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Abstract. In the present paper we investigate the spectrum of operator corresponding to eigenvalue
problem with parameter dependent boundary condition. Trace formula for that operator is also established.

1. Introduction

In this paper we consider the boundary value problem with boundary condition depending on the first
degree polynomial of spectral parameter. Namely, we consider Sturm-Liouville equation with unbounded
coefficient. Note that in boundary condition some first degree polynomials appear before unknown func-
tion, as well as its derivative. Earlier studied problems for Sturm-Liouville operator equation where spectral
parameter appears only before function or only before its derivative. For example, in [1, 2, 3] the asymp-
totics of eigenvalues and self-adjoint extensions of minimal symmetric operators were studied. In [4-10],
we have studied asymptotics of spectrum and established trace formulas for operators generated by regular
and singular differential operator expressions and spectral parameter dependent boundary conditions.

Here we consider in space L, (H, (0,1)) (where H is separable Hilbert space) the following problem

Ly:=-y" () +Ay () +qB)y () = Ay (t) (1)
y(0)=0 2)
yMA+A) =y D)h+1+1) 3)

where & is real number, A = A*, A > E (E is an identity operator in H) and has compact invers A™! € 0.
Clear that under stated conditions A is discrete operator. Denote the eigenvectors of A by @1, ¢y, .... Let
71 £ ¥2 < ... be eigenvalues of operator A. Suppose that operator-valued function g(t) is weakly measurable
and for each t is defined in H.

Fulton [11] has considered the scalar Sturm-Liouville problem

-y O +qt)y ) =Ay ()
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cosau (a) +sinau’ (a) =0, a €][0,n)
—Bru (b) — ABju (b) = —Bou’ (b) — AByu’ (b)

and given an operator-theoretic formulation of that problem, showing that one can associate a self-adjoint
operator with it whenever the relation

_| B B
F=1g,

holds. He obtained the expansion theorem and asymptotic formulas for eigenvalues and eigenfunctions.
In our case, obviously

>0

1 1

52‘1 h+1‘:h

and we take h > 0.
Introduce the space L, = Ly(H(0,1) & H. Define in it scalar product of elements

Y =(yt), y1), Z = (2(t), z1) € Lo, (y(1), z(t) € L2(H, (0,1), y1,z1 € H) by

1
2= [(0.2008 4 6,20)
0

where (-, ) is scalar product in H.
About g (f) we assume the next:
1) it is a bounded operator valued function ||g(f)|| < const, t € [0, 1], g*(t) = q(¢);

Z)kg1 |(q (t) @k, (pk)| < const, Yte€[0,1];

1
3) [(q) f, f)dt =0, for f =, k=1,c0.
0

Formulate (1)-(3) in case q(t) = 0 in operator form. Thus define in L, operator Ly as
D(Lo)={Y=(y®),y(D) -y D) € Lo/y(0) = 0,11 = y(1) —y'(1), ly € Lo(H, (0, 1))}

LiY=(-y" (O +Ay(®), —(y1) -+ 1)y (1))).

Denote by L operator defined in L, by L = Ly + Q, where Q Y = (q(t)y(f), 0).
Our aim is to obtain asymptotic formulae for eigenvalue distribution and establish trace formula for
operator L.

2. Asymptotic formulae for eigenvalues

It can be easily verified that Ly is self adjoint positive-definite operator.
Since A is self adjoint operator in virtue of spectral expansion of A we get the next eigenvalue problem
for scalar function yi (f) = (v (t), ¢x) (y (t) € L2 (H,(0,1)))

=y () + yryx () = Ay (1) (4)
v (0)=0 (5)
~ (v = B+ Dy, ) = A (v (D) - w,(D) (6)
Solution of problem (4), (5) is yx (t) = sin \/A——ykt. Obviously, the eigenvalues of Ly and the problem (1)-(3)

are the same. They are obtained from equation

- (sin VA= yk = (h+1) YA = yxcos /A — yk) =A (sin VA =k = JA =y cos A - )/k) (7)




N. M. Aslanova et al. / Filomat 32:19 (2018), 6667-6674 6669
By taking
we can put (7) in form
sinz—(h+1)zcosz = (z2 +)/k) (zcosz —sinz) (8)
Eigenvectors of operator L are
W, = C, {sin (a, m,t) Pr,, (—sinak, m, + Ak, m, COS Ak, m,) Pk,) 9)

where ay, ,,, are roots of (8). Note that ay, ¢ are imaginary numbers. C, are coefficients. Normalizing that
vectors we get the next orthonormal eigen-vectors:

W, = 4| = {sin(ax, m,)Px,, (= sin &, m, + Ak, m, COS &%, m,)} Pk,

- : 2 : 3 3
where Ky . = 20k, m, —hsin 20y, +20k, m, —20%k, m, COS 20k, m, —4akn,m" sin 2a, m, +2akmm” +2akn,m,, COS 2tk m,, -

Now find the roots of equation (8). Firstly we will investigate is there any imaginary root of that
equation. For this reason taking in (8) z = iy, y > 0, we have

—sh ) . sh
- )

or expanding into series

X 2n+1 X 2n sl 2n+1 © 2n
I WA Yy (. 2 y _ y
o DY L Gy = (1 )[ZO Y L |
Simplifying we have
= on+3 2n+3

h+1)@n+1D)-1-ye+ycn+1) 5.0 ©
Z kT Vk . 1:Zy

L @n +1)! L

s+ i Y (hn+3)+ (e +1)2n+2) i @n—1) 2+ _

Qn + 3)!

n=0
From the last

(o)

i+ Z Y23 (2nh + 3l + 2y + 2y + 21+ 2 — (2n + 3) (2n + 2) (2n — 1))
n=0

n +3)! =0 (10)

Consider the function
f(2) = 2zh + 3h + 2zyy + 2y + 22 + 2 — 82° — 1622 — 2z + 6.

Since f(0) =3h + 2y, +8 >0, f(z) = —0 as z — 400, and f (z) is continuous on (0, +0), then it has roots
on positive semiaxis. There is only one sign change of terms of

f(z) = —82> — 162 + 2zh + 2zyy + 8 + 3h + 2.
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Thus, function f (z) has only one positive root by Descartes principe. Denote it by z = M. Note that f (z) > 0
when z < M and f (z) < 0 when z > M. Therefore, coefficients of series (10) are positive when n < [M] and
negative when n > [M]. Thus there is only one change of sign of coefficients (10). But obviously equation
—shy+Mh+1Dychy= ()/k —yz)(shy— ychy)
or
Yk — yz +1
(h+Dy+y (e =12

has no any root for great y values.Left hand side of (11) goes to 1, while write hand side goes to 0 when
y — oo. Consequently we get that eigenvalues corresponding to that roots are

cthy = 11

Ak = Y+ ag, (12)

where ay o = iy and form some bounded set.
Now we shall look for real roots of equation (8). Rewrite it in the form

N 22+ +1 13)

9z = B+yz+(h+1)z

From (13) denoting real roots by «,, we get
1

Q= g +nm+O(E) (14)

for large m values. Eigenvalues of Ly corresponding to that roots are
Tt 1\P
Akm = Vi t+ [nm ot O(E)] . (15)

Thus we have proved the next theorem.
Theorem 1. Eigenvalues of operator Ly form the next two sequence

. 1\
Ak =Yk + ai or (laxol <M, where M is some constant) A, = yi + [nm + g +0 (E)] ,

when m — oco.
Lemma 1. If eigenvalues of A yyx ~ a-k* (o > 0,a > 0), then eigenvalues of operator Ly have the next asymptotics
at large n

2a

Ay ~ Cnzea

where C is some constant.
Proof. Firstly find asymptotics of distribution function N (1) of operator Ly. We have

N(@) = Zl+ Z 1=N1(A) +N2(A)

M<A Yim<A
By using formulas (12) and (15) we get
Ni (A) ~ C1A7
and

2+a

N, (A) ~ CoA e,
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But if & > 0 then % < 2;—““, thus N (A) ~ Nj (A) . From which by using similar arguments as in [11] we get the
statement of Lemma 1.

Now we will calculate the first regularized trace of operator L.

Since Q is bounded operator in Ly(H, (0,1) & H, operator L is discrete (spectrum is discrete). So, its
eigenvalues can be arranged in ascending order. Denote them by 1, (n = 1,_oo), Ui<tas.... From boundednes
of Q it follows that

Un ~ an%,n — 00. (16)

In virtue of asymptotics (16) in similar way as in [13] we get

M

lim [[Jn S (O 2% \yn)] =0, (17)
n=1

where n,, is some subsequnce of natural numbers.
Lemma 2. Series

1
4oy h f sin® Qe mtqr () dt
0

(o] (o]
k=1 m=0 Kk,m

where Ky = 20 uh — hsin 2a , + 20 — 20 COS 20 — 42 y SIN 20y + 2042 T 20(2 n €08 200, and qi (t) =
(9(H®xk, @k, is absolutely convergent.
Proof. In virtue of formulas (14) and (12) the summund for big m values is equivalent to

o(=) fo e

Now validity of statement follows from assumptions 1) and (2).
In virtue of Lemma 2 and expression (9)

1
i © X 20 ,h f cos (2amt) g (t) dt
lim ) (Q¥,, ¥,) = = ’
Consider the finite sum
N
Sy = Z 2ay 1 cos (2ay t) (18)
m=0

For evaluating I\l}im Sn choose a function of complex variable whose poles are roots of equation (8), and
—00

residues of that function at poles are terms of sum (18). Taking the function

2zh cos 2zt

g(Z) = (sinz—(h+1)2cosz

_ 2 _ — gin 2)?
P —— z yk) (zcosz — sinz)

we can see that it has such properties. Hence its poles are ay .
Evaluate residues of g (z) at poles. Thus

(cosz—(h+1)cosz+ (h+1)zsinz)(zcosz —sinz)

resg (z) = [

2= (zcosz — sinz)?
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cosz —zsinz —cosz)(sinz— (h+1)zcosz .
( )( ( ) ) - Zz] (an cos ay, — sin ozk,m)2

Y
(zcosz —sinz) 2=ay,
20 uh cos 2ay,
Ak,m

20 ,h cos (2ay ,t)

—ha , + hcos ag, SIN Qg — 20453 ,, COS2 Qg y + 4atg2 ,, SIN Ay COS Ay — 200 5 SINZ Ay
# , , k3n , k2n ’ # ’ ,

4ay ,h cos (2ay ,t) (19)
© —2hay, + hsin2ay, — 243, — 2043, COS2 Ay, + Az, SIN 20, + 20ty COS 20y,

where Ay = (—hcos gy + Nt SIN Ay + Ay SIN A ) (A COS Ay — SIN ozk,m)—a]%m (h + 1) cos ay p sin ag p—
2“2,;% cos? ay, + 4“1%,;11 SIN gy COS gy — 200 sin? Qym- As it is seen from (19) residues of g (z) at poles are
terms of sum in (18).

But roots of equation z cosz — sinz = 0 are also poles of g (z) .

Denote them by f,,. They have the asymptotics ,, ~ 5 + mn for large n.Thus

28,1 cos (2B,t)
res g (z) =
2=Bn - (sin Bn — Bn (h+ 1) cos B, — (B2 + yk) (Bn cos By — sin B,,))Bn sin By,
in virtue of relation
pncospf, —sinf, =0,

it follows that

res g(x) = 2puh cos (2pnt) _ 2Buh cos (2Bat) _ 4cos(2B,t)
z:gﬁ” "~ (sinBy = Bu(h+1)cosBy) (—=Bnsinfy)  —PuhcosPu (=Pusin,)  Pusin2B,

We must select for each k a contour which includes all ay, (m = O,_N) values, so integration of g(z) along
that contour will yield the sum in (19) by Cauchy theorem.

For that purpose take a rectangular contour Cy with vertices at points Ax+iB, +iB, where Ay = (N +1),
and B > |ack,0|.

Let Cy by pass the origin and —ay along semicircle from the left, and imaginary numbers ay (n =1, MO)
from the right. Since g (z) is odd function of argument z the integral along left-hand side of contour vanishes.
Consider integral along semicircle by-pasing zero from the left:

f g9(z)dz

z=rel?

i

—35p<3
2zh cos 2zt dz 2zh [1 - # + ]
B f (sinz—(h+1)zcosz)(zcosz—sinz)(zz+)/k)(zcosz—sinz)2 - f F(z) ’

3

where F(z) = [z— § +...(h+1)z(1— ;—2, +)] [z(l— ;—2, +...)—(z— z +...)]—

3l
—(zz+yk)[zz(% + %(1—222+...))—z(22— & +...)+ %(1—1+ z +)]
Whenr — 0
2zh[1-22212 + .|
f g(z)dz ~ f 22 dz
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SO

h . l(()d .
hm f g(2)dz = hmf e ,(P = _h [E + E] = _T(_hl, (20)
—yire? Yel2 2 Yk
z= rei¢ -3
—7<(/)<7

Since for big z values

) cos 2zt
g 28 cos?2’

taking z = u + vi it is easily seen that g (z) will be of order ¢*/*-D. That is why integral along upper and
lower parts of contour vanishes as B — .

On the right hand side of contour when N — oo, we have

AN-HB +iB oo
f 7(2)dz ~ 11 fcos @r(N+1Dt+ 2tzv)dv N 31 f cosh (2tv) b — 0.
i A (An + iv)* (1 + cosh 20) A3 (1+ cosh 20)
N—1 T
Therefore,
1
EN_)M fg (z)dz | qr(t)dt = hm f[SN )+ Ty () - —] gr(t)dt = hm f[SN ) + Tn (O] ge(t)dt (21)
0
where

4 cos (2B,t)
Tn() = Z B, sin 2B,

For evaluating I\lfim T (t) in accordance with above arguments select function of complex variable
—00

cos 2zt

G(z) = .
(zcosz —sinz) cosz

s
Obviously poles of that function are zeros of cos z, i.e, 5 tn= On and B,.

2cos2f,t 2cos 2Bt —4 cos 25t
resG (z) = - = —— = - (22)
2=, (cos B, — Busin B, — cos By) cos By B sin B, cos B Bn sin 2B,
and
reﬁsG(z) = M = cos (1 + 2mtn) t = cos (2n + 1) 7t (23)
Z=0p

sin? (% + nn)

Selecting corresponding contour in the way similar to one done above and extending it to infinity we can
show that limit of G (z) along it vanishes. Denote by My(t) the sum

N
Z cos (2n + 1) mit.

n=1
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Thus,

1 1
1
tim [ S 0t =~tim [T g == Jim [ My (00000t = 13:) = 0] @)
0 0

Summing the last for k, when k = 1, o we will have from (17)

M M

. : 1
lim } [un = Au] = lim z (QY,,V¥,) = 1 [trq (1) — trq (0)]
n=1 n=1

Thus we have proved the next theorem.

Theorem 2. Under the conditions 1)-3) and Lemma 1, the next trace formula for operator L is true

M

1
lim Y [t = Au] = 7 [trg (1) - .
e [n = Au] 2 [trq (1) — trq (0)]
n=1
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