Filomat 32:18 (2018), 62116218
https://doi.org/10.2298/FIL18182110

Published by Faculty of Sciences and Mathematics,
University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Bound Estimates for the Derivative of Driving
Point Impedance Functions

Biilent Nafi Ornek?, Timur Diizenli®

?Department of Computer Engineering, Amasya University, Merkez-Amasya 05100, Turkey
YDepartment of Electrical and Electronics Engineering, Amasya University, Merkez-Amasya 05100, Turkey

Abstract. In this paper, a boundary analysis is carried out for the derivative of driving point impedance
functions, which is mainly used for synthesis of networks containing RL, RC and RLC circuits. It is known
that driving point impedance function, Z(s), is an analytic function defined on the right half of the s-plane.
In this study, we derive inequalities for the modulus of derivative of driving point impedance function,
|Z’(0)|, by assuming the Z(s) function is also analytic at the boundary point s = 0 on the imaginary axis and
the sharpness of these inequalities is proved. Furthermore, an equation for the driving point impedance
function, Z(s), is obtained as a natural result of the proved theorem in this study.

1. Introduction

Driving point impedance (DPI) functions are given as positive real functions (PRF) and they depend
on the complex frequency parameter, s. A driving point impedance function is physically realizable if it
satisfies the properties of positive real functions which are given below [21]:

1-) Z(s) is analytic and single valued in Rs > 0 except possibly for poles on the axis of imaginaries,

2 2() = Z(5)

3-)RZ(s) = 0,in Rs >0

The aim of this study is to obtain a new bound for the derivative of positive real functions. As an
application of complex analysis, we investigate bound estimates for the modulus of the derivative of DPI
functions which are commonly used in electrical engineering [7-9, 17, 20, 21].

Let f be an analytic function in the unit disc E = {z: |z| <1}, f(0) = 0 and 'f(z)| <1lforlzl < 1. In

accordance with the classical Schwarz lemma, for any point z in the disc E, we have ) f (z)| < |zland ( f ’(0)| <L
Equality in these inequalities (in the first one, for z # 0) occurs only if f(z) = Az, |A| = 1 ([6], p.329). The
Schwarz lemma is one of the most important results in the classical complex analysis,which has become a
crucial theme in many branches of mathematical research for over a hundred years [14, 16]. Also, in [15]
,sthey gave simple proofs of various versions of the Schwarz lemma for real-valued harmonic functions and
for holomorphic (more generally harmonic quasiregular, shortly (HQR) mappings with the strip codomain.
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Consider the function

_Zs)-2(1) 51
f@=zo97zay 2T s+1

Note that Z(1) is a real and positive function. Also, Z(s) is analytic from right half plane into itself and real
on real axis since it is a positive real function as defined at the beginning of the introduction section.

Here, f(z) is an analytic function in E, f(0) = 0 and | f (z)| <1 for |z| < 1. Applying the Schwarz lemma
for the function f(z), we obtain

1Z'(1)| < Z(1). (1.1)
The inequality (1.1) is sharp with equality for the function
Z(s) = sZ(1).
In this case, we get the following lemma.
Lemma 1.1. Let Z(s) be a Positive Real Function. Then
1Z'(1)| < Z(1).
The result is sharp and the extremal function is
Z(s) = sZ(1).

It is an elementary consequence of Schwarz lemma that if f extends continuously to some boundary
point b with [b| = 1, and if | f (b)| = 1 and f’(b) exists, then |f ’(b)| > 1, which is known as the Schwarz
lemma on the boundary. This result of the Schwarz Lemma and its generalization are described as the
Boundary Schwarz Lemma in the literature. This improvement was obtained by Helmut Unkelbach in [22]
and rediscovered by R. Osserman in [18] 60 years later. Boas, Chelst, Burns and Krantz ([2—4]) studied the
Schwarz lemma at the boundary of the unit disk, respectively. V. N. Dubinin [5] strengthened the inequality
f ’(b)( > 1 by involving zeros of the function f(z). In the last 15 years, there have been tremendous studies on
Schwarz lemma at the boundary (see,[1], [5], [10], [11], [12], [18], [19] and references therein). In addition, M.
Mateljevié¢ has given a review about some properties of hyperbolic metrics and various versions of Schwarz
lemma in [13]. Some of them are about the below boundary of modulus of the functions derivation at the
points (contact points) which satisfies | f (b)| = 1 condition of the boundary of the unit circle.

The contribution of this study is twofold. First, a novel boundary estimate analysis for the DPI functions
of electrical engineering is presented. In contrary to previous studies, here, we consider the bound estimate
of the DPI function from below. Secondly, the presented theorem has been exemplified as a circuit synthesis
problem and corresponding DPI function has been derived. In addition, system that use the presented
theorem has been illustrated.

The rest of the manuscript is organized as follows: In Section 2, we present the new theorem for bound
estimate of DPI function from below and the sharpness of the obtained inequality is proven in this section.
At the end, an application example is given using the DPI function obtained in our theorem.

2. Main Results

In this section, boundary analysis results for the derivative of driving point impedance function are
presented. From the definition of PRFs, we can state that Z(s) is analytic and single valued on the right half
of the s-plane. By assuming Z(s) is also analytic at the boundary point s = 0 on the imaginer axis, we shall
give an estimate for |Z’(0)| from below using Taylor expansion coefficients. The sharpness of this inequality
is also proved within the manuscript.

Let H" = {s € C: Rs > 0} be the right half plane in C.

Motivated by the results of the work presented in [1], the following result has been obtained.
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Theorem 2.1. Let Z(s) be a positive real function, Z(s1) =

(1), s1 € H* and it is also an analytic function at the
point s = 0 of the imaginary axis with Z(0) = 0. Then

’ Rs Z)|s1=1|—-|Z" (V)||s1+1]
12"(0) = Z(1) (1 o T 2Oz O]

@.1)

|zawﬁ ARy

e |)+IZ’(S1)|?’\51IZ’(1)| [ZWZ (51)|Rs1—=1ZD)N1Z' (1)
x |1+

51 )
aun@—fﬁj)HZ@M%aawnuaamzemxm+aumzun””
The inequality (2.1) is sharp, with equality for each possible values Z' (1) and Z’(s1)
Proof. Let

1) = T

1-7z1z

Also, let h : E — E be an analytic function and a point z; € E in order to satisfy
‘mw—hco <
1 - h(z1)h(z)

= |72)|

1—z1z

and

Ih(z)| + |9(2)|
h < 2.2
= el ¢2

by Schwarz-pick lemma [6]. That is, /(z) satisfies the conditions of Schwarz-Pick lemma since it is analytic
in E and it is not equal to 0. It is clearly seen that /i(z;) # 0 from the h(z) function defined below.
If v : E — E is an analytic function and 0 < |z1] < 1, letting

bz = 2 =20
® z (1 - U(O)v(z)

in (2.2), we obtain
v(z1)=0(0)
v(z) — v(0) 21(1-0(0)0(z1)) |q( )|
z(1 —mv(z - 0(z1)—0(0)
( s Sli-see | 1)
and
ICl+]q(2)]|
L [0(0)] + Iz| el )a
lo(z)| Tl * (2.3)
1+ [0(0)l 2| Tal@)

co @) -0
21 (1 - 0(0)0(z1))
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If we take
(2)
o) = L2
Zl_—ZZ
where
f@)(1-laf ’(0)
(z1) = ¥, v(0) = f .
Z1 —
Then
fe(-=P) | fo
C — 21 zl_ ,
z (1 " f’(Zl)(le—lzll )%0))

where |C| < 1. Let [v(0)| = a and

ro

‘f’(zl>(1—|z1|2) N
Z1

21

- "(z21)(1=lza
|m(1+Fi4;ﬁl

O]

21

)

From (2.3), we get

I D+|q(2)]
1+D[7(2)
f@)| < |a2)| Di&
1+alz TD[E)]
and
D+q(2)| 2 D+}q(2)]
1-lf@l L+ a2l ooy — @ @) - @1 Soig) _
1-2 = 2 -
H (1 1+ e 2220
Letx(z) =1+ alz igr;fz))'l and 7(z) =1+D |q(z)|. Then
2 2
1 -1zl q(2)| 12 1-|q2)|
0lz) = (1 - |z]) k(z)1(z) +D Wz)' (1 - |z|) x(2)7(2) * Da(l — lz) x(z)t(z)”
Since
D+ |g(z
limx(z) = lim1 + a|z ﬂ =1+a,
z—>-1 z—>-1 1+D |q(z)|

lim7(z) = lim1 +D l1z)|=1+D
and

zZ—21 2
1-2z1z

_(1—mfﬂ1—mﬂ/

1=l =1~ ezl
— 4]
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(2.5)
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passing to the limit in (2.4) and using (2.5) gives

, 2 1— |z 1—&#)
- = +D+aD—4
S )’ (1+a)(1+D)( 11+ z) 11+ z,?
_ 1+1—|21|2 1—a( 1—D1—|21|2)
14z 1+a 1+D 1 +2zP)

Moreover, since

1 — M ’
l—a  1-[o(0) 2|zl = [F0)
1+a L+[00) 14 'f;(o)‘ Izy| + |f,(0)|
1
|s1—1 A
s1+1 Z(1)
s1-1 Z/(1)
5141 Z()
G1+)” 26D (5P| |z
T Z0) 511 40
2 s1-1 + s1-1
f’(zl)(1—|zl| ) 7(0) s1+1 51+1
kal + ED 1- 2, )
1-— (5121) Zz%)(l’ o ] ')
, 2 s1-1 st Z)
2l 1+ f (zl)(l |21 ) &‘ 51“ 1+ S 5T
1-D 1 71 51+1 51+1
1+D Fe(-P) | | o (1) Z6p(, [s1-L ‘2] 2
T + T 4 VA s1+1 Zm
1 + s1-1 + s1-1
2 s1+1 s1+1
" e (1-lal?) f’(O)‘ 1+ 12 !
A A (1+1)” Z'6sp) (|51 '2 7’1
511 4 Z(1) s1+1 7
s1+1 s1-1 s1-1
s1+1 s1+1
(s1+1)? Z(s7) 1 A |z (s1+1)? Z'(57) 1|t Za)
s1-1 1 T Z(0) 511 0 T Z(0) 5171 )
51+1 + s1-1 s1-1 - s1-1 - s1-1
1 — D 51+1 51+1 51+1 51+1
1+D (s1+1)* Z’<51)(1_ s-1 2) 7/ (s1+1) Z'<51)(1_ sp-1 2) 7/
51_1 1 4 Z(1) s1+1 Zm 4 Z(1) s1+1 Zay
Sl+l + s1-1 s1-1 + s1-1 + s1-1
s1+1 s1+1 s1+1 s1+1
s1=112 | Jsi+12 | Z/(s1) 1— 51—1'2 zZW)| _ |s+12 |2/ s0) 1— 51_1'2 _lzw
s+l 1 | zO S+1 Z(1) 1 | zO s+1 Z(1)
= 7
s1-11%2 | Isi+112 | Z7¢s1) 1— 51—1|2 Z'(1) + lsi+12 | Z7(s1) 1— 51_1|2 + Z'(1)
5141 1 | z@ s+l Z(1) 1 | zO s+1 Z(1)
and
2
S1 — 1 _ 4‘?\51
s1+1 ls; + 1

6215



B. N. Ornek, T. Diizenl: / Filomat 32:18 (2018), 6211-6218 6216

‘14_51—1 2_ 4|51|2 )
s1+1 Is; + 1
we take
s 1 8y, ZOEIZ Ml
* ZMls1—1HZ D)lls1 +1]
|Z(1)|2( s )+|Z’<s1>msl|2'(1)| 22 @R -ZONZ )],
x |1+ 413 s |1
IZ(1)|2(1 %)+|Z/(Sl)|§R51|ZI(1)|+|Z(1)”Z'(51)|%51+|Z(1)”Z'(l)| !

From definition of f(z), we have
r(1+z
- 7()7(1)

(24 + z())’

f@)=

and
AU
Z@1) -

Thus, we obtain the inequality (2.1).
Now, we shall show that the inequality (2.1) is sharp.
/@ s an analytic function in the unit disc E and |v(z)| < 1 for |z| < 1, we obtain

Since v(z) = . -
1-z1z

<zl

and
|le
|z

We take z; € (—1,0) and arbitrary two numbers x and y. Let

xl—lzl2
M= (211)+% _1y( —|21|2)+x
= == —
21(1+xy1 'Zl') A 1ty

The auxiliary function

zZ—Z1
zZ) =2 — -
Je) =21 —ziz MWk

is analytic in E and |f(z)) <1forzeE.

(2.6)
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From (2.6), with the simple calculations, we obtain

1-22 1-22 141
f’(—l)}=1+ (0 [1+ e

(I+z) X+zn( (L+z)1-M

Therefore, since 0 < Rs; <1, Is1 =0,z = :—j and choosing suitable signs of the numbers x and y, the last
equality shows that (2.1). O

3. Discussion

It is still a challenging problem in electrical engineering to convert a DPI function given in s-domain
into a physically realizable circuit particularly when the order of s parameter is high in the DPI function
[17]. In this section, DPI functions with high ordered s parameter are considered. An example system
representation which use the extremal function given in equation (2.6) is also presented in this section. As

an application of the theorem presented in this study, the auxiliary function given in equation (2.6) is used
as a DPI function Z(s), that is

+ Z—

_Z(s)-2(1) . z—z1 & M=+

O Z(5)+2Z(1)  T1-7z ) e 221
-1z

f@

1+M= -2z (M+ ] ) + z 2L (‘—x (1 + M@) + 221 (M+ = ))
A = ) i) o (= (1 k) o ()
iz oz T-z; -2 7 1 7

1-z1z

— s=1 — sl
where z = Z1 = 559

= ands,s; € H'.

Considering Z(s) as an DPI function, the system model is given as in Fig. 1.

Figure 1: System model for the DPI function given in equation (2.7).

According to given system model in Fig. 1, the system will give different response to different frequency
components in the input signal at node a since the parameter s is equal to iw where w is the radial frequency.
This block diagram also represents general usage of the DPI function proposed in this study. Considering
the literature, it is possible to infer that the boundary analysis for derivative of DPI functions is an important
topic for circuit and systems research community. Therefore, it is reasonable to further investigate this topic
and present novel mathematical analysis in order to motivate other researchers.

In conclusion, we would like to emphasize again that the obtained Z(s) function above is not arbitrarily
selected and it exists as a natural result of Theorem 2.1 proved in Section 2.
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