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T-Stability of the Euler Method for Impulsive Stochastic Differential
Equations Driven by Fractional Brownian Motion

Hui Yu?

?College of Science, Heilongjiang Bayi Agricultural University, Daqing 163319, China

Abstract. Due to the fact that a fractional Brownian motion (fBm) with the Hurst parameter H € (0,1/2) U
(1/2,1) is neither a semimartingale nor a Markov process, relatively little is studied about the T-stability
for impulsive stochastic differential equations (ISDEs) with fBm. Here, for such linear equations with
H € (1/3,1/2), by means of the average stability function, sufficient conditions of the T-stability are presented
to their numerical solutions which are established from the Euler-Maruyama method with variable step-size.
Moreover, some numerical examples are presented to support the theoretical results.

1. Introduction

The theory of stochastic differential equations (SDEs) driven by Brownian motion with the Hurst param-
eter H = 1/2 plays an important role on the stochastic analysis, and is widely used in many fields(see [23]).
In fact, quite a lot of observed natural and social phenomena, such as the fluctuation of stock price and
the rate of return in Financial markets, exhibit properties of “biased random walk” and ”decile-shaped fat
tail”. It is suggested that fractional Brownian motion (fBm) with H € (0,1/2) U (1/2,1)(see [2, 7, 8, 14]),
which owns the self-similarity and the long-term memory, provides better modeling and description of
such phenomena. In particular, such fractional equations are simple and effective, which were discussed
earlyin[1,17,27,31]. Moreover, It is worthwhile to note that the jump properties of impulsive systems have
significant applications in physics, biology, control science and so on(see [20, 38]). However, the research
of ISDEs with fBm with H € (0,1/2) U (1/2,1), which are neither semimartingale nor Markov processes, is
just at the beginning (see [37]). And many significative properties of these equations, such as the T-stability
of their numerical methods, are deserved to be discovered. The following sections summary the relevant
work accomplished and outline what I would be doing.

The classical Black-Scholes model in financial markets, which was first studied in [3, 26], was extended
by broadening the Hurst parameter from H = 1/2 to H € (0,1) (see [10, 16]). The generalized Black-
Scholes model can capture the characteristic of long-range dependence and heavy tailed distribution in
miscellaneous financial data. By using the chaos decomposition approach, the existence of a unique
continuous solution to linear equations with H € (0,1/2) is given in [21]. To semilinear equations, the
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existence and uniqueness with H € (1/2,1) and H € (0,1) have been proved in [25] and [12, 22, 27]
respectively. By means of the fractional integration and the classical It6’s stochastic calculus, the existence
and uniqueness of multidimensional and time-dependent solutions for equations with multidimensional
fractional Brownian motion and H € (1/2,1) were given in [13]. In [11], an efficient method rooting in a
stochastic operational matrix based on the block pulse functions with H € (1/2,1) is proposed. Moreover,
in [4], the existence of mild solutions for semilinear impulsive stochastic functional differential equations
with H € (0,1) was proved.

As far as I know, few results [9, 35] about almost sure stochastic stability and pth moment stochastic
stability, which are important and widely used, were presented for stochastic processes with fBm. The
behavior of the dissipativeness of semilinear SDEs with H € (0, 1) and their drift-implicit Euler method
have been analysed in [12]. The exponential stability of semilinear SDEs with H € (1/2,1) was analyzed
in [22] via an auxiliary fuction. A result of stability is given for H € (1/2,1) in [34]. In [41], by means
of the Lyapunov exponents, necessary and sufficient conditions on the two stabilities were established
for the generalized Black-Scholes model with H € (0,1). Moreover, in [42], with the help of defining a
new derivative operator and constructing Lyapunov functions, some sufficient conditions for stability in
probability and moment exponential stability of a class of nonlinear equations were given.

Other authors also focused on the convergence of the numerical methods [12, 15, 18, 28, 29, 39] for some
special fractional equations. The optimal rate of convergence in mean square of arbitrary approximation
methods based on an equidistant discretization was derived for H € (1/2,1) in [30]. By using wavelet
approximation of multifractional Brownian motion, the approximating method was constructed in [36].

But now, the results of above-mentioned stabilities for stochastic systems are far more than T-stability
(see [6, 32]), although the simulation of T-stability requires a small number of samples and can be easily
implemented by computer programming. My major aim here is to fill this gap in the T-stability of the
Euler-Maruyama method for the model of linear ISDEs with fBm with H € (1/3,1/2), which are further
developed from the generalized Black-Scholes model in [10, 16] with the help of introducing impulse. More
precisely, by means of the average stability function, sufficient conditions of the T-stability of such equations
are presented with variable step-size based on the distances between impulsive times (section 3). To show
these conditions, the strong convergence of the Euler-Maruyama method is proved in section 2, and the
stochastical and asymptotical stability in the large are firstly given to such equations in section 3.

2. Preliminary

Throughout this paper, let (QO, F, (F:)=0, P) be a complete filtered probability space satisfying standard
conditions. |- | is the Euclidean norm in RY, d € N and LZ% (Q; R denote the family of Ri-valued Fy-

measurable random variables & with E|&]? < .
The following d-dimensional ISDE driven by fBm is concerned in my paper

dx(t) = Ax(H)dt + ux(H)dBi(t), t>0, t+1,
X(Tk) = ﬁkX(T;), k= 112/ e (1)

x(t) = xo

where x(t—) = lim,_;_ x(s), initial value x; € Lgfo (Q;RY) and A, p € R. The fractional Brownian motion

BH(t) = (BHi(t),--- ,BHM(t))T with independent scalar components is defined on the filtered probability
space and the Hurst parameter H := min{H; € (1/3,1/2)|j=1,--- ,M}.

Assumption 1. The impulse of equation (1) satisfies the undermentioned conditions.
(i) The impulsive functions {Bi}x=1,2,. are independent real-valued random variables. And there exists a constant L
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such that pr < L.
(i1) There are infinitely many impulsive times

0<T1 <1<+ <00,
which distances di are bounded by two constants 01 and 0y, that is to say,
0<61<di =741 — T, < 6) < 0.
(iii) Let 1o = 0and fy = 1.
Based on the fact that the distances d (k = 0,1,2,--) might be unequal, the Euler-Maruyama method

with variable step-size hy = di/m (m € N, ) applied to the equation (1) has the form

H

ka,p = ka,p—l + /\thkm,p—l + #ka,p—l ABkm,p_ll

p=L12--,m,

Xm0 = BrxXk-1ymm )

X(O) = X0

where ka,p = x(tkm,p)/ tkm,p = (km + p)hk/ p= 1,2,---,m, ka,O = x(T;)-
In [33], the increments of the fractional Brownian motion have the property that B — B¥ ~ N(0, (t —
$)*), 0 < s < t. Therefore, the independent increments

ABka,p—l = BH(tkm,p) - BH(tkm,p—l)
obey the normal distribution N(0, h?).
The existence and uniqueness of solutions of the equation (1) can be confirmed on the basis of [21, 37].
Before discussing the stability of the Euler-Maruyama method (2), we prove its convergence.

Theorem 2.1. Under Assumption 1, the Euler-Maruyama method (2) is strong convergent to the equation (1).

Proof. In the interval [T4, Tk+1), k= 0,1,2, - -, the equation (1) is a SDE with fBm H € (1/3,1/2). According
to [39], the Euler-Maruyama method (2) is strong convergent with order 2H in the interval [y, Tk+1), k =
0,1,2,---. Therefore, in the same way as Lemma 10.2.2 in [19], the Euler-Maruyama method (2) is strong
convergent to the equation (1) with order 2H in the interval [0, c0). [J

To demonstrate T-stability of the Euler-Maruyama method (2), stochastical and asymptotical stability in
the large of the equation (1) is firstly considered. Some definitions on stability (see [5, 23]) are consequently
introduced.

Definition 2.2. The equation (1) is said to be stochastically stable (otherwise known as stable in probability), if for
any € € (0,1) , there exists a positive constant 6 = 6(€) > 0 such that for |xo| < 0 a.s.

p{}im x(Exo) =0} >1-e€.

Definition 2.3. The equation (1) is said to be stochastical and asymptotical stability in the large, if the equation (1)
is stochastically stable and for all x, € L?:U (Q; R

p{tlim x(t; xp) = 0} = 1.

Definition 2.4. The Euler-Maruyama method (2) of the equation (1) is said to be T-stable, if the equation (1) is
stochastical and asymptotical stability in the large and the solutions X = (Xim,0, Xim1," - s Ximm) T of the equation
(2) satisfy

lim |Xi| = 0.
fim X = 0
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3. T-stability

6496

In this section, the T-Stability of the Euler-Maruyama method (2) for the equation (1) is focused on. For
this purpose, the stochastical and asymptotical stability in the large of the equation (1) is firstly given by

means of the Lyapunov exponent.

Theorem 3.1. Under Assumption 1, if there is a positive constant q such that

2
|,Bk| eXP[/\(TkH - Tk) - %(Tif‘l - TiH)] < q < 1/ k= 0/ 1/ 2/ Tty

where 1 < Ty < Ty41, the equation (1) is stochastical and asymptotical stability in the large.

)

Proof. For any t > 0, there exists an appropriate k € N such that f € [y, Tx41). Applying the conditions of

reducibility in [40] and the Liouville formula in [24] to the equation (1), we have

x(t)

k 2
Xo H Bi exp[At — %tZH + uBM(#)]
i=0

Taking norms and logarithms on both sides yields

2
loglx(t)] = loglBxxol + [(t — Tk) — %(tZH — T]%H) + yBH(t)]

k-1 2
U
+ ZO‘ log (1Bl explA(tin - 1) = (2} = 7).
I construct the function
fx)=b"-a*, 1<a<b, xe€(0,1],

which is obviously monotonically increasing. I thus have

k-1 2

2
loglx()] < loglLxol + 14 — 102+ uB" () + ) logllfilexplA(rier — ) = (21 — 72,

i=0
where 1 < Ty < Tgy1.
The condition (3) means that

2
log{IBkl explA(Tis1 — Tk) — %(rii —)} <0, k=0,1,2,---.

From (7), (8) and the result (Lemma 2.2 in [41])

Bt
lim J =0, as.,
t—oo t
I can obtain the Lyapunov exponent
k-1

. 1 . 1 2
lim sup ~ log x(#)| < lim sup — Y loglIil explA(tis1 - T:) - %(T?ﬂ -] <0,
i=0

which means that the equation (1) is stochastical and asymptotical stability in the large.

2 k-1 )
BrexplA(t =) - %(tm =T )+ uB" ()] H Biexp[A(Tip1 — T71) — %(Tfﬁ — ).
=0

I therefore observe that the equation (1) is stochastical and asymptotical stability in the large if its Hurst

parameter, impulsive functions, impulsive times and coefficients satisfy (3). O
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To analyze the T-Stability of the Euler-Maruyama method (2), I begin by deducing the recurrence relation
ka,p = (1 + Al + yABkmp 1)ka p—1
= (1+ A+ yABkmp DA+ Al + yABkmp 2) Xkm,p-2
-1

= (1 + Al + ”ABkm Z)X(k—l)m 1

i

=

I’
—_

p-1
= ﬁk H(l + )\hk + #ABka,i)X(k—l)m,m'

i=1

This implies
p-1 k-1 m—1
Ximp = XoBr H(1 + Ahe+ unBp, ) [ T8 [ [ + Ay + usBl), )1 (10)
i=0 i=0 q=0

In this paper, the normal distribution ABgn , is taken as Ujm,qh? whose probability distribution is given
by P{Ujy,, = +1} = 1/2. The average stability function of the Euler-Maruyama method (2) is thus obtained
by

m—=1

B [ [+ A+ paBl, )
q=0

R(hi; A, 1, Br)

-
B [ [+ At + Ui ). (11)
q=0

Making use of the results (3) and (6), I can compute

R2(hk; /\/ u, ﬁk)

e
B ] (1 + A+ pUi )2

q=0

m—1
= B H(l + Ay + ) (1 + Ay — bl
q=0

m—1
= B[ Jra + An? - u2r2]

q=0
= Bel(1+ Ak — ]

IN

{1+ Aly)? — 212 ] exp[-2Ahy + —(rm TN

(I + Am)? = @2 expl(u® = 2A)h])y™, (12)

IA

where 1 < T; < Tgy1.

Recalling the definition 2.4, I can infer that the Euler-Maruyama method (2) of the equation (1) is T-
stability if and only if the average stability function (11) satisfies |[R(h; A, u, fr)l < 1, where 1 < Tp < Tgy1.
The region of T-stability is thus structured by

H(hi) = {bye | 11+ A)? — g0 < expl[(2A — p®)igl}, (13)
where 1 < 7y < Tg41. In the following theorem, I seek appropriate ki to fulfil

(1+ Al — p?h < expl(24 — p?)hy]. (14)
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Modestly using the Taylor’s formula to the right side of (14) and choosing fitting /i, , we can have

(24 — p?)?
2

Theorem 3.2. Under Assumption 1, the Euler-Maruyama method (2) for the equation (1) is T-stable when one of
the following cases is met

(@)

(1 + Al — @7 < 1+ QA = p®)hy + he. (15)

u A - u?)?

2
Hy(hy) = {hi | A > EX A2 > 7 A< he < A}, (16)

1-2H [ 2 2
— [ — i 1-2H a
where A1,1 = max{O, b }, AI,Z = 1’1111’1{1, Tk+1 — Tk, ., 22 }
2

y2+A2—(
(i)
2 (2)\ _ 2)2
Han) = (i | 1> 5, 22 = 2080 oy << g, 7)
where Az,l = max{O, 172H % }, Az,z = min{l, Ti+1 — Tk }
(ii)
2 22
)
Ha(h) = (e | A > 5, 22 < 252, Ay << s, (18)
1-2H 2 2
where A31 = max{0, 5—/\ , m}, Azp =minfl, Tpy — Tk}
(iv) 2
2 (2)\ _ 2)2
Hal) = | 4> £, 07 < 22 Ay <=1 < Ag0), (19)
where A4]1 = max{O, - % }, A4/2 = Tk41 — Tk-
(v)
2 (2)\ _ 2)2
Hs(hy) = {hi | A > %, A< Tyl As1 < hi < Aspl, (20)

S . 12 [ @25, +u
where As 1 = max{l, 51 b Asp =min{Tey — 1, ZT 1.

Proof. The conditions A > ”72 and hy > Hj/g can imply (1 + Al)* — p?ig > 0 and 2A — p* > 0 in (15). The
proof will be continued in five cases as follows.
() If by € Hyi(hy), it is easy to see

0<hy <1, (21)

2

h}l{—ZH < H

(2A-u?)?
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and

A — p?)?
2

The inequality (22) can be reduced to

A% - > 0.

(24 = u?)?
(12 + A% = S < 2,

The inequality (21) means

2 (2/\ _ ”2)2 2)2

(A —u

[A 7 g + Py < [A? - 5 Thy + 1.
From the inequalities (24) and (25), I have
24 — u?)y?
[A2 - %]hi T iy < 2,
which can give
24 — u?)y?
1+ A2H2 + 20k — 22 < 1+ 200y — 2y + %hi.

6499

(23)

(24)

(25)

(26)

(27)

From (26), such I can fulfil (15) and (14). Therefore the Euler-Maruyama method (2) for the equation (1) is

T-stable.
(i1) The inequality (14) is satisfied, if the inequality
21 — 2\2
[A2 - M]hi < 2(n — Iy).

2

holds. In addition, if /i € Hy(l), the both sides of (27) have the distinguishing feature that

(2A — u?)?

2_
A 2

]hi =0
and

P22 — ) > 0.

From (29) and (30), I thus can obtain that (28) always holds for k. € Ha(hy).

(iif) For any hy € H3(hx), we have

h < hp <M,

and
2
u
h ,
k> (2)\—2!12)2 — A2+ H2
which lead to
21 — 2y 22 — py?
2 R > (I 2 > g

Hence (28) holds and then the Euler-Maruyama method (2) is T-stable.

(iv) In Hy(hy), the condition

,_ @A -

A 2

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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can be reduced to

2 A - u?)?

(A >

]'12+H2'1<H2'12H/

which can give the inequality (28).
(v) If hy € Hs(hy), we can obtain

hy > k>t

and

@A—p2)? 2., ,2
plooH o 2 A"+
k 2 ’

which mean

A - u?)?
2

A - u?)?

[ 2

- A0 + it > | = A+ 121 > 1Py

6500

(35)

(36)

(37)

(38)

From (37),itis easy to see iy € Hy(hy) satisfies (28). Therefore, the Euler-Maruyama method (2) is T-stable. [

4. Numerical example

The influence of the parameters A, y, fr and the stepsize I on T-stability of the Euler-Maruyama method
(2) to the equation (1) is shown in this section. Here, three groups of the parameters and their regions of

T-stability from Theorem 3.2 are given as

I: A=3 u*=2 H=

| W

Hi(hy) = {hy | 0.0123 < Iy < 0.1795).

1 V2 2
2’ 2 5

Hy () = {I | 0.002155 < Iy < 1}.

II: A=

IIT: A=2, u*=1, H=— 7 =3k, Br=exp(-7), k=1,2,--,

12
Hs () = {h | 0.0002441 < Iy < 1},

Hy(hy) = {h | 0.6667 < b =1 <3},
Hs(hy) = (e | 1< Iy < 3).

’ Tk:k/ ﬁk:exp(_S)/ k:1/2/'” ’

pr=1-—, H==, 1% =2k pr=exp(-2), k=12,

I fix the parameters with I-III and choose the stepsizes inside and outside the regions of T-stability
H;-Hs in Figs.1-3, which describe the T-stability of the Euler-Maruyama method (2) to the equation (1) by
Matlab. The observations show that these numerical examples are consistent with the results of Theorem 3.2

in my paper.
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Figure 1: T-stability of the Euler-Maruyama method for I
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Figure 2: T-stability of the Euler-Maruyama method for II
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Figure 3: T-stability of the Euler-Maruyama method for III
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