
inequality stating that w(A") < w(A)" (n = 1,2,---). For further information about the numerical radius
we refer the reader to [10-12] and references therein. The quantity w(A) is useful in studying perturbation,
convergence and approximation problems as well as integrative methods, etc. For more information see
[3,6,9,613-15,17].

. A0 0
Let A,B,C,D € B(H). The operator matrices [ 0 D ] and [

C ]g ] are called the diagonal and off-

A B .
c DVl respectively.
In [16], it has been shown that if A is an operator in B(H), then

diagonal parts of the operator matrix

w(A) < 3 (IAI1+ 14%12). &)

Several refinements and generalizations of inequality (1) have been given; see [1, 4, 5, 21-24]. Yamazaki
[22] showed that for A € B(H) and t € [0, 1] we have

1 -
w(A) < 5 (141l +wdy). @)
Davidson and Power [7] proved that if A and B are positive operators in B(IH), then

1A + Bl < max{l|Al, IBI}} + IABI|*. 3)

Inequality (3) has been generalized in [2, 20] and improved in [18, 19]. In [20], the author extended this
inequality to the form

IA + B*|| < max{||All, B} + % (hari =) + la =" s

), )

in which A,B € B(H) and ¢ € [0, 1].

In this paper, by applying the generalized Aluthge transform of operators, we establish some inequalities
involving the numerical radius. In particular, we extend inequalities (2) and (4) for two non-negative
continuous functions. We also show some upper bounds for the numerical radius of 2 X 2 operator
matrices.

3. main results

To prove our numerical radius inequalities, we need several known lemmas.

Lemma 3.1. [1, Theorem 2.2] Let X,Y,S, T € B(H). Then

(XY + ST) < % (w(YX) + w(TS)) + % \/(w(YX) —w(TS))* + 4| YSIIITXII.
Lemma 3.2. [16, 22] Let A € B(IH). Then

(a) w(A) = max ”Re (eiGA)” .

) w([ - ]) = 1jAl.
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Polarization identity: For all x, y € H, we have

LN g2
(x,y) = 1 Z “x+ lky”2 .
k=0

Now, we are ready to present our first result. The following theorem shows a generalization of inequality

Q).

Theorem 3.3. Let A € B(H) and f, g be two non-negative continuous functions on [0, o0) such that f(x)g(x) =
x (x 2 0). Then, for all non-negative and non-decreasing convex function h on [0, o), we have

I (w(A)) < jIHh(gz (4D) + 1 (£ 1AD)| + %h(w (A1)

Proof. Let x be any unit vector. Then

Re(e¥Ax,x) = Re(e“U|A|x,x)

= Re(e”Ug (A]) f (1A x, %)

= Re(e“f (A x, g (Al U'x)
(e

“f Gan + 9 (A )| - 5 (e 04D - g gap ) o
(by polarization identity)

=] =

IA

f 1D + g (AN )
2

IN

(e
(¢”f (AD + g (AN L)
(£ QD + (A ) (£ (14D + Ug D)

F (A + (A +e®Ap, + e (Ap,)

1
4
1
4
1
4
1
4
1
4

92 04 + £ 0] + § e Agg + 7 (Ar,)

= Ll 0an+ £ ] + 5 e (¢4

317040+ 2080 + 500 (d,).

IN

Now, taking the supremum over all unit vectors x € IH and applying Lemma 3.2 in the above inequality
produces

w(A) < 7 704D + 2 04D]| + 500 (Ar,).
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Therefore,

h(w (A))

IN

(3 17 00 + £ ] + 30 (4,,))
1|72 0AD+ 2 OAD|| 1 4
feenszon] s
1 (|72 31AD + f2(ADf , 1 7
(| F A Do)
(by the convexity of h)

L], (04D + £ AAD| 1, o
b (o e NG

(2 aan) + 1 0a0)| + 2 (w(Ay)
(by the convexity of h).

Il
=

IN

IN

Theorem 3.3 includes some special cases as follows.

Corollary 3.4. Let A € B(H). Then, for all non-negative and non-decreasing convex function h on [0, oo) and all
t € [0,1], we have

h (w(A)) < 31 Hh (1AP) + 1 (|A|2<H>)|| + %h (w(A)).- )
Corollary 3.5. Let A € B(IH). Then, for all t € [0,1] and s > 1, we have

@A) < AP + AP+ o (A).
In particular,

w'(A) < %(IIAHS +w* (A)).

Proof. The first inequality follows from inequality (5) for the function h (x) = x° (s > 1). For the particular
case, it is enough to put t = % a

Theorem 3.3 gives the next result for the off-diagonal operator matrix [ g g ]

Theorem 3.6. Let A,B € B(H), f, g be two non-negative continuous functions on [0, c0) such that f(x)g(x) =
x (x>0)ands > 1. Then

g™ aB) + £ (B)|))

w([g 6‘]) = zlzmaX(ngs(lAl>+f25<|A|)

+3 (IFUBNIIADIF + 11F1ADgBDIF).
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Proof. Let A = U|Aland B = V|B| be the polar decompositions of A and B, respectively, and let T = [

0o u Bl 0
vV 0 0 A

0 A
B 0]

It follows from the polar decomposition of T = [ ] that

Ty, f(ITI)[ o ]mm)

[f(IBI) 0 Ho UHg<|B|> 0 ]
0 fuAy || v o 0 g(AD

_[ 0 f(IBI)Ug(IAI)]
= | f0ADVg(BI) 0 '

Using |A*]* = AA* = U|JAPU" and |B** = BB* = V|B*V* we have g(|Al) = U*g(|A*))U and g(|B|) = V*g(IB*))V
for every non-negative continuous function g on [0, c0). Therefore,

i 0 AB)Ug(A)
w(Ty,) w( faApVaaB) 0 D

[0 F(B)Ug(A) )+w( 0 0')
0 0 | f1ADVg(B) O |

_ w(g fUBI)UgA) )”"(W[g f(IAI)gg(IBI)]W)

([0 faByUgA) |y ([0 FIANVeB) ]
= o[ T el G )

IA
S

= JIFIBNUZ(ADI + 31 F(ADV (B
(by Lemma 3.2(b))

= JIFIBNULI gGA DU + 2 1FGADV V9B VI

IA

SIFGBIIOA DI + S1LFGADgOB DI, ©

0 I

whereW:[ I 0

] is unitary. Applying Theorem 3.3 and inequality (6), we have

W (1) < gl amy 2 ) + 3 (w (T5,)
3 max (| 04D + = G| [l 4B + > (B}
+% [% (IFBDg(A™DII + ||f(|A|>g<|B*|)||)]s

1 max 7% 14D + > 1)

IA

IN

IA

7 (BN + £~ (B)])

4

+3IFABNGIADIF + 1F0ADg(B DI
(by the convexity h(x) = x°).
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Corollary 3.7. Let A, B € B(H). Then, for all t € [0,1] and s > 1, we have

7

s 1
wi (AB) < Zmax<|||A|2ts+|A|2(1_t)s

|B|2ts + |B|2(1—t)s”)
w3 (ar s + s A=)

Proof. Applying the power inequality of the numerical radius (w(A") < w"(A) [19]), we have

IA

w? (AB) max (w% (AB), w? (BA))

[ &)
o2 4]
{24)

max ([P + AP 1B +1BEC])

Nl

w

IN
g
We wo

o X o

IA

1

4

+ <|||A|t |B*|l—t“5 + |||B|t |A>e|l—t||s)
(by Theorem 3.6).

1
1

Corollary 3.8. Let A, B € B(H) be positive operators. Then, for all t € [0,1] and s > 1, we have

. lmaX(HAts+A(1—t)s||,“Bts+BZ(1—t)s“)

1.1
A2B?
” ip} i

+

(B + [ar]).

Proof. Since the spectral radius of any operator is dominated by its numerical radius, then 71 (AB) < w? (AB).
Applying a commutativity property of the spectral radius, we get

r? (AB) rh (A%A%B%B%)
" (A%B%B%A%)

ri (A%B% (A%B%)*)

s
1 2

“A%B% (A%Bz)*

S

s

Now, the result follows from Corollary 3.7. [J
An important special case of Theorem 3.6, which generalizes inequality (4) can be stated as follows.

Corollary 3.9. Let A,B € B(H) and s > 1. Then

IA+BF < 221_5 max (AP + AR, 1B + BRI
+ (har =+ i),
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In particular, if A and B are normal, then

1
21-s

A +BIF < max (Al [IBIF) + IABJI? .

1
21-s

Proof. Applying Lemma 3.2 and Theorem 3.3, we have

lA+BIF = IT+T
< ZSmax”Re<eiGT)HS
0eR
= 2w (T)
< 2 ma([JlAPS + AP0 i3P + BP0
o2 (bt + st ar-)

(by Theorem 3.6),

where T' = [ g IS ], f(x) = x!, and g(x) = x'~!. Now, the desired result follows by replacing B by B*. For

the particular case t = % If A and B are normal, then |B*| = |B| and |A*| = |A|. Applying equality (7) for the
operators IAI% and IBI%, we have

1o 1|8 s
ik BE|| =+ gansp
< lAIBIE
= UABV|?
= [4B*,

where A = U|A| and B = V |B| are the polar decompositions of the operators A and B. This completes the
proof of the corollary. [

In the next result, we show another generalization of inequality (2).

Theorem 3.10. Let A € B(IH) and f, g, h be non-negative and non-decreasing continuous functions on [0, co) such
that f(x)g(x) = x (x > 0) and h is convex. Then

n(A) < 5 (n(w(Ary)) + AN ).

Proof. Let A = U|A| be the polar decomposition of A. Then for every 0 € IR, we have

4 (Re (eieA))

= %r (eiQA + e_ieA*)

_ 1 10 —i0 *
= Er(e’ UJA| + ¢~ |A|u)

IRe (¢°A)

(°UgADFIAD + ¢ FIADGIANLT). ;

N =
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Now, if we put X = ¢9Ug(|A]), Y = f(lA]), S = e f(|A]) and T = g(JA))U* in Lemma 3.1, then we get

r(UgADF(IAL) + e F(ADg (AN
S (w(FIANUG(AI + w(g1ADL F(AD)
+% \/4||€_i3f(|A|)!](|A|)||||9(|A|)U*€ieuf(|A|)||

(by Lemma 3.1)
< w(f(IANUg(AD) + VIFIANIFAANIgIADIIgADII
= w(f(ANUg(AD) + VFWADgWAIg WAL f(IAND

= w(f(IANUg(AD) + VIAIllIAI
= w(Azy)+IIAIl )

IA

Note that, since w(X) = w(X*) (X € B(IH)), in the first inequality we have
w(YX) = w(TS) = w(f(ANUg(A) - wg(ANU f(IA])) = 0.

Using inequalities (8), (9) and Lemma 3.2 we get

w(A) = GaxHRe (eff'A)” < %(w (A1) + A1).

R
Hence
h(wA) < h(% [w(Ar,) + ||A||])
(by the monotonicity of h)
< %h (w(Ay,))+ %h(llAH)

(by the convexity of h)
1 = 1
= 3h(w(Azy))+ 5 IHGADI,
as required. [

Remark 3.11. We can obtain Theorem 3.3 from Theorem 3.10, but we keep the proof for the readers. To see this, first
note that by the hypotheses of Theorem 3.3 we have

h(lAD) = h(g(ADf(IAD)
2 2
< h (M) (by the arithmetic-geometric inequality)
< % (h (gz(|A|)) +h (f2(|A|))) (by the convexity of h). (10)

Hence, using Theorem 3.10 and inequality (10) we get

h (w(A))

IA

%[h (o (Ar,)) + m0ADI |
sl (o (412)) + 5 (2 0a0) + (0m0)

= o (An)+ 3 (o) + ().

IA
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Remark 3.12. For the special case f(x) = x' and g(x) = x'~* (t € [0, 1]), we obtain the inequality (2)

w(A) < 5 (w(A) +1141),

where A € B(H).

LetT:[ B 0

0 A4 ] Using Theorem 3.10, we get the following result.

Corollary 3.13. Let A, B € B(IH) and f, g be two non-negative and non-decreasing continuous functions such that
f)g(x) = x (x > 0). Then

[+ F0ANg(B)

)

20° ([ o ]) < maxllAIF, IBIF) + o || F(B)g(A°D

where s > 1.

Proof. Using Theorem 3.10 and inequality (6), we have

SENE

= max{lIAIF, IBIF} + (%[ I £0BDg(AT)

S

+w’ (Tf,y)

|+ ||f(|A|>g(|B*|)||])S
"+ I£(1ANg(BDIF)

< max{lAIF, 1B} + 5( L FBgA

and the proof is complete. [
Using similar arguments to the proof of Corollary 3.9, we get the following result.

Corollary 3.14. Let A, B € B(H) and f, g be two non-negative and non-decreasing continuous functions on [0, o)
such that f(x)g(x) = x (x > 0). Then

1A+ BIl < max (Al 1Bl + (]| BhgqAD]| + || 704 DB D))
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